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Abstract

RegularizedkerneldiscriminantanalysisRKDA) performslineardiscriminantanalysisin thefea-
ture spacevia the kerneltrick. Its performancalependn the selectionof kernels.In this paper
we considetthe problemof multiple kernellearning(MKL) for RKDA, in whichtheoptimalkernel
matrix is obtainedasalinearcombinatiorof pre-speci edkernelmatrices We shav thatthekernel
learningproblemin RKDA canbeformulatedascornvex programsFirst,we shaw thatthis problem
canbeformulatedasa semide niteprogram(SDP).Basedntheequivalencerelationshipbetween
RKDA andleastsquaregproblemsin the binary-classase we proposea convex quadraticallycon-
strainedquadratigorogramming QCQP)formulationfor kernellearningin RKDA. A semi-in nite
linear programming(SILP) formulationis derived to furtherimprove the efciency. We extend
theseformulationsto the multi-classcasebasedon a key resultestablishedn this paper Thatis,
themulti-classRKDA kernellearningproblemcanbe decomposeihto a setof binary-claskernel
learningproblemswhich areconstrainedo sharea commonkernel. Basedon this decomposition
property SDPformulationsare proposedor the multi-classcase.Furthermoreijt leadsnaturally
to QCQPandSILP formulations.As the performancef RKDA depend®n theregularizationpa-
rametey we shav thatthis parametecanalsobe optimizedin ajoint framevork with the kernel.
Extensve experimentshave beenconductecandanalyzedandconnectiongo otheralgorithmsare
discussed.

Keywords: modelselection kerneldiscriminantanalysis,semide nite programming quadrati-
cally constrainedjuadratigprogrammingsemi-in nite linearprogramming

1. Intr oduction

Formulationof machinelearningproblemsas cornvex programshasbeenone of the recenttrends
in machinelearningresearch Suchformulationsoffer global solutionsandavoid somedif culties
encounteredby traditionallearningalgorithms(Lanckrietet al., 2003,2004b;d'Aspremontet al.,
2007). Kernelmethods(Schblkopf and Smola,2002; Shave-Taylor and Cristianini, 2004) work
by embeddingthe input datainto somehigh-dimensionafeaturespace,and they are generally
formulatedasconvex optimizationproblems.Thekey factunderlyingthesuccessf kernelmethods
is thattheembeddingnto featurespacecanbedeterminediniquelyby specifyinga kernelfunction
thatcomputeghe dot productbetweerndatapointsin the featurespace.Iln otherwords,the kernel
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functionimplicitly de nesthe nonlinearmappingto the featurespaceandexpensve computations
in the high-dimensionafeaturespacecanbe avoidedby evaluatingthe kernelfunction. Thus,one
of the centralissuesn kernelmethodsds the selectionof kernels.

To automatekernel-basedearningalgorithms,it is desirableto integratethe tuning of kernels
into the learningprocess. This problemhasbeenaddressedrom different perspectiesrecently
Lanckrietetal. (2004b)pioneeredhework of multiple kernellearning(MKL) in whichthe optimal
kernelmatrix is obtainedasa linear combinationof pre-speci edkernelmatrices. It wasshovn
(Lanckrietetal.,2004b)thatthecoefcients in MKL canbedeterminedy solvingcornvex programs
in the caseof supportvectormachinegSVM) (Vapnik, 1998; Cristianiniand Taylor, 2000). This
MKL problemwasformulatedas supportkernelmachinegSKM) in Bachet al. (2004),andthe
sequentiaminimal optimization(SMO) algorithm(Platt, 1999)wasproposedo solveit. Recently
this SKM wasreformulatecassemi-in nite linear program(SILP) which wasshavn to be scalable
to large datasetsanda large numberof kernels(Sonnenhrg et al., 2006; Rakotomamonjyet al.,
2007). Micchelli andPontil (2005,2007) studiedthe problemof nding anoptimalkernelfrom a
prescribedcorvex setof kernelsby regularization. To dealwith problemswith structuredoutput,
MKL for joint featuremapwasproposedn ZienandOng(2007).While mostexistingwork focuses
onlearningkernelsfor SVM, Fungetal. (2004)proposedo learnkernelsfor discriminantanalysis.
Basedonideasfrom MKL, this problemwasreformulatecasSDPin Kim etal. (2006).In general,
approachebasedon learninglinear combinationof kernelmatricesoffer the additionaladvantage
of facilitating heterogeneoudataintegrationfrom multiple sources.Suchformulationshave been
appliedto combinevariousbiologicaldata,for example,aminoacidsequencesydropatly pro les,
andgeneexpressiordata,for enhancedbiologicalinference(Lanckrietetal., 2004a).

Ongetal. (2005)shavedthatthelearningof kernelscanbe accomplishedby de ning arepro-
ducingkernelHilbert spaceon the spaceof kernelsitself, andtheresultingoptimizationproblemis
an SDP This formulationwasrecastinto secondorderconeprogram(SOCP)(Lobo et al., 1998)
in Tsangand Kwok (2006). Hoi et al. (2007) shaved that the kernelmatrix canbe learnedin a
nonparametricnannetby solving SDR Thekernellearningproblemin thecontect of multiple tasks
wasconsideredn Jebarg2004). Somerecentextensionf kernellearningproducechonstationary
combinationgLewis etal., 2006)andpotentiallyin nite numberof kernels(Argyriouetal., 2006).

This paperaddressethe issueof kernellearningfor regularizedkernel discriminantanalysis
(RKDA) (Mika et al., 1999; Baudatand Anouar, 2000; Mika et al., 2001,2003). Our proposed
methodsbelongto the MKL framework, andthey canthusbe usedfor heterogeneoudataintegra-
tion. We systematicallyextendthe kernellearningproblemfor RKDA in severaldirections.First,
we extendtheformulationin Kim etal. (2006)by proposinga simpli ed SDPformulation. Based
onthissimpli ed form andthe equivalencerelationshipbetweerKRDA andleastsquareproblems
in the binary-classcase,we proposea corvex quadraticallyconstrainedquadraticprogramming
(QCQP)formulationfor this problem. To improve the ef ciency of our formulations,we further
developasemi-in nite linearprogramming SILP) formulation. While mostexisting work on ker-
nel learningonly dealswith binary-classproblems,we shav that all of our formulationscanbe
extendedhaturallyto the multi-classsetting.In particular we shawv thatthekernellearningproblem
for multi-classRKDA canbe decomposeihto a setof binary-claskernellearningproblemsthat
are constrainedo sharea commonkernel. It is worth noting that the optimal kernelis the same
for the original andthe decomposetbrmulations thoughthe optimaltransformatiormatricesmay
not coincide.ln otherwords,thedecomposeébrm is equivalentto the original onefor the purpose
of kernellearning. We further develop an approximateschemeo reducethe computationatostof
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multi-classSDP formulation. Finally, we proposeto optimizethe regularizationparameterlong
with thekernelsin ajoint framawork. Thisjoint optimizationframework is derivedfrom andsimilar
to thework in De Bie etal. (2003);Lanckrietetal. (2004b).

Thekey contritutionsof this papercanbe highlightedasfollows:

We proposea simpli ed SDP formulation for the RKDA kernel learning problemin the
binary-classcase. Basedon this simpli ed form andthe equivalencerelationshipbetween
RKDA andleastsquargproblemsn thebinary-classasewe derve QCQPandSILP formu-
lationsfor this problem.

We shaw that the multi-classRKDA kernel learning problem can be decomposednto k

binary-classkernellearningproblemswherek is the numberof classes.This leadsto two

(exactandapproximate SDPformulationsin the multi-classcase Basedon this decomposi-
tion property we shawv thatthe QCQPandSILP formulationsfor binary-clasgproblemscan

be extendednaturallyto the multi-classcase.

We shaw thatall theproposedormulationscanberecasto optimizetheregularizationparam-
etersimultaneouslyThisjoint learningframevork furtherautomateshelearningalgorithms.

We conductextensive experimentausinga collectionof benchmarldatasetsto compareser-
eralrelevantalgorithmsundera uni ed experimentaketup.To demonstrat¢he effectiveness
of the proposedormulationsfor heterogeneousataintegration,we applytheseformulations
to combinemultiple datasourcesderived from geneexpressionpatternimages(Tomancak
etal.,2002).

Therestof this papelis organizedasfollows: We derive the SDR QCQR andSILP formulations
for the binary-classasein Section2. Section3 extendstheseformulationsto the multi-classcase.
Thejoint optimizationof regularizationparameters presentedn Sectiond. Section5 presentshe
experimentalevaluation,andthis paperconcludeswith discussiorandconclusionn Section6.

Notation

x 2 IR" denotesan n-dimensionalvector Similarly, A2 IR™ " denotesa matrix with m rows
andn columns.| is usedto denotethe identity matrix of anappropriatadimensionande,, denotes
the vector of all onesof lengthm. For a squaresymmetricmatrix S, S 0 meansit is positive
semide nite. We alsousethe short-handx 0 to denotethat eachcomponenbf the vectorx is
non-ngative.

2. Convex Formulations for Binary-classProblems

We useX to denotetheinput or instancespacewhich is a subspacef IRY, andY = f 1;+1gto
denotethe outputor classlabelset. An input-outputpair (x;y), wherex 2 X andy 2 Y, is calledan
example.An exampleis calledpositive (negative) if its classlabelis + 1( 1). We assumehatthe
examplesaredravn randomlyandindependentlyrom a x ed,but unknovn, underlyingprobability
distributionover X Y.

A symmetricfunctionK : X X! Ris calledakernelfunction (Schblkopf andSmola,2002)
if it satis esthe nitely positive semide nite property Thatis, for ary x1;  ;Xm 2 X, the Gram
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matrix G 2 IR™ ™, de ned by Gij = K(x;; ;) is positive semide nite. Any kernelfunctionK im-
plicity mapsthe input setX to a high-dimensiona{possiblyin nite) Hilbert spaceHx equipped
with theinnerproduct( ; )y, throughamappingf « from X to H:

K2 = (fk(¥);f (D), :

In kernel-basedlassi cation,thealgorithmdearnaclassier f : X! f 1;+ 1gwhosedecision
boundarybetweerthetwo classess af ne in thefeaturespaceH:

f(x) = sgr(w'fx(x) + b);

wherew 2 H is the vectorof featureweights,b 2 IR is theintercept,andsgn(u) = +1, if u> 0,
and 1 otherwise.

Letfxi; ;Xn gandfx;; ;x, gdenotethecollectionsof datapointsfrom the positive and
negative classesrespectrely. Thetotal numberof datapointsin thetrainingsetism=m, + m .
For agivenkernelfunctionK, thebasicideaof RKDA in thebinary-classaseisto nd adirection
in the featurespaceHy ontowhich the projectionsof the two setsf f K(xi")gi":‘*l andf f k (x; )gi”:1 1
arewell separatedDe ne the centroidsof thetwo classesasfollows:

1%
k= —a fk($);
e m*i=1KXI
m

1,
= — f - );
e = — 91 k(% )
andthetwo sampleclasscovariancematricesasfollows:

= S AEK0) WK KT
i=1

m
o

1
So= A k() k() T
i=1
Speci cally, in RKDA the separatiorbetweerthe two classess measuredy the ratio of the vari-
ance(W' (L H))? betweerthe classego the variancew™ m.=m$ + m =mS, w within the
classesThus,RKDA maximizesthe following objective function:

_ (W' (i H))? .
Flwk) = G m.=mS +m =m§ + 11 w’ @)

wherel > 0is theregularizationparameterThe optimalweightvector

w  argmaxt F(w; K)g
w

that maximizesthe objectve function in Equation(1) for a x ed kernelfunction K anda x ed
regularizationparametet is givenby

w o= (me=mS+m =mS + 1) Y we):
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Themaximumvalue
FL(K)  maxf F(wK)g

of theobjective functionin Equation(1) achiezed by the optimalweightvectorw is givenby

FL(K) = (e m)T me=mS+m =m§+ 11 Y pe): 2)

It follows from the Representemheorem(Schilkopf and Smola,2002) that the optimal weight
vectorin RKDA is in the spanof the imagesof the training pointsin the featurespace.In other
words,thereexistsa vector

a =[a}; am;a;; sapl"2R™

suchthat

'y o
w =g a fk0{)+aa frx)=Tfk(Xa;
i=1 i=1

wheref  (X) is thedatamatrix in the featurespacegivenby
fX) = T0OG); STk )T ); Tk )

Theoptimalvectora is givenby Kim etal. (2006)as
1 1
a = I—(I J(I'1+JGJ) JG)a;
wherel is theidentity matrix, a is anm-dimensionalectorgivenby
a=[1=m.; ;1=my; 1=m ; ; 1=m ]" 2 R™; (3)

thematrix J is de ned as:

Ph(l Leneh) 0
0 Pr=(l m-emen)

Gisrestrictedo bealinearcombinatiorof the p givenkernelmatricesG;; ;Gp as

( )

P p
G2G= G=§qG ag=1; q 0 8 ;
i=1 i=1

andey,, ande, arevectorsof all onesof lengthm® andm , respectiely.
TheoptimalvalueF, (K) in Equation(2) is thusgivenby

FL(K) = (M H)T me=mSc+m o =mSe+ T T i)
e M)W = (. wo)Tfk0a = af(X)Tf(X)a

%aTG(I JI1+JGJ) LG)a (4)

It wasshavnin Kim etal. (2006)thattheoptimalGrammatrix G basednthekernelfunctionK that
maximizesk; (K) givenin Equation(4) canbe obtainedoy solvinga semide nite program(SDP)
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(Vandenbeaghe and Boyd, 1996; Boyd and Vandenbaghe,2004). General-purposeptimization
packagesuchasSeDuMi(Sturm,1999)usetheinterior-pointmethodgNestere andNemirovskii,
1994)to solve SDR However, for problemsof moderatesize in machinelearning, this overhead
of optimal kernellearningis large, andits computatiortime caneasilyexceedthat of the learning
algorithmitself.

We proposea nev SDP formulationfor this problemin the next subsection. The proposed
SDP formulation hasa simpli ed form. Experimentalresultspresentedn Section5 showv that
the proposedormulationis comparableo the onein Kim et al. (2006). More importantly this
simpli ed formulationlaysthe foundationfor the extensionsto multi-classproblemsin Section3
andthejoint optimizationof regularizationparameteim Section4.

2.1 Simplied SDP Formulation

In therestof this paper we work on the centeredsersionof kernelmatrices.This is equivalentto
centeringthe dataaspreprocesseith linear discriminantanalysis(LDA) andprincipal component
analysigPCA).More preciselygivenasetof pkernelmatricesG,;  ; Gy, theproposedilgorithms
learnanoptimalkernelmatrix G2 G, where

( )

x ~ ~ &
G= G=aqG aagri=L g 0 ;

1 i=1

Qoo

I
Gi = PGP, r; = tracdG;), andP 2 IR™ M s the centeringmatrix de ned as

- 1 T.
P=1 a%ema 5)

andey, is thevectorof all onesof sizem.
Considerthe maximizationof the following objective function:

(W (e H))?,

Fo(w,K) = m’ (6)
whereSk is de ned asfollows:
Sk = mS+m S+ mmm (e MO BT
my m
= Ak() mIEO) w)T+HAEKK) k() )T
i=1 i=1
= f(X)PF(X); (7)

P is de nedin Equation(5), and
|
m. m '

= AT+ & frix)
i=1 i=1
is the global centroidof the datain the featurespace. Note that the scalingfactor 1I=m hasbeen
omittedin the de nition of Sk in Equation(7). It turnsoutthatfor x edK andl , Equationg(1)
and (6) areequialentin termsof the computatiorof the optimalweightvectorw. We shaow in the
following theorenthatoptimizing F>(w; K) in Equation(6) with respecto thekernelfunctionleads
to asimpli ed SDPformulation.
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Iheorem 2.1 Givena setof p centeedkernel matricesGy; Gp, the optimal kernelmatrix G2
G that maximizeghe objectivefunctionin Equation (6) can be found by solving the following

semide niteprogrammingproblem:

min t
ait
l2P A&
subjectto I+ Faiz,:0G a 0
al t :
q 0
ar=1

whee ais de nedin Equation(3),q= [q1; ;qp]"; andr= tracgGy); ;tracgGp) :

Proof Theoptimalweightvector

w  agmax F(w K)g
w

is givenby ) - .
W = (Sck+ 1) “(Hk  M):

The maximumvalueof the objective functionin Equation(6) achieredby w is givenby

Fo(K)  Fa(wiK)= (M H)T(Sk+ T Tk 1)
It follows from AppendixA that
w = %fK(X) | P(l1+PGP PG a
and

F, (K)

(M B)Tw = aTf(X)"w
%aT G GP(l1+PGP PG a

Sincethevectora de ned in Equation(3) is of zeromean thatis, Pa= a, we have

1
raTP G GP(I1+ PGP PG Pa

1 . o~ - o
I—aTG Gl1+G) G a

whereG is derivedfrom G with bothrows andcolumnscenteredas

F2 (K)

G= PGP

Since

G GI+6) 16 G GUl1+G6) YG+11 11)
1611+ 6) 1

LG+ 1D)(I1+G) *t

I 1211+ G6) &
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theoptimalvalueF, (K) in Equation(9) canbesimpli ed as
FR(K)=a'a la'(Il1+G6) a (10)
It follows that the optimal kernellearningproblemin RKDA, which maximizesF, (K) in Equa-

tion (10) for a x edregularizationparametet , is equivalentto minimizing

1

la"(11+G) ta=a' 1+ -G g (11)

—l

subjectto theconstrainthatG 2 G.
Mathematicallythe optimalkernellearningproblemcanbeformulatedasfollows:

g

. P18

min a I+ -aq6G a

q 2y

subjectto q O
q'r=1
We canwrite theinequality
1. 1
al I+ -G oat

equvalentlyasthelinearmatrixinequality(LMI) (Boyd andVandenbeghe,2004)

(O

1
I+Jr 0

a
a t
via the Schurcomplementemma(Golub andVan Loan, 1996; Lanckrietet al., 2004b). We com-
pletethe proof by a simplechangeof variable. |

2.2 QCQP Formulation

Theoptimizationproblemproposedy Kim etal. (2006)andtheonein Theorenm?2.1 areboth SDP
problems,which are computationallyvery expensve to solve, even with the recentadwancesin
interior point methods.In this subsectionwe shav thatthis kernellearningproblemcanbe refor
mulatedequivalentlyasa quadraticallyconstrainedjuadratiqgprogram(QCQP)(Boyd andVanden-
beighe,2004),which canthenbe solved moreef ciently thanSDR

It is known that discriminantanalysisand leastsquareproblemsare equivalentin the binary-
classcase(Mika, 2002). Considerthe regularizedleastsquaresproblem,which minimizesthe
following objectie function:

Fa(wK) = ji(fFk(X)P)Tw &+ | jjwjj*: (12)
Thefollowing lemmarelateshis problemto the problemof optimalkernellearning.

Lemma 2.1 Theoptimal kernel functionK solvingthe optimizationproblemin Equation(11) is
alsothe minimizerof the objectivefunctionin Equation(12).
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Proof Theoptimalw thatminimizesthe objective functionin Equation(12)for a x edK andl is
givenby

L+ fOO)PF)T Mk (X)Pa

%fK(X) | P(1+PGP PG a

=
n

Theoptimalvalueof the objectve functionin Equation(12) is thereforegiven by

1

1 .~
Fa(K)=a' I+ G &

whereG = PGP. This completeghe proofof thislemma. n

Basedon this equialenceresult, we can formulatethe kernellearningproblemasa QCQP
problem,assummarizedn thefollowing theorem.

Theorem 2.2 Givena setof p centeedkernel matricesél; ;Gp, the optimal kernel matrix, in
theform of a corvex linear combinatiorof the given p kernelmatrices that minimizeghe objective
functionin Equation(12) canbefoundby solvingthe following corvex QCQPproblem:

1 1
max “b'b+b'a -t
b:t 4 4|

subjectto  t rlibTGib; fori= 1, ;p; (13)
wheer; = tracgG)).
Proof We considerthe dualformulationof the minimizationof F3(w; K) in termsof w. Denote
h=({fkX)P)'w a

It follows that

Fa(w;K) = jjhjj?+ I jjwjj*:
De ne theLagrangiarfunctionof thefollowing optimizationproblem:

min - F(wK) = 2+ 1 jjwj?

subjectto  h= (fx(X)P)'w a

asfollows:
L(h;wb) = jihji?+ 1 jjwjj? bT((fk(X)P)"™w a h);

whereb is thevectorof Lagrangiardualvariables.Takingthederiativesof L(h;w; b) with respect
to h andw andsettingthemequalto zero,we get

TL(h;w; b)

Th = 2h+b=0;
L(h;w;b) -0
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It follows that b f (X)Pb
- D, - 'k .
h= > and w o :

Thus,we obtainthefollowing Lagrangiardualfunction:

— i : _ 1+ 1 T,
g(b) = r\pmlhnL(h,W,b)- Zb I+|—PGP b+b'a

Theoptimalb is computedby maximizingg(b) as

b = agmaxg(b) = argmax %bT | + %PGP b+b'a :
b b

Sincestrongduality holds,the optimal kernelis given by solvingthe following optimizationprob-
lem:

. 1 ~
minmax -b' 1+ =G b+b'a :
G2

G o 4

We canrewrite the above optimizationproblemas

( ! )

. 1 19 «
min max =-b'" 1+ -3 qG b+b'a 14
qq 0gTr=1 b 4 I Elql Il ) (14)
= max min }bT | + 18 G b+ b'a
b aqq 0qr=1 4 | Elq' ' )
= max min iép qb'Gib IpTh+ bTa
b qq 0qTr=1 4 i=1 ! ! 4 5
= max }bTb+ b'a 1 max s -bTé-b.
b 4 4 qq 0qTr=1 S‘lq' !
1. .. 1 1 ;-
= = + il - ) : 1
mbax 4b b+b'a a miax rib Gib (15)

Theexchangef minimizationandmaximizationin derving thesecondequatiorfromthe rst holds
sincethe objectve functionis corvex in g andconcae in b, the minimization problemis strictly
feasiblein g andthe maximizationproblemis strictly feasiblein b. Therefore,Slaters condition
(Boyd andVandenbeaghe,2004)follows andstrongduality holds(Lanckrietetal.,2004b;Boyd and
Vandenbaghe,2004). By simply changingthelasttermin Equation(15) tot andmoving it to the
constraintwe prove thistheorem. |

Note that general-purpos@ptimization software packagedike SeDuMi (Sturm, 1999) and
MOSEK (Andersenand Andersen,2000) employ the interior point methods,and they solve the
primal and dual problemssimultaneously Thus, the coefcients, q1;  ;dp, canbe obtaineddi-
rectly from thedualvariables.

The formulationin Equation(13) is a quadraticallyconstrainecdquadraticprogram(QCQP),
which is a specialform of secondorderconeprogram(SOCP)(Lobo et al., 1998; Alizadehand
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Goldfarb,2003)andSDPR Theoreticakesultson interior point method(Nestere andNemirovskii,
1994)shav that QCQPcanbe solved moreef ciently thanSDR andit is thereforemorescalable
to large-scaleproblems. Similar ideashave beenusedin Lanckrietet al. (2004b)to learna non-
negative linearcombinationof kernelmatrices.

2.3 SILP Formulation

Semi-in nite programming(SIP) (Hettich and Kortanek,1993) refersto optimization problems
that seekthe maximum of the function F(2) subjectto a systemof constraintson z, expressed
asg(zt) O, foralltin somesetB. Whenboththe objective andconstraintsarelinear(andhence
convex), it is known assemi-in nite linear programming(SILP). We shaw in this sectionthatthe
kernellearningproblemfor RKDA canbe formulatedasan SILP problem,assummarizedn the
following theorem.

Theorem 2.3 Givena setof p centeedkernel matricesél; ;Gp, the optimal kernel matrix, in
theform of a corvex linear combinatiorof thegivenp kernelmatricesthat maximizeshe objective
functionin Equation(12) canbefoundby solvingthefollowing SILP problem:

max g (16)
a:9
subjecto q O;
q'r=1
$
a aS() g forallb; (17)
i=1
whele §(b) is de nedas
S(b) = —bT +—bTGb rib’a; fori=1; ;p; (18)

4
r=(ry; ;rp)T;andr; = traceG)).

Proof It follows from the de nition of S(b) in Equation(18) that the optimizationproblemin
Equation(14) canbeexpressecquialentlyas

p
maxmin a giS(b) (19)
q i=1
subjecto g O;

q'r=1:

Assumeb is theoptimalsolutionto the problemin Equation(19)andde neg = éipzlqiS(b ) as
the minimum objectve valueachiezedby b . We have

p

agS) g: forallb:
i=1

By de ning
p
g= mbina aiS(b)

i=1
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andsubstitutingg into the objective, we prove thistheorem. |

Note thatthe optimizationproblemin Equation(16) is an SILP sincebothq andgarelinearly
constrainedandthereareanin nite numberof constraintspnefor eachpossiblevalueof b. As
in Sonnenhbrg etal. (2006),we proposeo usethe columngeneation techniqueto solve this SILP
problem. In this techniquethe optimal g andg arecomputedor a restrictedsubsef constraints
in Equation(17) and this problemis called the restrictedmasterproblem Constraintsthat are
not satis ed by currentq and g are addedsuccessiely to the restrictedmasterproblemuntil all
constraintsaaresatis ed. For fastcorvergenceof the algorithm, it is desirableo addconstrainthat
maximizestheviolationfor currentq andg Thatis, theb valuethatsolves

p
by = argming, 4iSi(H); (20)
i=1
is desired. If éipzlqiS.(bq) g, thenall the constraintsare satis ed, andq andg reachtheir opti-
mal values. Otherwise this constraintis addedto the restrictedmasterproblemandthe iteration
continues.
It follows from thede nition of S(b) in Equation(18) thatthe problemin Equation(20) canbe
written as ( ! )
min 1bTb+ —pT ép G b b'a : (21)
b 4 4 o '
For a x edq, the problemin Equation(21) is an unconstraineadorvex quadraticorogramwhose
solutioncanbe obtainedanalytically To avoid computingmatrix inverse,we obtainb by solving

thefollowing systemof linearequations: |

1

18 =
+ — Nen = :
2I o igq.G. b=a

After b is computedthe correspondingonstraints addedto the restrictedmastermproblemto ob-
tain theintermediateq andg Note that the restrictedmasterproblemis a linear program. Thus,
the proposedalgorithmfor solvingthe SILP problemproposedn Theorem2.3 alternatedetween
solvingalinearsystemandalinearprogram.In contrastthe SILP formulationproposedn Sonnen-
burg et al. (2006)for SVM kernellearninginvolvessolving a constrainedjuadraticprogram(QP)
anda linear program. They shavn that the constrainedQP coincideswith a single kernel SVM
formulation,andthusexisting softwarefor solving SVM canbe useddirectly.

The alternatingalgorithmfor solving the proposedSILP problembelongsto a family of algo-
rithmsfor solving generalSIP problemscalledthe exchange methodsin which the constraintsare
exchangedat eachiteration. It follows from Theorem?.2in HettichandKortanek(1993)thatthese
methodsareguaranteedo cornverge. Similarto the corvergencecriterionusedin Sonnenhrg etal.
(2006),the algorithmreturnswhen

2 t 1
alia "seO)

gt D '
whereqi(t l),foriz 1; :p,andd! D aretheoptimalsolutionsto therestrictedmasteproblemat
the(t 1)-thiteration,b® is theb valuethatmaximizesheconstrainwiolationatthet-th iteration,
andeis auserspeci edtoleranceparameterWe sete= 5 10 “in our experiments.

1 (22)
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2.4 Time Complexity Analysis

We analyzethetime compleity of the proposedormulationsfor the binary-classase.It follows
from the analysisin Lanckrietet al. (2004b)thatthe proposedSDP and QCQPformulationshave
the worst-casdime compleity of O (p+ n)°n®®> andO pr+ n® , respectiely, wherep is the
numberof candidatekernelsandn is the numberof training samples.The algorithmto solve the
proposedILP formulationalternatedetweersolvingalinearprogram(LP) andalinear systemof
equations.The LP formulationinvolved hasa simple structureandits computationtime is small,
especiallywhenp is muchsmallerthann. Notethatthe numberof constraintsn the LP depend®n
thenumberof iterations.Our experimentshav thatthealgorithmcorvergeswithin asmallnumber
of iterations.Thus,thetime compleity of the SILP formulationis dominatedy thetimein solving
thelinearsystemwhich hasacompleity of O n® . Overall, the SILP formulationhasaworst-case
time compleity of O n?lte wherelteis thenumberof iterations.

All formulationsdiscussedn Lanckrietetal. (2004b),Kim etal. (2006)andSonnenhrg et al.
(2006)areconstrainedo binary-clasgproblems.We shaw in the next sectionthatour formulations
in this sectioncanbe extendednaturallyto the multi-classcase.

3. Convex Formulations for Multi-class Problems

In themulti-classcasewe aregivenadatasetthatconsistof msamples (x;;yi) g ;, wherex; 2 IRY,
andy; 2 f1,2; ;kgdenotegheclasdabelof thei-th sampleandk > 2. Similarto thebinary-class
caselet X = [X1; ;Xm] bethedatamatrix.

In the multi-classRKDA formulation,the maximizationof the following objective functionis
commonlyused(Ye, 2005):

Fa(W:K) = trace W' (Sc+11)W "WTBW ; (23)

whereW is thetransformatiommatrix, andBk, the so-calledbetween-classcattemrmatrix is de ned
as
Bk = fk(X)HHTf(X)T;
H = [hy;hy;  ;hy], andh; is avectorwhosej-th entryis givenby
8 q_ 99—

< a ”—nJ if the j-th datapoint belongsto thei-th class

h()=. d'— (24)
' o otherwise
TheoptimalW is givenby computingthe eigervectorsof the following matrix:
(Sk+11) Bk:

Sincetheweightvectorsarein the spanof theimagesof thedatapointsin thefeaturespacewe can
expressW asW = f (X)A for somematrixA2 IR™ ,whereA= [a;; ;a‘]. Then

FyW:K) = trace AT (GPG+1G)A ‘ATGHHTGA :

De ne two matrices® andS asfollows:

&)
&)

GPG+ | G:
GHH'G:
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Sincethe null spaceof ¢ liesin thenull spaceof S (Ye andXiong, 2006),thereexists a nonsin-
gularmatrix Z suchthat

T _ I 0
7'z = 00
T _ S 0
7'z = 0 0

whereS;, is diagonalwith the diagonalentriessortedin non-decreasingrdetr The optimal A is
givenby

A=2Z4=[a; ;z;
whereZ, consistf the rst g columnsof Z, andq = rank(Sﬁ). It follows thatthe optimalvalueof
F4(W; K) achieved by theoptimal A is givenby

F, (K) = tracdSp) = trace K 'S - (25)

Herewe have assumedhat * = GPG+ | G is nonsingular We could usethe pseudo-imerseto
dealwith thesingularcase andall thefollowing agumentsstill follow.

Thus,in the multi-classcase the optimal kernelfunction K canbe computedby maximizing
F, (K) in Equation(25), whichis however highly nonlinearanddif cult to solve. In thefollowing,
we presenanequvalentformulationastheonein Equation(25), whichis moretractablecomputa-
tionally.

3.1 SDPFormulation

Considerthe maximizationof the following objective function:

k T )2
k) = & (TKOOm?.

21 W (Sk+ 1w’ (26)

where
W= [wg; wi]

is the transformatiomrmatrix, andh; is de ned in Equation(24). The following lemmashaws that
theoptimalkernelfunctionK coincidesfor F4 andFs.

Lemma3.1 LetF, andFs bede nedasin Equation(23) and Equation(26), respectivelyLet W
andK betheoptimalsolutionto thefollowing optimizationproblem:

mKaxm V\?.XF4(W; K); (27)

andletW andK betheoptimalsolutionto thefollowing optimizationproblem:

mKameasz(W; K): (28)
ThenK =K .
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Proof SinceW = f ¢ (X)A, wehavew; = f(X)a; and

k TGh)2 K (aTGh)2
Ky = 2 (aj Gh) _ o (ajGh)~
Fs(Wik) = Sl a] (GPG+1G)a; 2, a/Sa;

Thecomputatiorof a; anda; fori 8 j is independendf eachotherwhenthekernelfunctionK and
| are x ed. Theoptimala; is givenby

a = & 'Gh:

It follows thatthe maximumvalueof F5(W; K) achieved by theoptimalA = [a;; ;a,] is given
by

k
F(K)= 8 (Gh)T & *Gh:
1

Basedon the propertiesof matrix trace,we have

k
F(K) = &(GmT § ‘ch
i=1
& 1
= Qtrace (Gh)T § “Gh
i=1
& 1
= Qtrace § “Gh(Gh)"
i=1 |
14 '
= trace § "§ GhhG'
i=1
= trace & ' GHHTG'
= trace § ‘<
= R (K):
This completeghe proof. |

It is interestingto notethat,in generaltheoptimalW andW for the optimizationproblemsin
Equationg27) and(28) aredifferent. However, it hasbeenshavn recentlythat, whenthe valueof
theregularizationparameters approachingero,multi-classregularizedleastsquaress equivalent
to multi-classdiscriminantanalysisundera mild condition(Ye, 2007). Empirical evidencesshowv
thatwhenthe value of the regularizationparameteis small, which is usuallythe casein practice,
their performances similar.

The objective function in Equation(26) is closely relatedto its binary counterpartin Equa-
tion (6). Notethata variantof the Fisherdiscriminantratio (FDR) (Kim etal., 2006)canbewritten
as:

(w'fk(X)a)?
Wl (Sk+ 1w’

F(wK) =
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Thus,F5(W; K) in Equation(26) canbeinterpretedastheweightedsummatiorof theFDRsbetween
thesamplesn thei-th classandtherestwherei = 1; ;k. Theweightscanbe computedrom the
de nition of H in Equation(24) asfollows:

h = . f=om) 28 f=(mom) D

p.Lir
n

wherea! is obtainedrom Equation(3) by takingthesampledrom thei-th classaspositive andthe
restasnegative. It follows thattheweightfor thei-th binaryclassi cationproblemis: (n  n;)?n;=n.

Following theresultsfrom thelastsectionfor the binary-classasethe optimalkernellearning
problemfor multi-classRKDA canbeformulatedasfollows:

min At
t1; steq j?.lj
I + ;ép qé h
subjectto Ut oforj=1 ik
j t
q 0
q'r=1 (29)

Unfortunately the SDP problemgivenin Equation(29) is computationallyprohibitive dueto
the presencef positive semide nite constraints.To alleviate this computationaproblem,we put
all the constraintsn a single larger constraint. This imposesstrongerconstraintsthan thoseon
the original problem,but the computationakostcanbe reduceddramatically It is basedon the
following lemma.

Lemma3.2 LetM 2 IR" ™ beanypositivede nite matrix,a;; ;a2 IR™ t;; ;t 2 IR Then

0 1
M a a A
a{ t7, O 0
a; 0 t 0 0 (30)
a;[ 0 O | 0%
implies
M aj . .
al 0; forall j: (31)

J

Proof For a symmetricand positive semide nite matrix, it is known thatall of its principal sub-
matricesare alsosymmetricand positve semide nite. Matricesin Equation(31) areall principal
submatrice®f thematrix in Equation(30). This canbeseenby removing 2to j andj+ 2tok+ 1
rows andcolumnsof the block matrixin Equation(30). This completeshe proof of thelemma. B

We summarizeéhe mainresultof this sectionin thefollowing theorem:
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Theorem 3.1 Givena setof p centeed kernelmatricesGy;  ; Gp, the optimal kernel matrix, in
theform of linear combinatiorof the given p kernelmatrices that maximizeshe objectivefunction
in Equation(26) canbefoundby solvingthe SDP problemin Equation(29). This problemcanbe
approximatedoy the following more restrictedformulation:

min ék_ t
t; g bzl :
|+ %éf’:ﬂiéi hy h hi
hI tp O 0
subjectto h 0 0 0;
h?(— 0 O tx
q ;
q'r=1 (32)

whee r; = tracgG;). Theoptimal solutionto the formulationin Equation(32) satis esthe con-
straintsin Equation(29).

Theformulationin Equation(32) is anapproximatiorto theexactformulationin Equation(29). We
usethe approximatdormulationin our experimentsn Section5, andempiricalresultsshav thatit
achiezescomparableerformancavith otherexactformulations.

3.2 QCQP Formulation

Although the approximateSDP formulationin the last sectionis scalablein termsof the number
of classes,nterior point algorithmsfor solving SDP have an inherently large time compl«ity,
andthusit cannotbe appliedto large-scaleproblems. In this subsectionwe proposea QCQP
formulationwhich is moreefcient thanits SDP counterpart.The derivationshereare similar to
thosein Section2.2.

In orderto formulatethe multi-classRKDA kernellearningprobleminto a QCQPproblem,we
rst considerthe minimizationof thefollowing objective function:

k
Fe(W:K) = & Gi(FkOP)Twi  hiji®+ 1 jwii® ; (33)
i=1

whereW = [wy; ;wy]. It is clearthatfor a x edK andl , thecomputatiorof w; andw; fori 6 j
is independenof eachother By extendingthe resultsfrom Lemma2.1andLemma3.1, it is easy
to shaw thatthe optimalkernelfunctionK minimizing theobjective functionin Equation(26) coin-
cidesthe minimizer of Fg(W; K) in Equation(33). Motivatedby this equivalenceresult,we derive
anefcient QCQPformulationfor the multi-classRKDA kernellearningproblem,assummarized
in thefollowing theorem.

Theorem 3.2 Givena setof p centeed kernelmatricesGy;  ; Gp, the optimal kernel matrix, in
theform of a corvex linear combinationof the given p kernelmatrices that minimizeghe objective
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functionin Equation(33) canbefoundby solvingthefollowing cornvex QCQPproblem:

k k 1

max ablh; Zablby —t
by; byt j?.lj : 4j=1 17
. 1& ;4.
subjectto t - abjGbj;i=1 p (34)
ij=1

wheer; = tracgG)).

Proof We rst considerthe dual formulationof the minimizationof Fg(W; K) in termsof W for
x edK andl . Denote
hi= (fk(X)P)"wi  hi:

It follows that

k k
Fo(wK) = & jihifi®+ | & jiwijj*

i=1 i=1

De ne theLagrangiarfunctionof this problemasfollows:

k k k
L(Fhigl swibigt ) = & jihii2+ 1 &jiwii> &b’ (xX)P)'™w h hi ;
i=1 i=1 i=1

wheretheb;'s arethevectorsof Lagrangiardualvariables.Takingthe derivativesof L with respect
to h; andw; for all i, andsettingthemequalto zero,we get

L

o = 2hj+bi=0;
ﬂhi | |
L
— = 2w fg(X)Pbi=0:
ﬂWi i K( ) i
Thus,we have
_ b _ T(X)Pbj
hi = > and w; = — o
andwe obtainthefollowing Lagrangiardualfunction:
gby; b)) = min L(Fhiglywfbigls)
wihiii=1; k
&1 1 -
i=1
Theoptimalb,; ;b, canbecomputedoy maximizingg(bi; ;byk) in Equation(35) as
(. )
Ch = 2 1+ 1 T
(by; ;b)) =amgmax Q 21bi |+ I—PGP bi + b h;
bi; b =1

Sincestrongduality holds, the optimal kernelmatrix G is given by solvingthe following optimiza-
tion problem: ( )
. & 1
min max g - T

na 4biT |+
G2Gby; b j=1q

G b+ bh;
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Similarto the binary-clascase the abore optimizationproblemcanbe written as

€ . Lp ! 1)
i 2 T o ~ T
min  max ol 1+ = & bi+b'h
g:q O;C]Tr:]_bl; Ho Jél 4 J I i?l ql i i i N
! 1)
= max min £ }bT |+ 1 P & boablh
bi; ;bkg:g 0;qTr=1 Jél 4 J | i§1qI i i in
|
1& 4 P Ko ok ] )
= max min 2 b’ — _ bTGb: + bTh
X T K T p k T ’ ))
= max gblhy 4 bb; — ma 3 4 bTGb
b1, b jel | 4191 [ Ing BT Gq OqTr=1 |—1ql lg).l j Gl
- max AoTh 1A 6o, Lmax 1A bTGhb,
b1; bk Jel 1 42’1 T ri 191 j ilj
By constraining !
1& (-
max =g bjGb;
| HEn

andputtingt in the objective function,we prove theformulationin Equation(34).

3.3 SILP Formulation

(36)

The QCQPformulationin Theorem3.2 hasa worse-casdime compleity of O(pk?n? + k3n3),
which is cubicin termsof the numberof classesandthe numberof datapoints. We show in this
subsectiorthatthe RKDA kernellearningproblemin the multi-classcasecanbe formulatedasan
SILP problem,assummarizedn thefollowing theorem.

Theorem 3.3 Givena setof p centeed

kernel matricesG;;

;Gp, the optimal kernel matrix, in

theform of a corvex linear combinationof the given p kernelmatrices that minimizeghe objective
functionin Equation(33) canbefoundby solvingthefollowing SILP problem:

max
a9
subjectto
wheeke §(b) is de nedas
& fi, T
S()= & ,bjbj+

j=1

r=(ry; ;rp)T;andr; = traceG)).

g

q O

qr=1

Iy

aaS() g forallb;

i=1

Lotéb rbTh - fori= 1 b
ﬂjljrlj],orl—,'p1
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Formulation SDP QCQP SILP
Complity | O (p+ n)?(k+ n)%>  O(pk’r?+ k°n®) O(n°lte)

Tablel: Time compleity of the proposedmulti-classRKDA kernellearningformulations: p is
the numberof candidatekernels,n is the numberof training samplesk is the numberof
classesandlteis thenumberof iterationsin SILP.

Proof Theprooffollowsthesameprocedureasin Theorem?2.3by startingfrom Equation(36) and
changinghede nition of §(b) from Equation(18) to Equation(38). |

Notethatthe only differencebetweerformulationsin Theorem2.3andTheorem3.3liesin the
de nitions of §(b). To nd thebj, for j= 1; ;k; thatmaximizethe constraintviolation in the
multi-classcasewe needto solve thefollowing k systemsf linearequations:

!
1 19 » .
éI + jSlini b;=h;; forj=1, ;k

Notethatthe coefcient matrixis the samefor all of thek linearsystemsThusthelLU decomposi-
tion (GolubandVanLoan,1996)needso be computedonly once,andonly the forward/backvard
substitutiomneeddo be performedk timesto obtainthe solutions.

3.4 Time Complexity Analysis

In this subsectionye analyzethe time complity of the proposedormulationsin the multi-class
case By following similaranalysign thebinary-classasewe canshow thattheproposedapprox-
imate)SDPandQCQPformulationshave worse-caséime compleity of O (p+ n)?(k+ n)%° and
O(pk?n?+ k3nd), respectiely. For the SILP formulationin the multi-classcase the k linear sys-
temsinvolved in eachiterative stepsharethe samecoefcient matrix, andthey canbe solvedin

O(n3) time. Thus,theoverall compleity is still O(n3lte) wherelte is thenumberof iterations.The
compleity of multi-classRKDA kernellearningformulationsis summarizedn Tablel.

4. Joint Kernel and Regularization Parameter Learning

Theformulationspresentedh thelasttwo sectionfocusontheestimatiorof thekernelmatrixonly,
while the regularizationparametet is pre-speci ed. In somecasesthe performanceof RKDA
algorithmdependgritically on the valueof | . In this section,we shaw thatall the formulations
proposedn this papercanbe reformulatedequivalently andthis new formulationleadsnaturally
to the estimationof theregularizationparametet in ajoint framevork. Thedetailedderivationsin
this sectionaresimilar to thosepresentedn Section®2 and3.

4.1 Joint Learning for Binary-classProblems

Onekey adwantageof the kernellearningformulationin Equation(8) in comparisorwith theonein
Kim etal. (2006)is thattheregularizationparametet canalsobeestimatedn ajoint optimization
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framework. In particular all the formulations(SDR QCQR andSILP) for the binary-classRKDA
kernellearningproblems presentedn Theorem<2.1-2.3,canberecasto optimizethe regulariza-
tion parametesimultaneouslyThe next threesubsectionprovide detailsof thesereformulations.

4.1.1 SDP FORMULATION

For the estimationof regularizationparametemwe considera slightly modi ed versionof theregu-
larizedleastsquaregormulation,whichis equivalentto the standardormulationin Equation(12).
Themodi ed versionminimizesthefollowing objectie function:

Fr(wK;t) = i (F)P) T'w - ajji® + jjwij%; (39)

wheret = 19 . Wewill rst considerthe casewhent is x ed. We will thenextendto the general
casewhent is optimizedjointly.

Theoptimalw thatminimizesthe objective functionin Equation(39) for a x edK anda x ed
t is givenby

1
%I + fFk(X)PF(X)T  fx(X)Pa
|

=
I

1 1
fk(X) | P ZI+PGP PG a

The optimalvalueof the objective functionin Equation(39)is givenby

1 o1
F(Kt)=a' G & (40)

whereG = PGP.

We canobsene from Equation(40) thattheidentity matrix appearsn exactly the sameform as
otherkernelmatrices.We canthustreatthe regularizationparameteasoneof the coefcients for
the kernelmatrix andoptimizethemsimultaneouslyThis leadsto the following formulation:

min.; t
subjectto éﬁgf“é‘ ? 0;
q O
_é’lp gitracgGi) = 1; (41)

0

|
whereq = [qo;d1;  ;Gp]", o= L=1,andGo= 1.

4.1.2 QCQP FORMULATION

In orderto castthe formulationin Theorem2.2 to optimizethe regularizationparameterwe again
startfrom themodi ed leastsquareproblemin Equation(39). By following the sameprocedureas
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in Theoren?2.2,the optimizationproblemin Equation(15) canbe expresseds
( ! )

. 1+ 1.8 ~ .5
min  max 21b fl+aini b+b'a

aq 0;q'r=1 b ) i=1 )
= max__min ~b" 4G b+b'a ; (42)
b qq 0qTr=1 i=0

whereqg = % andGg = 1. This canbeformulatedto optimizethe regularizationparameteasone
of the coefcients for the kernelmatrix asfollows:

1
b'a -t
T 2@ g
subjecto  t Fl_bTGib; i=0 p (43)
|

This problemis a quadraticallyconstrainedinearprogram.

4.1.3 SILP FORMULATION

The SILP formulationproposedn Theorem2.3for the binary-clasgproblemcanalsobe reformu-
latedto optimizel jointly. It follows from Equation(42) thatthis joint learningproblemcanbe
formulatedasfollows:

max g (44)
a9
subjectto g O;
qr=1;
$
a giS(b) g forallb;

i=0

whereS§(b) is de ned as
S T, o
S(b) = erb Gb rib'a; fori=0; ;p;

r=(ro; :rp)T,ri=tracdGi),q= [do;c; :Cp]". do= §=1,andGo=

4.2 Joint Learning for Multi-class Problems

All formulationsfor the multi-classRKDA kernellearningproblemspresentedn Section3 canbe
recasto optimizetheregularizationparametejointly. Thenext threesubsectionprovide detailsof
thesereformulations.
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4.2.1 SDP FORMULATION

In orderto incorporatd in the optimizationproblem,we modify the objective functionin Equation
(26) asfollows:
§ (Wf(X)h)? .

Fe(W;K;t) = S‘lwiT(tSw D

By following the samederiationin Lemma3.1andnoticingtherelationshipwith the binary-class
casewe derive thefollowing SDPformulationfor the multi-classRKDA kernellearningproblem:

k
min_ &t
t1; g b:l
aP.,g6& h h h !
izoUiIi 1 2 k
h O 0
subjectto h 0 0 0;
h-ll(— 0 O tx
q o
qr=1, (45)

whereq = [qo; Q1 2dplT, Qo= tl= |, andGo = I.

4.2.2 QCQP FORMULATION

Similar to the binary-classase we modify theleastsquaregproblemin Equation(33) asfollows:
FRWKt)=a tj(fk(X)P)'wi hijj“+ jjwijj® ;
i=1

wheret = 1= . By following the samederivationasin Theorem3.2, we obtainthefollowing joint
optimizationproblem:

max 2 bTh It
by bt 2‘1 R
. 1& 1~
subjectto t —abjGbji=0 ;p (46)

i 21

Thisis aquadraticallyconstrainedinearprogram.
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4.2.3 SILP FORMULATION

Similar to thereformulationin the binary-classasethe SILP formulationfor multi-classproblems
canalsobeformulatedto optimizel simultaneouslasfollows:

max g (47)
a9
subjecto q O
q'r=1,
$
a gS() g forallb;

i=0

where
S(b)= & %b-jréibj riblhy ; fori=0; ;p;
=1

r=(ro; ;rp)7,ri=tracG),q=[qo;d; ;qpl", o= L=1,andGo= 1.

The reformulationsto optimizel simultaneouslproposedn this sectionare motivatedfrom
Lanckrietet al. (2004b)and De Bie et al. (2003). As hasbeenshaw in Lanckrietet al. (2004b),
this joint optimizationof | works well in mostcasesn comparisorwith the simple approachof
pre-specifyingd , butimprovedperformances notguaranteed.

5. Experimental Study

We conductextensve experimentsn this sectionto comparevariousaspect®f relevantalgorithms.
The rst partof theexperimentdocuseson combiningkernelmatricesdervedfrom asinglesource
of data. We demonstratéhe effectivenessof the proposedVKL formulationsfor heterogeneous
dataintegrationin thesecondartof the experiments The SDPformulationsin Equationg8), (32),
(41),and(45) aresolvedusingthe optimizationpackagese DuMi(Sturm,1999). The QCQPformu-
lationsin Equationq13),(34), (43),and(46) aresolved usingthe MOSEK packaggAnderserand
Andersen2000). Thelinear programsinvolvedin the SILP formulationsin Equations(16), (37),
(44),and(47) aresolvedusingthe MATLAB ! build-in functionlinprog. Thetoleranceparametee,
de nedin Equation(22),is setto 5 10 4. Thesourcecodesof the proposedormulationsfor the
experimentsareavailableonline?

We rst evaluatethe proposedormulationsfor binary-clasgproblemsin Section5.1. The ex-
perimentalresultsand analysisfor the multi-classformulationsare presentedn Section5.2. We
demonstratehe effectivenessof the proposedormulationsfor heterogeneoudataintegrationin
Section5.3. In Section5.4,we analyzetherelationshipbetweerRKDA andSVM, andSection5.5
studiegtheeffect of regularizationparametepn classi cationperformance.

5.1 Experimentson Binary-classProblems

In the binary-classcase we compareour formulationswith the 1-normsoft maigin SVM, 2-norm
softmaigin SVM with andwithouttheregularizationparamete€ optimizedjointly asproposedn

1. TheURL is http://lwww.mathworks.com
2. The URL is http://www.public.asu.edu/ ~ jye02/Software/DKL/
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sonar S} 92 O3 G4 Js Js qr Js Jo J10 I/C TSA
SDRy 0 0 0 0 0.550 0.307 0.022 0.041 0.029 0.050 | 5.0e-04| 89.27 5.34
SDPq;| 0 0 0 0 0.550 0.307 0.022 0.041 0.029 0.050 | 3.1e-08| 89.35 5.34
QCQF(’q 0.003 0.003 0.004 0.011 0.444 0.375 0.046 0.034 0.035 0.048 | 5.0e-04 | 89.76 5.34
QCQF}N 0 0 0 0 0.550 0.307 0.022 0.041 0.029 0.050 | 5.0e-02| 89.35 5.34
SILPy 0 0 0 0 0.459 0.406 0.011 0.034 0.032 0.059 | 5.0e-04| 89.76 5.37
SILPy; 0 0 0 0 0.547 0.313 0.023 0.031 0.034 0.052 | 4.2e-10| 89.43 5.18
SDRim 0.167 0.048 0.175 0.072 0.251 0.173 0.031 0.025 0.015 0.044 | 1.0e-08 | 88.46 5.28
SM1 0 0 0 0.040 3.953 5.514 0.491 0 0 0 1 89.75 4.90
SM2 0 0 0 0 2.875 6.765 0.359 0 0 0 1 89.59 5.24
SM2- 0 0.011 0.014 0.084 4.253 6.038 0.570 0.004 0.001 0 5.5e+7 | 89.84 4.80
RKDAg; 3 | 0 0 0 0 0 3 14 11 2 0 — 89.67 6.62
SVMK;C4 0 0 0 0 0 2 16 7 5 0 - 89.35 5.18
RKDA, 5 53.65 54.95 60.24 7357 84.95 90.56 89.91 86.99 85.52 84.95 — -
SVMC6 53.65 54.63 59.91 73.41 86.09 89.67 90.65 89.59 86.58 84.22 — -

Table2: Comparisorof twelve methodson the sonardataset. The twelve methods listed from
top to bottom are: SDP formulation with | x ed as proposedin Theorem2.1, SDP
formulationwith | optimizedjointly asproposedn Equation(41), QCQPformulation
with | x edasproposedn Theorem2.2, QCQPformulationwith | optimizedjointly as
proposedn Equation(43), SILP formulationwith | x ed asproposedn Theorem2.3,
SILP formulationwith | optimizedjointly as proposedin Equation(44), SDP formu-
lation proposedin Kim et al. (2006), 1-norm soft magin SVM, 2-norm soft maigin
SVM without andwith C optimizedas proposedn Lanckrietet al. (2004b),RKDA and
SVM with the kernelsandregularizationparameterselectedoy doublecross-alidation.
Generally subscriptsof namesin the rst columnare usedto denotequantitiesthat are
optimized. The ten pre-speci edkernelsare all RBF kernelsand the s valuesused
are0:10; 0:22; 0:46; 1.00; 2:15; 4:46; 10:00; 21:54; 46:42;, 100.00; asin Kim etal. (2006).
The tableis partitionedinto three sectionsrow-wise. In the rst section,the columns
headedwith g; arethe coefcients learnedfrom the correspondingnethods. The coef-
cients for the proposedsix formulationsare normalizedto sumto one while thosefor
othercomparedapproachearereportedasobtainedrom their formulations.The column
headedwith | =C providesthe valuesof the regularizationparameterswhether x ed or
learned,andthe testsetaccuraciesind standarddeviationsaregivenin the last column.
The secondsectionincludesRKDA and SVM with kerneland regularizationparameter
chosenby doublecross-@lidation. We alsoreportthe numberof timesthat a particular
kernelis selectedby cross-alidation. The third sectionshawvs the accuracieof RKDA
and SVM whenthe kernelis x ed and the regularizationparameterchosenby cross-
validation. Dashesareusedto denotenon-applicablétems.

Lanckrietetal. (2004b),andthe SDPformulationproposedn Kim etal. (2006).  Also, we use
doublecross-alidationto choosekernelsandregularizationparameteréor SVM andRKDA. The
1-normSVM classi er usedis the LIBSVM packaggChangandLin, 2001)andthe 2-normSVM
codewasobtainedby adaptingAnton Schwaighofers implementatiort.

Four datasetsare usedin the binary-classcase. The sonar ionosphee, andcancerdatawere
retrieved from the UCI MachineLearningRepository(Newmanetal., 1998). The heartdatawere

3. Thenumberof timesthata kernelis choserby doubly cross-alidatedRKDA over 30 randomizations.

4. Thenumberof timesthata kernelis choserby doublycross-alidatedSVM over 30 randomizations.

5. Accuray of RKDA whenthekernelis x edto eachof thetencandidateékernelsand! is choserby cross-alidation.
6. Accuray of SVM whenthekernelis x edto eachof thetencandidat&kernelsandC is choserby cross-alidation.
7. TheURL is http:/fida.first.fraunhofer.de/ ~ anton/software.html
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obtainedfrom the STATLOG project® All dataarenormalized. For eachdataset,we randomly
partitionthe entiredatasetinto trainingandtestsetsusingtheratio 8:2. TenRBF kernelsarecon-
structedrrom thetrainingsetdatawith differentchoicesof the parametes asin Kim etal. (2006).
Thenthe ten kernelsare fed into the optimizationsoftware packagedo obtainthe corresponding
coefcients for eachkernel. Finally, the kernelsare combinedandusedto computethe accurag.
For formulationsSDR, QCQR,, andSILPg, thel valueis x edto 5:0 10 4. For SDR,,,, this
valueis x edto 10 8, asusedin Kim etal. (2006). Following Lanckrietetal. (2004b),we x C to
1for SM1andSM2.

Tables2-5presentheexperimentaresultson sonar heart,ionospheg, andcancerdatasetsye-
spectvely. In termsof performanceformulationsthatoptimizel jointly achieve similaraccuracies
to theoneswith | x ed. Notethatfor our experimentsall the dataarenormalizedandthel value
is tunedmanuallyfor formulationswith | x ed. In practice theoptimall valueis data-dependent.
Thus,formulationsthatoptimizel jointly areexpectedto work betterin suchsituations.In cases
whereno numericalproblemshave beenreported all thetwelve comparednethodsachiere similar
performanceHowever, for the rst tenmethodsthereis no needfor cross-alidation,andthey can
be usedfor heterogeneoudataintegrationfrom varioussources.

For MKL formulationsin Tables2-5, we presenthe coefcients learnedfor eachkernel. For
doubly cross-alidatedmethods thatis, RKDAk. and SVMk.c, we recordthe numberof times
thata particularkernelhasbeenselectedn cross-alidation. To understandherelatve importance
of eachkernelwhenthey areusedindividually, we x the kernelto eachof the ten pre-speci ed
kernelsandtunetheregularizationparameteusingcross-alidationandtheaccurag of eachkernel
is recorded. We expectthesequantitiesto have somerelationshipwith the coefcients learned
by solving corvex programs For the sonardata,RKDA, achiaresthe bestperformanceonkernels
correspondingp g andgz while SVM¢ achievesthehighestaccurag ongg, g7 andgs. Ontheother
hand,methodsusinglinear combinationof kernelsfavor kernelscorrespondindo gs andqs. For
the heartdata,cross-alidatedSVM favors kernelscorrespondingo gqg anddio (they werechosen
9 and17 timesout of 30, respectiely) while cross-alidatedRKDA useskernelscorrespondingo
g7, qs; andgg mostfrequently Our six formulationsall give kernelscorrespondingo q; andqig
large weights,especiallyto q;, while SVM-basedVKL formulationsall setqig to zero. This may
bedueto thefactthatRKDA andSVM optimizedifferentcriteriaandthusfavor differentkernels.
Anotherinterestingobsenation is that all the ten MKL formulationsgive the rst kernela large
weight while it is the worst kernelwhenusedindividually. This implies that the bestindividual
kernelmaynotleadto alarge weightwhenusedin combinatiorwith othersandpoorly-performed
individual kernelmay containcomplementarynformationthatis usefulwhencombinedwith other
kernels. Suchcomplementarynformationcannot be incorporatedvhen cross-alidationis used
to choosea singlebestkernel. For theionosphee data,the bestthreeindividual kernelschoserby
cross-alidationarekernelscorrespondindo s, gs andqy. Interestinglythe kernelcorresponding
to gs is assigned zeroweightby nine out of theten MKL-basedmethods For the cancerdata,all
kernelsachieve similar performancevhenusedseparatelywhile MKL-basedformulationstendto
assigna largeweightto thekernelcorrespond$o g».

To compareheef ciency of the proposedormulationswith methodsasedn cross-alidation,
we recordthe computationtime of the proposedQCQPand SILP formulationsalongwith that of
methoddasedndoublecross-alidation.Figurel plotsthecomputatiortime of thesesix methods.

8. The URL is http://www.liacc.up.pt/ML/old/statlog/datasets.html
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Notethatmethodshasedon SDPhave a muchlarger computatiortime thanthesesix methodsand
their resultsarethusomitted. It canbe seenthatthe proposedILP formulationsaremoreef cient

thancross-alidationbasednethods Notethatthecorvergencerateof thealgorithmfor solvingthe
QCQPformulationdependsn the dataandparametesetting. Thus,it maytake a relatively long
time to corvergein somecasesasshavn by QCQR, onthecancerdatain Figurel.

heart g 02 s 04 s 6 a7 s o [ I=C TSA

SDR, 0.783 0.089 0 0 0 0001 O 0 0005 0.123| 5.0e-4 | 81.98 4.27
SDRy 0.753 0.089 0 0 0 0001 O 0 0.005 0.123| 3.0e-2 | 81.67 4.49
QCQR, | 0.734 0.117 0.003 0.001 0.001 0.001 0.002 0.004 0.008 0.129 | 5.0e-4 | 81.85 4.17
QCQR, | 0.753 0.089 0 0 0 0001 O 0 0.005 0.123| 1.2e-1 | 81.67 4.47
SILP, 0742 0115 0 0 0 0001 O 0 0006 0.137 | 5.0e-4 | 81.98 4.27
SILPy 0.744 0.095 0 0 0 0 0 0 0007 0.121| 3.4e-2 | 81.73 4.23
SDRm | 0.881 0.036 0.002 0 0 0.001 0.003 0.004 0.009 0.065| 1.0e-8 | 82.22 3.79
sm1 7.688 0.479 0.001 0.002 0.002 0.024 1813 0 0 0 1 | 8259 4.55
SMm2 7.317 0669 O 0 0 0029 1.994 0 0 0 1 | 8271 441
SM2c 6.746 0.626 0 0 0 0036 1991 0 0 0 | 4.4e+5| 82.53 4.58
RKDA( 0 0 0 0 1 2 7 9 7 4 — | 7735583
SVMk.c 0 0 0 0 0 0 2 2 9 17 - | 8173 448
RKDA, | 58.64 6506 69.62 73.33 77.28 79.13 78.70 77.65 76.79 7592 | - -

SVMc 57.96 64.75 71.79 76.60 79.93 80.30 81.66 8154 82.22 8259 | - -

Table3: Seethe captionandfootnotesof Table?2 for explanation.

ionosphee | o 02 g3 Ga s Js g7 s Qo 1o I=C TSA

SDR, 0.362 0073 0.033 0.108 0 0.147 0277 0 0 0 | 5.0e-4 | 94.67 2.25
SDPRy 0.362 0.073 0.033 0108 0 0.147 0277 O 0 0 | l4e-7| 9467 2.25
QCQR, 0.222 0.116 0.081 0.074 0.042 0.182 0.236 0.022 0.014 0.012 | 5.0e-4 | 94.86 2.39
QCQR; | 0.362 0.073 0.033 0.108 0 0.147 0277 0 0 0 | 2.2e-4 | 94.67 2.25
SILPq 0.261 0.080 0.061 0.116 0 0.167 0316 0 0 0 | 5.0e-4| 94.90 2.33
SILPy 0.364 0073 0.028 0.112 0 0145 0279 O 0 0 | 36e-9| 9481 2.23
SDRim 0942 0 0 0 0 0006 0.038 0.013 0.001 0 | 1.0e-8| 89.43 3.98
sm1 3553 0672 0.482 0240 0 4828 0221 O 0 0 1 | 95.28 2.09
SMm2 2.883 0.682 0.683 0.196 0 5305 0.248 0 0 0 1 | 9481 2,07
SM2c 3.910 0.714 0561 0255 0 5300 0.256 O 0 0 | 14e+7]| 95.19 2.17
RKDA( 0 0 0 4 5 10 8 3 0 0 — [ 9233551
SVMi.c 0 0 0 0 8 9 7 4 2 0 — | 94.48 2.39
RKDA, 65.71 76.47 90.33 92.14 93.33 94.28 93.14 91.71 90.61 89.00| - -

SVMc 65.38 66.57 89.38 93.00 94.57 9504 93.80 93.42 92.61 91.95| — -

Table4: Seethe captionandfootnotesof Table2 for explanation.

5.2 Experiments on Multi-class Problems

In themulti-classexperimentsye compareourformulationswith KRDA andSVM with kernelsand
regularizationparametersunedusingdoublecross-alidation. The methodgproposedn Lanckriet
etal. (2004b)andKim etal. (2006)areonly applicableto binary-clasgproblems Five datasetswith
differentnumbersof classesare usedfor this experiment. The USPShandwrittendigits database
wasdescribedn Hull (1994). We choosethe rst 3;6, and8 classesvith 100 datapointsin each
classfor the experiment. The wine datasetwasobtainedfrom UCI MachineLearningRepository
andthe satimaye andsegmentwereobtainedrom the STATLOG project. We usethe rst 3;5, and
6 classedor the satimage dataandthe rst 3 and4 classedor the sggmentdata. The waveform
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cancer s [sP) [SF! 04 Js Js ar Js do Ji0 I =C TSA
SDRy 0.013 0.006 0.014 0 0.018 0.044 0.061 0.101 0.280 0.463 | 5.0e-4 | 96.05 2.65
SDPq;| 0 0.532 0.096 0.040 0.008 0.020 0.244 0.020 0 0.048 | 1.0e-8 | 96.00 1.44
QCQF(’q 0.147 0.312 0.207 0.080 0.052 0.055 0.051 0.038 0.031 0.028 | 5.0e-4 | 97.01 1.31
QCQF}” 0.003 0.662 0.111 0.042 0.010 0.015 0.134 0.007 0 0.004 | 4.3e-3 | 96.20 2.21
SILP, 0 0.468 0.298 0.022 0.010 0.020 0.170 0.007 0 0.005 | 5.0e-4 | 97.01 1.20
SILPy; 0.003 0.663 0.105 0.047 0.009 0.014 0.132 0.009 0 0.005 | 1.3e-2 | 96.98 1.28
SDRim 0.970 0.006 0.005 0.004 0.004 0.003 0.003 0.002 0.002 0.002 | 5.0e-4 | 73.43 4.28
SM1 1.797 5.706 0.179 0.008 0 2.308 0 0 0 0 1 97.08 1.27
SM2 1.483 5.541 0.402 0.023 0.006 2.527 0.013 0 0 0 1 97.15 1.22
SM2- 1.690 4.855 0.546 0.047 0.003 2.521 0.015 0 0 0 1.0e+4 | 97.01 1.22
RKDA;| 0 0 0 2 8 2 3 4 4 7 — 95.79 1.55
SVMk.c 0 0 0 0 0 7 10 4 6 3 - 96.81 1.28
RKDA, 9454 9532 96.05 96.15 96.30 95.74 95.59 9559 9549 95.64 - —
SVMc 92.21 94.93 96.03 96.30 96.81 96.88 96.86 96.66 96.69 96.64 - -

Table5: Seethe captionandfootnotesof Table?2 for explanation.
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Figurel: Computatiortime (in secondspf the six methodson four binary-classlatasets.

datasetwasdescribedn Breimanetal. (1984)andarealsoavailablefrom UCI MachineLearning
Repository For eachdataset, we randomlypartition the entire setinto two subsetswvith 60% of

thesamplesn thetraining setand40%in thetestset. Ten RBF kernels,with s assignedhe same
valuesasin thebinary-classase areconstructedrom thetrainingset.

Tables6—15presentheexperimentatesultsonthetendatasets.ln generalall thesix proposed
formulationsachiere similar performanceon the ten datasets. Comparedo the QCQPand SILP
formulationswhich areexact, our approximateSDPformulationfor the multi-classproblemswork
well in mostcases.This implies that the approximatdormulationis closeto the exact onewhile
the computationatostis lower. Furthermoremethodsasedn MKL andcross-alidationachie/e
similar performancen all of thedatasets.

In orderto gain insightsinto the relatve importanceof eachkernelwhenusedin combination
or separatelywe usea similar experimentalsetupto the binary-classcase. We found that for the
USP$3),° USP$6), andUSP$8) data,all eightcomparedipproachetavor thekernelscorrespond-
ing to o andqsp. Similar behaior hasbeenobsenredfor the waveforn3) datawhereonly thelast
two kernelsareselectedy cross-alidationandthey aregivenlarge weightsby all six MKL-based

9. Thenumberin the parenthesedenoteshe numberof classesisedin the experiment.
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USP$3)™° a1 g2 g3 da s Je a7 ds Jo 1o I TSA

SDRy 0 0 0 0 0 0.027 0.023 0.012 0.518 0.420 | 5.0e-4 | 99.64 0.57
SDPRy, 0.007 0.004 0.015 0.016 0.013 0.036 0.022 0.014 0.493 0.379 | 6.3e-7 | 99.69 0.46
QCQR, 0 0 0 0 0 0.037 0.052 0.040 0.372 0.498 | 5.0e-4 | 99.72 0.51
QCQRy 0.007 0.004 0.021 0.009 0.008 0.067 0.029 0.054 0.345 0.457 | 1.2e-5| 99.64 0.47
SILP, 0 0 0 0 0 0.037 0.052 0.043 0.370 0.499 | 5.0e-4 | 99.72 0.51
SILPy, 0.007 0.005 0.019 0.011 0.006 0.069 0.027 0.057 0.343 0.457 | 3.6e-7 | 99.61 0.48
RKDA T 0 0 0 0 0 0 0 0 8 22 - 98.97 1.11
SVM c*? 0 0 0 0 0 0 0 0 24 6 - 99.50 0.60

Table6: Comparisorof eightmethodson the USPSdatasetwhenthe rst threeclassesreused.
The eight methods listed from top to bottom, are the SDP formulationwith | x ed as
proposedn Theorem3.1, the SDP formulationwith | optimizedjointly asproposedn
Equation(45),the QCQPformulationwith | x edasproposedn Theoren.2,the QCQP
formulationwith | optimizedjointly asproposedn Equation(46), the SILP formulation
with | x edasproposedn Theorent3.3,the SILP formulationwith | optimizedjointly as
proposedn Equation(47), RKDA and SVM with kernelsandregularizationparameters
chosenby doublecross-alidation. Generally subscriptof namesn the rst columnare
usedto denotequantitiesthat are optimized. Ten RBF kernelsare pre-speci edandthe
valuesfor s arethe sameasthoseusedin the binary-classase(seecaptionof Table2).
Thistableis partitionednto two sectiongow-wise. In the rst sectionthecolumnsheaded
with g; presenthe coefcients learnedfrom eachmethod. Note thatall coefcients are
normalizedto sumto one. This is followed by the valuesfor the | , whether x ed or
learned. Thetestsetaccuraciesregivenin the lastcolumn. In the secondsection,we
reportthe numberof timesthat eachkernelhasbeenselectedby doublecross-alidation
andtheaccuraciesDashesreusedto denotenon-applicablétems.

USPg6) qu 02 s Ja g5 e a7 Js o J10 I TSA

SDR, 0 0 0 0 0 0.001 0.009 0.195 0.655 0.141 | 5.0e-4 | 98.40 0.80
SDFRy; 0.018 0.001 0.011 0.038 0.013 0.011 0.036 0.222 0.516 0.134 | 1.9e-6 | 98.33 0.88
QCQR, 0 0 0 0 0 0.001 0.023 0.165 0.564 0.247 | 5.0e-4 | 98.36 0.82
QCQRy 0.020 0.002 0.003 0.035 0.025 0.008 0.063 0.165 0.463 0.216 | 2.8e-5 | 98.28 0.89
SILPy 0 0 0 0 0 0.002 0.028 0.156 0.569 0.245| 5.0e-4 | 98.35 0.84
SILPg; 0.021 0 0.003 0.037 0.017 0.011 0.064 0.169 0.459 0.218 | 1.4e-8 | 98.29 0.88
RKDA ;| 0 0 0 0 0 0 0 0 20 10 - 98.08 0.85
SVMk:c 0 0 0 0 0 0 0 0 26 4 — 98.11 1.02

Table7: Seethe captionandfootnotesof Table6 for explanation.

approachesThusfor thesedatasets,the kernelsselectedby cross-alidationand multiple kernel
learning(MKL) agree. In contrastfor the satimage(3), satimaye(5), andsatimaye(6) datasets,
theproposedMKL-basedapproacheassignargeweightsto the rst vekernels.In particular gz,
gs, andgs aregivenlargevaluesor thesatimaye(3) data;go, 4, andgs aregivenlargevaluesfor the
satimage(5) data;qs, g2, andqgy aregivenlarge valuesfor the satimage(6) data.On the otherhand,

10. Thenumberin parenthesisienoteghe numberof classesisedin theexperiments.

11. RKDA with kernelandl chosenby doublecross-alidation. The rst tencolumnsshav the numberof timesthata
kernelis choserby doubly cross-alidatedRKDA over 30 randomizations.

12. SVM with kernelandl chosenby doublecross-alidation. The rst tencolumnsshav the numberof timesthata
kernelis choserby doublycross-alidatedSVM over 30 randomizations.
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USP$8) Ou 02 s Ga Os de a7 Js o J10 I TSA

SDR, 0 0 0 0 0 0.034 0057 0.118 0.792 0 | 5.0e-4| 97.60 0.83
SDRy 0.032 0.002 0.016 0.011 0.009 0.130 0.056 0.104 0.641 O | 4.4e-6| 97.64 0.70
QCQPR, 0 0 0 0 0 0.001 0.116 0.053 0.697 0.133 | 5.0e-4 | 97.57 0.77
QCQR, | 0.025 0.003 0.021 0.023 0.007 0.066 0.149 0.029 0573 0.106 | 3.2e-5 | 97.65 0.72
SILP, 0 0 0 0 0 0 0112 0.060 0.695 0.134 | 5.0e-4 | 97.51 0.77
SILPy 0024 0 0020 0.025 0.006 0.071 0.144 0.034 0.571 0.106 | 7.8e-9 | 97.64 0.74
RKDA; 0 0 0 0 0 0 0 0 12 18 - 97.53 0.78
SVMk.c 0 0 0 0 0 0 0 0 18 12 - 97.10 0.82

Table8: Seethe captionandfootnotesof Table6 for explanation.

wing(3) a1 a2 g3 Q4 05 Js a7 Os Qo J10 | TSA

SDR, 0.044 0.147 0.104 0415 0.104 0.012 0.008 0.016 0.018 0.133 | 5.0e-4 | 97.98 1.60
SDPRy 0.065 0.177 0.086 0.394 0.100 0.011 0.008 0.018 0.015 0.126 | 2.4e-7 | 97.79 1.60
QCQPR, 0.028 0.128 0.202 0.181 0.302 0.010 0.005 0.01 0.009 0.125 | 5.0e-4 | 98.12 1.49
QCQR,; | 0.046 0.169 0.171 0.177 0.289 0.009 0.004 0.011 0.004 0.123 | 9.3e-7 | 98.12 1.45
SILR, 0.023 0.133 0.205 0.178 0.305 0.010 0.003 0.009 0.010 0.125 | 5.0e-4 | 98.12 1.49
SILPy 0.045 0.162 0.182 0.172 0.287 0.010 0.008 0 0.009 0.124 | 2.2e-7 | 98.12 1.45
RKDA 0 0 0 2 5 2 6 3 5 7 - 98.31 1.63
SVMk.c 0 0 o 6 4 11 4 4 1 0 - 97.65 1.90

Table9: Seethe captionandfootnotesof Table6 for explanation.

satimaye(3) g1 g2 g3 04 gs Js az ds Jo J10 I TSA

SDR, 0 0157 0247 0.046 0353 0.08 0.024 0046 0.017 0.032 | 5.0e-4 | 98.03 0.94
SDRy 0.003 0.251 0.193 0.033 0.349 0.06 0.02 0.05 0.012 0.029 | 9.0e-4 | 98.00 0.97
QCQR, 0 0131 0249 0.068 0.265 0.165 0.034 0.03 0.009 0.049 | 5.0e-4 | 98.06 0.96
QCQRy 0.002 0.229 0.193 0.049 0.281 0.115 0.055 0.023 0.003 0.048 | 1.8e-3| 98.08 0.93
SILP, 0 0133 0246 0.073 0.252 0.181 0.026 0.033 0.006 0.051 | 5.0e-4 | 98.06 0.96
SILPy 0.003 0.226 0.197 0.047 0.274 0.133 0.042 0.019 0.004 0.053 | 1.6e-3| 98.08 0.93
RKDA 0 0 0 3 0 7 5 6 5 4 - 97.56 1.26
SVMk.c 0 0 0 0 5 5 8 3 5 4 - 97.92 1.09

Table10: Seethe captionandfootnotesof Table6 for explanation.

thetwo methodsasedon cross-alidationtendto usethelast ve kernelsmorefrequentlythanthe
rst vekernels.This demonstratethatthe bestkernelsusedin combinationandseparatehdiffer

signi cantly for the satimage dataset. We expectthat complementarynformation exists among
kernelsfor this datasetsuchthat a subsetf kernelscanbe combinedto obtainthe optimal per

formancethoughnoneof themis the bestkernelwhenusedindividually. Similar phenomenoican
be obsened from the segmen(3) andsegmen(4) datasetsin which the rst kernelis assignedhe
largestweightby MKL-basedformulationswhile it is never selectedy cross-alidation. Thisanal-
ysisshavs thattheinformationusedby methodsasedon MKL andcross-alidationmay coincide
or differ dependingnthedata.

To comparethe ef ciency of variousmethods,we reportthe computationtime of the eight
methodson the ten datasetsin Table 16. It can be seenthat the SDP formulationsare much
slower than methodsbasedon cross-alidationdueto its inherentlarge compleity. The QCQP
formulationsarerelatively ef cient for datasetswith a smallnumberof classesWhenthe number
of classedncreasestheir computatiortime increasesapidly. Thisis consistentvith thetheoretical

748



DISCRIMINANT KERNEL LEARNING

satimaye(5) gu 02 g3 Oa Os Gs O7 Gs 0o J10 I TSA
SDR, 0 0302 0244 0196 0225 0 0 O 0 0034 5.0e4| 93.50 1.57
SDPRy 0.002 0.477 0.083 0225 0184 O O O 0 0.030]| 2.1e-7 | 93.42 1.69
QCQPR, 0 0.165 0469 0.001 0251 0068 0 O 0.004 0.043 | 5.0e-4 | 93.52 1.59
QCQRy 0.011 0.337 0.310 0.017 0.235 0.048 0 0.001 0.003 0.039 | 2.4e-6 | 93.28 1.51
SILP, 0 0162 0470 0.005 0.247 0071 0 O 0.004 0.042 | 5.0e-4| 93.48 1.60
SILPy 0.014 0.331 0.316 0.010 0.242 0.044 0 0.001 0.003 0.039 | 5.9e-9 | 93.33 1.52
RKDA; 0 0 0 3 2 7 7 6 4 1 - 93.15 1.73
SVMk.c 0 0 0 1 11 13 5 0 0 0 - 93.48 2.08
Table11: Seethe captionandfootnotesof Table6 for explanation.
satimaye(6) g1 g2 g3 04 gs Js a7 g8 Jo d10 I TSA
SDR, 0.131 0.478 0.031 0.249 0.072 0 0 0 0 0.039| 5.0e4| 87.65 1.85
SDPRy 0.293 0.338 0.04 0212 006 O 0 0 0 0.033| 2.3e-2| 86.69 1.97
QCQR, 0.102 0.454 0.096 0.138 0.128 0.043 0.001 0.002 0.009 0.029 | 5.0e-4 | 87.96 1.78
QCQRy 0.282 0.295 0.114 0.107 0.111 0.035 0.001 0.002 0.008 0.024 | 2.0e-2 | 87.22 1.84
SILP, 0.108 0.448 0.094 0.143 0.123 0.046 O 0.002 0.006 0.031 | 5.0e-4 | 87.97 1.74
SILPy 0.277 0.299 0.112 0.106 0.114 0.032 0.003 0.005 0.006 0.024 | 2.2e-2 | 87.26 1.81
RKDA 0 0 0 5 7 7 2 5 4 0 - 87.71 1.55
SVMk.c 0 0 0 1 16 10 3 0 0 0 - 88.50 2.11
Table12: Seethe captionandfootnotesof Table6 for explanation.
segmen(3) 0 02 g3 Oa s Js 07 Os do  Qio I TSA
SDR, 0.329 0.040 0.061 0.349 0.094 0003 O O O 0.125]| 5.0e-4]| 99.17 0.62
SDRy, 0.215 0.083 0.053 0.314 0089 0003 O O O 0.114| 1.3e-1| 99.00 0.83
QCQPR, 0.314 0.046 0.075 0.257 0.127 0.087 0.002 0 O 0.091 | 5.0e-4| 99.19 0.67
QCQRy 0.215 0.075 0.079 0.218 0.127 0079 O O O 0.084| 1.2e-1| 99.03 0.76
SILP, 0.312 0.049 0.073 0.263 0.118 0.093 0.003 0 O 0.090 | 5.0e-4 | 99.17 0.69
SILPy 0.210 0.083 0.071 0.222 0.128 0078 O O O 0.085| 1.2e-1| 99.03 0.76
RKDA; 0 0 2 8 1 3 4 6 4 2 - 98.86 1.08
SVMk.c 0 0 5 9 8 3 4 1 0 0O - 99.06 0.81

Table13: Seethe captionandfootnotesof Table6 for explanation.

analysign Section3.4. In contrastthepropose®ILP formulationsaremoreef cient thanmethods
basedon cross-alidationon all of thetendatasets.

5.3 GeneExpressionPattern Image Classi cation

In thisexperimentwe demonstratéheeffectivenes®f theproposednultiple kernellearning(MKL)
formulationsfor data(feature)integration. Geneexpressiorpatternmagesf Drosophilamelangaster
embryoat a givendevelopmentabktage(time) capturethe spatialandtemporaldistribution of gene
expressionpatterngTomancaket al., 2002). The identi cation of genesshaving spatialoverlaps

in their expressiornpatternss fundamentallyimportantto formulatingandtestinggeneinteraction
hypothesegKumaretal., 2002; PengandMyers, 2004). Estimationof patternoverlapis mostbi-
ologically meaningfulwhenimagesfrom a similar time point (developmentabktage)arecompared.
Thus, one of the centralissuesin geneexpressionpatternimage analysisis the classi cation of
imagesinto differentdevelopmentaktagerangeqYe etal., 2006).
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sgmen(d) | 02 s Ga s G647 9s Qo Qo I TSA
SDR, 0.376 0.149 0.074 0.019 0363 0.005 0 O 0 0.014] 5.0e-4| 97.00 1.09
SDPRy 0.379 0.104 0.073 0.018 0.324 0005 0 O O 0.012| 8.5e-2| 96.77 1.25
QCQR, 0.368 0.117 0.114 0.031 0.306 0.035 0 O 0 0.030| 5.0e-4| 97.00 1.17
QCQRy 0.373 0.073 0.111 0.028 0271 0033 0 0 0 0.027| 85e-2| 96.81 1.28
SILP, 0.372 0.110 0.117 0.028 0.310 0.033 0 O 0 0.030| 5.0e-4| 97.02 1.12
SILPy 0.369 0.075 0.112 0.031 0.267 0033 0 0 0 0.027| 8.7e-2| 96.81 1.26
RKDA 0 0 1 1 2 3 2 7 6 8 — | 9731093
SVMk.c 0 0 0 4 5 7 4 6 1 3 - | 96.83 1.38
Table14: Seethe captionandfootnotesof Table6 for explanation.
wavefornf3) | s 02 g3 04 s 6 a7 s o [ I TSA
SDR, 0.072 0.072 0.072 0.072 0.029 0 0.007 0.028 0415 0.232| 5.0e-4 | 83.03 2.68
SDRy, 0.074 0.074 0.074 0.074 0.069 0 001 0.034 0.377 0.214 | 6.8e-7 | 83.22 2.61
QCQR, 0.061 0.061 0.061 0.061 0.061 0.006 0.003 0.036 0.423 0.226 | 5.0e-4 | 83.03 2.68
QCQRy 0.071 0.071 0.071 0.071 0.071 0.006 0.006 0.041 0.385 0.209 | 6.2e-6 | 83.19 2.49
SILP, 0.053 0.021 0.033 0.115 0.094 0 0 0036 0422 0.227 | 5.0e-4 | 83.08 2.74
SILPy, 0.012 0.066 0.033 0.136 0.113 0 0.006 0.040 0.382 0.213 | 2.0e-7 | 83.22 2.50
RKDA; 0 0 0 0 0 0 0 0 6 24 — | 8417 314
SVMi.c 0 0 0 0 0 0 0 0 12 18 - | 81.86 2.99
Table15: Seethe captionandfootnotesof Table6 for explanation.
Data USPS wine satimaye seggment waveform
#of classes| 3 6 8 3 3 5 6 3 4 3
SDR, 50.98 411.15 1021.16| 1891 | 9595 41558 753.07 | 74.38 163.26 | 64.09
SDRy, 69.95 646.05 1642.17| 27.02 | 130.51 710.70 1172.55| 99.29 23550 | 96.08
QCQR, 519 8124 27627 | 1.15 | 423 3656 79.61 | 416 14.89 4.09
QCQRy 596 88.05 286.49 | 129 | 4.67 39.09 8293 | 450 16.20 4.65
SILP, 032 152 303 | 030 | 059 197 365 | 062  1.03 0.24
SILPy, 0.60  3.45 670 | 030 | 066  2.29 438 | 103 152 0.25
RKDA 154 926 2059 | 076 | 1.56  5.39 861 | 156 2.89 1.71
SVMk.c 560 17.82 2318 | 365 | 1.87 4.4 950 | 353 4.3 5.44

Table16: Comparisorof computatiortime (in secondspf variousmethods.Thereportedtime is

averagedver 30 randompartitions.

We collect2705geneexpressiorpatternimagesn the rst threestagerangeq1-3,4-6,and7-8)

from the FlyExpress$? databaseTheraw geneexpressiorpatternimagesareof size128 320. It

hasbeenobsened(Gageshaetal., 2005)thatacrossrariousdevelopmentabtagesadistinguishing
featureis the imagetextural propertiesat sub-blocklevel, becausemagetexture at the sub-block
level changesas embryonicdevelopmentprogresses.Gabor Iters (Daugman,1988) have been

shawvn to be effective in detectinglocal texture featuresandarewell suitedfor extractingtextural
featuredor geneexpressiompatternimages.

We apply Log GaborFiltersto extractthe texture featureg Daugman,1988). Gabor lters are
the productof a comple sinusoidafunctionanda Gaussian-shapddnction. We uselLog Gabor
Iters with 4 differentwaveletscalesand6 different Iter orientationgo extractthe texture infor-
mation.Hence 24 Gaborimageswereobtainedrom the Itering operation Notethatall 24 Gabor

imageshave the samesize(i.e., 128 320)asthe original one. Figure 2 plots the 24 Gaborim-

13. TheURL is http:/iwww.flyexpress.net
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agesextractedfrom asampleémage.Theseémagescontaindifferentbut potentiallycomplementary
informationfor stageclassi cation. Two RBF kernelsarebuilt from eachof the 24 Gaborimages
with s valuesassignedas50 and 100, respectiely. We thusobtaina total of 48 kernelmatrices.
To exploit the complementarynformationin kernelsconstructedrom differentGaborimageswe
applythe proposedILP formulationto learnalinearcombinationof the 48 kernelmatrices.

The 2705imagesarerandomlypartitionedinto trainingandtestsetsusingtheratio 1:9. Our ex-
perimentakesultsshav that SILP, achievesaclassi cationaccurag of about88.28%.To seehow
eachof the48kernelmatricesvorkswhenusedindividually, we x thekernelmatrixandtunethel
valueusingcross-alidation. The maximum,minimum,andaverageaccuraciesichieszedacrosghe
48 kernelmatricesare72.03%,54.37%,and61.88% respectrely. We alsoassigna uniformweight
of 1 to eachof the48 kernelmatricesandthecombinedkernelmatrix achiezesanaccurag of about
72.65%. Theseresultsdemonstratehat different Gaborimagescontaincomplementarynforma-
tion, which is critical for stageclassi cation,andthe proposedMKL formulationsareeffective in
exploiting thisinformationby combiningdifferentkernelmatrices.

Aoa\ op
o O

ot y ¥ ity
}
- '- \ >

\‘ -

Figure2: The24 Gaborimagesxtractedfrom asinglesamplémagewith 4 differentwaveletscales
and6 different Iter orientations.
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SM1 SM2 SM2:
dataset trainingsize| C SVs PCT |C SVs PCT C SVs PCT
sonar 167 1 1554 93.05| 1 1522 91.12| 2.43e7 156.8 93.89
heart 216 1 208.7 96.62| 1 1959 90.70| 6.01e6 208.3 96.44
ionosphee 281 1 203.6 72.46|1 184.9 65.80| 3.70e6 206.3 73.42
cancer 546 1 210.3 38.52| 1 138.8 25.42|2.61le6 212.5 38.92

Tablel7: Thenumbersof supportvectors(*SVs”) obtainedrom the 1-normsoft maigin SVM, 2-
normsoft maigin SVM without andwith C learnedointly thatwereproposedn Lanck-
riet et al. (2004b). Thesenumbersare averagedover 30 randompartitions. The total
numberof datapointsin the training setandthe C valuesarealsoshavn. The columns
with title “PCT” shav the percentagef supportvectorsover thetrainingset.

5.4 SVM versusRKDA

It was shavn (Shashual999)that hard mamgin linear SVM is equivalentto linear discriminant
analysis(LDA) whenall the training pointsare supportvectors. Throughexperimentswe found
thatthe C valueschosenby the 2-normsoft maigin SVM proposedn Lanckrietet al. (2004b)are
very large. Undersuchcircumstancessoft magin SVM is approachindhardmagin SVM. It has
alreadybeenobsenedthatSVM andkerneldiscriminantanalysisusuallyhave similar performance
(Mika, 2002) andthis hasbeencon rmed by our experimentsin the lasttwo subsections.Thus
it is interestingto reportthe numberof supportvectorsfor SVM. We recordthe averagenumber
of supportvectorsfor 1-norm soft mamgin SVM, 2-norm soft magin SVM without and with C
optimizedjointly over the 30 randompartitionsreportedin Section5.1. As proposedn Lanckriet
etal. (2004b)Cis x edto 1for 1-normand2-normsoftmagin SVM withoutC optimized.Tablel7
reportsthe averageC valuesobtainedby the joint optimization2-normsoft maigin SVM andthe
averagenumberof supportvectors. For easeof comparisonwe also reportthe size of training
setandthe averagedbercentag®f supportvectorsover 30 randomizationslt canbe seenthatfor
threeout of four datasets the percentagesf supportvectorsarevery high. ThisimpliesthatSVM
is similar to RKDA andexplainswhy they have similar performanceasreportedin the lasttwo
subsections.

5.5 The Effect of Regularization Parameter

In orderto investicate the effect of regularizationparametein RKDA, we sampled30 | values
betweerl0 1%and10? uniformly overlogarithmicscaleandtheaccuraciesf SDR, andQCQFR, are
plottedfor two binary-clasglatasets(Figure3) andtwo multi-classdatasets(Figure4). Theresults
for SILP formulationsareomittedsincetheir performances similar to their QCQPcounterpartsit

canbeobseredthatasl valuechangestheaccuracie®scillatein all caseslt canalsobeobsered

fromthefour gures thatQCQR, tendsto belesssensitve to thechangeof | valuethanSDR;. This
may be attributableto thefactthat SDPis morecomputationallyintensive andnumericalproblems
may causehe poor performancelndeed we obsenred severalreportsof numericalproblemsfrom

SeDuMiwhile conductingSDPexperiments Thelow accuracie®f SDR, for somechoicesof | in

Figures3 and4 werecausedy numericalproblemsandshouldbeinterpretedwith caution.
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Figure3: Thechangeof accuraciegor SDR; andQCQR, whenl variesfrom 10 10t0 107 for the
sonar(left) andheart(right) data. The horizontalaxisrepresentshe indexesof the 30|
values.

6. Discussionand Conclusion

We addressheissueof learningappropriatekernelsfor RKDA in this paper This problemis for-
mulatedascorvex programsandthusglobally optimal solutionsareguaranteedPractically some
convex optimizationproblemsare computationallyexpensive andwe proposeapproacheghatare
scalableandef cient to solve. While mostexisting work on kernellearningonly dealwith binary-
classproblemswe shav thatour binary-clasgormulationscanbe extendednaturallyto multi-class
setting.Furthermorewe considethe problemof optimizingthekernelandregularizationparameter
in ajoint framework, thusapproachindhe desirablegoal of automatedearning.

We have conductedxtensie experimentdo evaluatethe proposedalgorithms.Whencombin-
ing kernelsfrom a singlesourceof data,the proposedormulationshave similar performancewith
approachebasedon doublecross-alidation. Whenthe candidatekernelscontaincomplementary
information,we shav thatthe proposedormulationsare effective to exploit suchinformation. In
termsof computationtime, the SILP formulationsare more ef cient than approache$asedon
cross-alidation. When evaluatingthe relative importanceof eachkernel (either usedseparately
or in linear combination),we found that the bestindividual kernel sometimesoincideswith the
highly-weightedkernelsin linearcombinationandsometimeslisagreegsonsiderably

Thereare somedirectionsfor future work. Our experimentalresultshave shavn thatthe pro-
posedapproximateSDP formulation works well in most caseswhile it hasa much lower com-
putationalcostin comparisonwith the exact formulation. We plan to comparethe approximate
formulationto the exactonein termsof compleity andperformanceThederivationof multi-class
formulationsis basedon an alternatve criterionde ned in Equation(23). This resultsin the same
optimal transformatiomnmatrix asthe original criterionin Equation(26) whena common( x ed)
kernelmatrixis used.However, they may differ whenthe kernelmatrix is alsooptimized.We plan
to investicatetheir differencedurtherin the future. Most existing formulationsfor learningSVM
kernelsarerestrictedto the binary-classcase. The ideafrom this papermay be usefulfor kernel
learningin multi-classSVM. A more generalproblemis learningkernelsfor multi-label datain
which eachdatapoint can be assignedo multiple classes.Suchdataare commonin automatic
imageannotatiorproblemsLavrenko etal., 2004). We planto explorethesen thefuture.
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Appendix A.

Oneof the basictools usedin our proof is the Sherman-Wodhury-Morrisonformula (Golub and
Van Loan, 1996): Let S2 IRY 9, andQ;R2 IR ". Assumingthatboth the matricesS and (I +
R'S 1Q) arenonsingularwe have

(S+QR") 1=s! siQu+R's Q) !R'sth
SinceP = PPandP = PT, whereP is the centeringmatrix de ned in Equation(5), it follows that

(Sc+ 1) g W)
FX)PEO)T+1T Me(X)a
FX)PPE(X)T+ 11 Mfr(X)a
(FEOPXF(X)P)T+ 11 “f(X)a

_ IL Iisz(X)p |+|1PfK(X)TfK(X>P

w

. |
Pik(X)T fr(X)a

%fK(X) | P(I1+PGP PG a
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