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Abstract

Regularizedkerneldiscriminantanalysis(RKDA) performslineardiscriminantanalysisin thefea-
turespacevia thekerneltrick. Its performancedependson theselectionof kernels.In this paper,
weconsidertheproblemof multiplekernellearning(MKL) for RKDA, in whichtheoptimalkernel
matrix is obtainedasalinearcombinationof pre-speci�edkernelmatrices.Weshow thatthekernel
learningproblemin RKDA canbeformulatedasconvex programs.First,weshow thatthisproblem
canbeformulatedasasemide�niteprogram(SDP).Basedontheequivalencerelationshipbetween
RKDA andleastsquareproblemsin thebinary-classcase,we proposea convex quadraticallycon-
strainedquadraticprogramming(QCQP)formulationfor kernellearningin RKDA. A semi-in�nite
linear programming(SILP) formulation is derived to further improve the ef�ciency. We extend
theseformulationsto themulti-classcasebasedon a key resultestablishedin this paper. That is,
themulti-classRKDA kernellearningproblemcanbedecomposedinto asetof binary-classkernel
learningproblemswhich areconstrainedto sharea commonkernel. Basedon this decomposition
property, SDPformulationsareproposedfor themulti-classcase.Furthermore,it leadsnaturally
to QCQPandSILP formulations.As theperformanceof RKDA dependson theregularizationpa-
rameter, we show that this parametercanalsobeoptimizedin a joint framework with thekernel.
Extensiveexperimentshavebeenconductedandanalyzed,andconnectionsto otheralgorithmsare
discussed.

Keywords: modelselection,kerneldiscriminantanalysis,semide�niteprogramming,quadrati-
cally constrainedquadraticprogramming,semi-in�nite linearprogramming

1. Intr oduction

Formulationof machinelearningproblemsasconvex programshasbeenoneof the recenttrends
in machinelearningresearch.Suchformulationsoffer globalsolutionsandavoid somedif�culties
encounteredby traditionallearningalgorithms(Lanckrietet al., 2003,2004b;d'Aspremontet al.,
2007). Kernelmethods(Scḧolkopf andSmola,2002;Shawe-Taylor andCristianini, 2004)work
by embeddingthe input data into somehigh-dimensionalfeaturespace,and they are generally
formulatedasconvex optimizationproblems.Thekey factunderlyingthesuccessof kernelmethods
is thattheembeddinginto featurespacecanbedetermineduniquelyby specifyingakernelfunction
thatcomputesthedot productbetweendatapointsin thefeaturespace.In otherwords,thekernel
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functionimplicitly de�nesthenonlinearmappingto thefeaturespace,andexpensivecomputations
in thehigh-dimensionalfeaturespacecanbeavoidedby evaluatingthekernelfunction. Thus,one
of thecentralissuesin kernelmethodsis theselectionof kernels.

To automatekernel-basedlearningalgorithms,it is desirableto integratethe tuningof kernels
into the learningprocess.This problemhasbeenaddressedfrom differentperspectivesrecently.
Lanckrietetal. (2004b)pioneeredthework of multiplekernellearning(MKL) in whichtheoptimal
kernelmatrix is obtainedasa linear combinationof pre-speci�edkernelmatrices. It wasshown
(Lanckrietetal.,2004b)thatthecoef�cients in MKL canbedeterminedby solvingconvex programs
in thecaseof supportvectormachines(SVM) (Vapnik,1998;CristianiniandTaylor, 2000). This
MKL problemwasformulatedassupportkernelmachines(SKM) in Bachet al. (2004),andthe
sequentialminimaloptimization(SMO)algorithm(Platt,1999)wasproposedto solve it. Recently,
thisSKM wasreformulatedassemi-in�nite linearprogram(SILP)whichwasshown to bescalable
to large datasetsanda large numberof kernels(Sonnenburg et al., 2006;Rakotomamonjyet al.,
2007). Micchelli andPontil (2005,2007)studiedtheproblemof �nding anoptimalkernelfrom a
prescribedconvex setof kernelsby regularization.To dealwith problemswith structuredoutput,
MKL for joint featuremapwasproposedin ZienandOng(2007).While mostexistingwork focuses
on learningkernelsfor SVM, Fungetal. (2004)proposedto learnkernelsfor discriminantanalysis.
Basedon ideasfrom MKL, this problemwasreformulatedasSDPin Kim etal. (2006).In general,
approachesbasedon learninglinearcombinationof kernelmatricesoffer theadditionaladvantage
of facilitatingheterogeneousdataintegrationfrom multiple sources.Suchformulationshave been
appliedto combinevariousbiologicaldata,for example,aminoacidsequences,hydropathy pro�les,
andgeneexpressiondata,for enhancedbiologicalinference(Lanckrietetal., 2004a).

Onget al. (2005)showedthatthelearningof kernelscanbeaccomplishedby de�ning a repro-
ducingkernelHilbert spaceon thespaceof kernelsitself, andtheresultingoptimizationproblemis
an SDP. This formulationwasrecastinto secondorderconeprogram(SOCP)(Lobo et al., 1998)
in TsangandKwok (2006). Hoi et al. (2007)showed that the kernelmatrix canbe learnedin a
nonparametricmannerby solvingSDP. Thekernellearningproblemin thecontext of multiple tasks
wasconsideredin Jebara(2004).Somerecentextensionsof kernellearningproducednonstationary
combinations(Lewis etal.,2006)andpotentiallyin�nite numberof kernels(Argyriouetal.,2006).

This paperaddressesthe issueof kernel learningfor regularizedkerneldiscriminantanalysis
(RKDA) (Mika et al., 1999;BaudatandAnouar,2000;Mika et al., 2001,2003). Our proposed
methodsbelongto theMKL framework, andthey canthusbeusedfor heterogeneousdataintegra-
tion. We systematicallyextendthekernellearningproblemfor RKDA in severaldirections.First,
we extendtheformulationin Kim et al. (2006)by proposinga simpli�ed SDPformulation.Based
on this simpli�ed form andtheequivalencerelationshipbetweenKRDA andleastsquareproblems
in the binary-classcase,we proposea convex quadraticallyconstrainedquadraticprogramming
(QCQP)formulationfor this problem. To improve the ef�ciency of our formulations,we further
developa semi-in�nite linearprogramming(SILP) formulation.While mostexisting work on ker-
nel learningonly dealswith binary-classproblems,we show that all of our formulationscanbe
extendednaturallyto themulti-classsetting.In particular, weshow thatthekernellearningproblem
for multi-classRKDA canbedecomposedinto a setof binary-classkernellearningproblemsthat
areconstrainedto sharea commonkernel. It is worth noting that the optimal kernel is the same
for theoriginalandthedecomposedformulations,thoughtheoptimaltransformationmatricesmay
notcoincide.In otherwords,thedecomposedform is equivalentto theoriginalonefor thepurpose
of kernellearning.We furtherdevelopanapproximateschemeto reducethecomputationalcostof
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multi-classSDPformulation. Finally, we proposeto optimizethe regularizationparameteralong
with thekernelsin ajoint framework. Thisjoint optimizationframework is derivedfrom andsimilar
to thework in DeBie etal. (2003);Lanckrietetal. (2004b).

Thekey contributionsof thispapercanbehighlightedasfollows:

� We proposea simpli�ed SDP formulation for the RKDA kernel learningproblemin the
binary-classcase. Basedon this simpli�ed form andthe equivalencerelationshipbetween
RKDA andleastsquareproblemsin thebinary-classcase,wederiveQCQPandSILPformu-
lationsfor thisproblem.

� We show that the multi-classRKDA kernel learningproblemcan be decomposedinto k
binary-classkernel learningproblemswherek is the numberof classes.This leadsto two
(exactandapproximate)SDPformulationsin themulti-classcase.Basedon thisdecomposi-
tion property, we show that theQCQPandSILP formulationsfor binary-classproblemscan
beextendednaturallyto themulti-classcase.

� Weshow thatall theproposedformulationscanberecasttooptimizetheregularizationparam-
etersimultaneously. This joint learningframework furtherautomatesthelearningalgorithms.

� Weconductextensiveexperimentsusingacollectionof benchmarkdatasetsto comparesev-
eralrelevantalgorithmsunderauni�ed experimentalsetup.To demonstratetheeffectiveness
of theproposedformulationsfor heterogeneousdataintegration,weapplytheseformulations
to combinemultiple datasourcesderived from geneexpressionpatternimages(Tomancak
etal., 2002).

Therestof thispaperis organizedasfollows: WederivetheSDP, QCQP, andSILPformulations
for thebinary-classcasein Section2. Section3 extendstheseformulationsto themulti-classcase.
Thejoint optimizationof regularizationparameteris presentedin Section4. Section5 presentsthe
experimentalevaluation,andthispaperconcludeswith discussionandconclusionin Section6.

Notation
x 2 IRn denotesan n-dimensionalvector. Similarly, A 2 IRm� n denotesa matrix with m rows

andn columns.I is usedto denotetheidentity matrix of anappropriatedimensionandem denotes
the vectorof all onesof lengthm. For a squaresymmetricmatrix S, S � 0 meansit is positive
semide�nite. We alsousethe short-handx � 0 to denotethat eachcomponentof the vectorx is
non-negative.

2. ConvexFormulations for Binary-classProblems

We useX to denotetheinput or instancespace,which is a subspaceof IRd, andY = f� 1;+ 1g to
denotetheoutputor classlabelset.An input-outputpair (x;y), wherex 2 X andy 2 Y , is calledan
example.An exampleis calledpositive (negative) if its classlabel is + 1(� 1). We assumethatthe
examplesaredrawn randomlyandindependentlyfrom a�x ed,but unknown, underlyingprobability
distributionoverX � Y .

A symmetricfunctionK : X � X ! R is calleda kernelfunction(Scḧolkopf andSmola,2002)
if it satis�es the �nitely positive semide�niteproperty. That is, for any x1; � � � ;xm 2 X, the Gram
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matrix G 2 IRm� m, de�ned by Gi j = K(xi ;x j ) is positive semide�nite. Any kernelfunctionK im-
plicitly mapsthe input setX to a high-dimensional(possiblyin�nite) Hilbert spaceHK equipped
with theinnerproduct(�; �)HK

throughamappingf K from X to HK :

K(x;z) = (f K(x); f K(z))HK
:

In kernel-basedclassi�cation,thealgorithmslearnaclassi�er f : X ! f� 1;+ 1gwhosedecision
boundarybetweenthetwo classesis af�ne in thefeaturespaceHK :

f (x) = sgn(wT f K(x) + b);

wherew 2 HK is thevectorof featureweights,b 2 IR is the intercept,andsgn(u) = + 1, if u > 0,
and� 1 otherwise.

Let f x+
1 ; � � � ;x+

m+
g andf x�

1 ; � � � ;x�
m�

g denotethecollectionsof datapointsfrom thepositiveand
negative classes,respectively. Thetotal numberof datapointsin thetrainingsetis m= m+ + m� .
For agivenkernelfunctionK, thebasicideaof RKDA in thebinary-classcaseis to �nd adirection
in the featurespaceHK onto which the projectionsof the two setsf f K(x+

i )gm+
i= 1 andf f K(x�

i )gm�
i= 1

arewell separated.De�ne thecentroidsof thetwo classesasfollows:

µ+
K =

1
m+

m+

å
i= 1

f K(x+
i );

µ�
K =

1
m�

m�

å
i= 1

f K(x�
i );

andthetwo sampleclasscovariancematricesasfollows:

S+
K =

1
m+

m+

å
i= 1

(f K(x+
i ) � µ+

K )( f K(x+
i ) � µ+

K )T ;

S�
K =

1
m�

m�

å
i= 1

(f K(x�
i ) � µ�

K )( f K(x�
i ) � µ�

K )T :

Speci�cally, in RKDA theseparationbetweenthetwo classesis measuredby theratio of thevari-
ance(wT(µ+

K � µ�
K ))2 betweenthe classesto the variancewT

�
m+ =mS+

K + m� =mS�
K

�
w within the

classes.Thus,RKDA maximizesthefollowing objective function:

F1(w;K) =
(wT(µ+

K � µ�
K ))2

wT
�
m+ =mS+

K + m� =mS�
K + l I

�
w

; (1)

wherel > 0 is theregularizationparameter. Theoptimalweightvector

w� � argmax
w

f F1(w;K)g

that maximizesthe objective function in Equation(1) for a �x ed kernel function K and a �x ed
regularizationparameterl is givenby

w� = (m+ =mS+
K + m� =mS�

K + l I ) � 1(µ+
K � µ�

K ):
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Themaximumvalue
F �

1 (K) � max
w

f F1(w;K)g

of theobjective functionin Equation(1) achievedby theoptimalweightvectorw� is givenby

F �
1 (K) = (µ+

K � µ�
K )T �

m+ =mS+
K + m� =mS�

K + l I
� � 1 (µ+

K � µ�
K ): (2)

It follows from the RepresenterTheorem(Scḧolkopf and Smola,2002) that the optimal weight
vector in RKDA is in the spanof the imagesof the training points in the featurespace.In other
words,thereexistsavector

a � = [a+
1 ; � � � ;a+

m+
;a �

1 ; � � � ;a �
m�

]T 2 IRm

suchthat

w� =
m+

å
i= 1

a+
i f K(x+

i ) +
m�

å
i= 1

a �
i f K(x�

i ) = f K(X)a � ;

wheref K(X) is thedatamatrix in thefeaturespacegivenby

f K(X) =
�
f K(x+

1 ); � � � ; f K(x+
m+

); f K(x�
1 ); � � � ; f K(x�

m�
)
�
:

Theoptimalvectora � is givenby Kim etal. (2006)as

a � =
1
l

(I � J(l I + JGJ) � 1JG)a;

whereI is theidentitymatrix,a is anm-dimensionalvectorgivenby

a = [1=m+ ; � � � ;1=m+ ; � 1=m� ; � � � ; � 1=m� ]T 2 IRm; (3)

thematrix J is de�ned as:

J =

 
1p
m+

(I � 1
m+

em+ eT
m+

) 0

0 1p
m�

(I � 1
m�

em� eT
m�

)

!

;

G is restrictedto bea linearcombinationof the p givenkernelmatricesG1; � � � ;Gp as

G 2 G=

(

G =
p

å
i= 1

qiGi

�
�
�
�
�

p

å
i= 1

qi = 1 ; qi � 0 8i

)

;

andem+ andem� arevectorsof all onesof lengthm+ andm� , respectively.
TheoptimalvalueF �

1 (K) in Equation(2) is thusgivenby

F �
1 (K) = (µ+

K � µ�
K )T �

m+ =mS+
K + m� =mS�

K + l I
� � 1 (µ+

K � µ�
K )

= (µ+
K � µ�

K )Tw� = (µ+
K � µ�

K )T f K(X)a � = aT f K(X)T f K(X)a �

=
1
l

aTG(I � J(l I + JGJ) � 1JG)a: (4)

It wasshown in Kim etal. (2006)thattheoptimalGrammatrixG basedonthekernelfunctionK that
maximizesF �

1 (K) given in Equation(4) canbeobtainedby solvinga semide�niteprogram(SDP)
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(Vandenberghe andBoyd, 1996;Boyd andVandenberghe,2004). General-purposeoptimization
packagessuchasSeDuMi(Sturm,1999)usetheinterior-pointmethods(Nesterov andNemirovskii,
1994) to solve SDP. However, for problemsof moderatesize in machinelearning,this overhead
of optimalkernellearningis large,andits computationtime caneasilyexceedthatof the learning
algorithmitself.

We proposea new SDP formulation for this problemin the next subsection.The proposed
SDP formulation hasa simpli�ed form. Experimentalresultspresentedin Section5 show that
the proposedformulation is comparableto the one in Kim et al. (2006). More importantly, this
simpli�ed formulationlays the foundationfor theextensionsto multi-classproblemsin Section3
andthejoint optimizationof regularizationparameterin Section4.

2.1 Simpli�ed SDPFormulation

In therestof this paper, we work on thecenteredversionof kernelmatrices.This is equivalentto
centeringthedataaspreprocessedin lineardiscriminantanalysis(LDA) andprincipalcomponent
analysis(PCA).Moreprecisely, givenasetof pkernelmatricesG1; � � � ;Gp, theproposedalgorithms
learnanoptimalkernelmatrix G̃ 2 G̃, where

G̃=

(

G̃ =
p

å
i= 1

qiG̃i

�
�
�
�
�

p

å
i= 1

qi r i = 1; qi � 0

)

;

G̃i = PGiP, r i = trace(G̃i), andP 2 IRm� m is thecenteringmatrixde�ned as

P = I �
1
m

emeT
m; (5)

andem is thevectorof all onesof sizem.
Considerthemaximizationof thefollowing objective function:

F2(w;K) =
(wT(µ+

K � µ�
K ))2

wT(SK + l I )w
; (6)

whereSK is de�ned asfollows:

SK = m+ S+
K + m� S�

K +
m+ m�

m
(µ+

K � µ�
K )(µ+

K � µ�
K )T

=
m+

å
i= 1

(f K(x+
i ) � µK)( f K(x+

i ) � µK)T +
m�

å
i= 1

(f K(x�
i ) � µK)( f K(x�

i ) � µK)T

= f K(X) Pf K(X)T ; (7)

P is de�ned in Equation(5), and

µK =
1
m

 
m+

å
i= 1

f K(x+
i ) +

m�

å
i= 1

f K(x�
i )

!

is the global centroidof the datain the featurespace.Note that the scalingfactor1=m hasbeen
omittedin the de�nition of SK in Equation(7). It turnsout that for �x ed K andl , Equations(1)
and (6) areequivalentin termsof thecomputationof theoptimalweightvectorw. We show in the
following theoremthatoptimizingF2(w;K) in Equation(6) with respectto thekernelfunctionleads
to asimpli�ed SDPformulation.
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Theorem2.1 Givena setof p centeredkernelmatricesG̃1; � � � ; G̃p, theoptimalkernelmatrix G̃ 2
G̃ that maximizesthe objectivefunction in Equation(6) can be found by solving the following
semide�niteprogrammingproblem:

min
q;t

t (8)

subjectto
�

I + 1
l å p

i= 1qiG̃i a
aT t

�
� 0;

q � 0;

qTr = 1;

wherea is de�nedin Equation(3), q = [q1; � � � ;qp]T ; and r =
�
trace(G̃1); � � � ; trace(G̃p)

� T :

Proof Theoptimalweightvector

w� � argmax
w

f F2(w;K)g

is givenby
w� = (SK + l I ) � 1(µ+

K � µ�
K ):

Themaximumvalueof theobjective functionin Equation(6) achievedby w� is givenby

F �
2 (K) � F2(w� ;K) = (µ+

K � µ�
K )T(SK + l I ) � 1(µ+

K � µ�
K ):

It follows from AppendixA that

w� =
1
l

f K(X)
�

I � P(l I + PGP) � 1PG
�

a;

and

F �
2 (K) = (µ+

K � µ�
K )Tw� = aT f K(X)Tw�

=
1
l

aT
�

G� GP(l I + PGP) � 1PG
�

a:

Sincethevectora de�ned in Equation(3) is of zeromean,thatis, Pa = a, wehave

F �
2 (K) =

1
l

aTP
�
G� GP(l I + PGP) � 1PG

�
Pa

=
1
l

aT �
G̃� G̃(l I + G̃) � 1G̃

�
a; (9)

whereG̃ is derivedfrom G with bothrowsandcolumnscenteredas

G̃ = PGP:

Since

G̃� G̃(l I + G̃) � 1G̃ = G̃� G̃(l I + G̃) � 1(G̃+ l I � l I )

= l G̃(l I + G̃) � 1

= l (G̃+ l I � l I )( l I + G̃) � 1

= l � l 2(l I + G̃) � 1;
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theoptimalvalueF �
2 (K) in Equation(9) canbesimpli�ed as

F �
2 (K) = aTa� l aT(l I + G̃) � 1a: (10)

It follows that the optimal kernel learningproblemin RKDA, which maximizesF �
2 (K) in Equa-

tion (10) for a �x edregularizationparameterl , is equivalentto minimizing

l aT(l I + G̃) � 1a = aT
�

I +
1
l

G̃
� � 1

a; (11)

subjectto theconstraintthatG̃ 2 G̃.
Mathematically, theoptimalkernellearningproblemcanbeformulatedasfollows:

min
q

aT

 

I +
1
l

p

å
i= 1

qiG̃i

! � 1

a

subjectto q � 0;

qTr = 1:

Wecanwrite theinequality

aT
�

I +
1
l

G̃
� � 1

a � t

equivalentlyasthelinearmatrix inequality(LMI) (Boyd andVandenberghe,2004)
�

I + 1
l G̃ a

aT t

�
� 0;

via theSchurcomplementlemma(GolubandVanLoan,1996;Lanckrietet al., 2004b).We com-
pletetheproofby asimplechangeof variable.

2.2 QCQP Formulation

Theoptimizationproblemproposedby Kim etal. (2006)andtheonein Theorem2.1arebothSDP
problems,which are computationallyvery expensive to solve, even with the recentadvancesin
interior point methods.In this subsection,we show that this kernellearningproblemcanberefor-
mulatedequivalentlyasaquadraticallyconstrainedquadraticprogram(QCQP)(Boyd andVanden-
berghe,2004),whichcanthenbesolvedmoreef�ciently thanSDP.

It is known that discriminantanalysisandleastsquareproblemsareequivalent in the binary-
classcase(Mika, 2002). Considerthe regularizedleastsquaresproblem,which minimizesthe
following objective function:

F3(w;K) = jj (f K(X)P)Tw� ajj2 + l jjwjj2: (12)

Thefollowing lemmarelatesthisproblemto theproblemof optimalkernellearning.

Lemma 2.1 Theoptimal kernel functionK solvingthe optimizationproblemin Equation(11) is
alsotheminimizerof theobjectivefunctionin Equation(12).
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Proof Theoptimalw� thatminimizestheobjective functionin Equation(12) for a �x edK andl is
givenby

w� =
�
l I + f K(X)Pf K(X)T � � 1

f K(X)Pa

=
1
l

f K(X)
�

I � P(l I + PGP) � 1PG
�

a:

Theoptimalvalueof theobjective functionin Equation(12) is thereforegivenby

F �
3 (K) = aT

�
I +

1
l

G̃
� � 1

a;

whereG̃ = PGP. Thiscompletestheproofof this lemma.

Basedon this equivalenceresult, we can formulatethe kernel learningproblemas a QCQP
problem,assummarizedin thefollowing theorem.

Theorem2.2 Givena setof p centeredkernelmatricesG̃1; � � � ; G̃p, theoptimal kernelmatrix, in
theformof a convex linear combinationof thegivenp kernelmatrices,thatminimizestheobjective
functionin Equation(12)canbefoundbysolvingthefollowingconvex QCQPproblem:

max
b;t

�
1
4

bTb+ bTa�
1
4l

t

subjectto t �
1
r i

bTG̃ib; for i = 1; � � � ; p; (13)

where r i = trace(G̃i).

Proof Weconsiderthedualformulationof theminimizationof F3(w;K) in termsof w. Denote

h = (f K(X)P)Tw� a:

It follows that
F3(w;K) = jjhjj2 + l jjwjj2:

De�ne theLagrangianfunctionof thefollowing optimizationproblem:

min
w;h

F3(w;K) = jjhjj2 + l jjwjj2

subjectto h = (f K(X)P)Tw� a

asfollows:
L(h;w;b) = jjhjj2 + l jjwjj2 � bT(( f K(X)P)Tw� a� h);

whereb is thevectorof Lagrangiandualvariables.Takingthederivativesof L(h;w;b) with respect
to h andw andsettingthemequalto zero,weget

¶L(h;w;b)
¶h

= 2h + b = 0;

¶L(h;w;b)
¶w

= 2l w� f K(X)Pb = 0:
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It follows that

h = �
b
2

; and w =
f K(X)Pb

2l
:

Thus,weobtainthefollowing Lagrangiandualfunction:

g(b) = min
w;h

L(h;w;b) = �
1
4

bT
�

I +
1
l

PGP
�

b+ bTa:

Theoptimalb� is computedby maximizingg(b) as

b� = argmax
b

g(b) = argmax
b

�
�

1
4

bT
�

I +
1
l

PGP
�

b+ bTa
�

:

Sincestrongduality holds,theoptimalkernelis givenby solvingthefollowing optimizationprob-
lem:

min
G̃2G̃

max
b

�
�

1
4

bT
�

I +
1
l

G̃
�

b+ bTa
�

:

Wecanrewrite theaboveoptimizationproblemas

min
q:q� 0;qT r= 1

max
b

(

�
1
4

bT

 

I +
1
l

p

å
i= 1

qiG̃i

!

b+ bTa

)

(14)

= max
b

min
q:q� 0;qT r= 1

(

�
1
4

bT

 

I +
1
l

p

å
i= 1

qiG̃i

!

b+ bTa

)

= max
b

min
q:q� 0;qT r= 1

(

�
1
4l

p

å
i= 1

qibTG̃ib �
1
4

bTb+ bTa

)

= max
b

(

�
1
4

bTb+ bTa�
1
4l

max
q:q� 0;qT r= 1

 
p

å
i= 1

qibTG̃ib

! )

= max
b

�
�

1
4

bTb+ bTa�
1
4l

max
i

�
1
r i

bTG̃ib
� �

: (15)

Theexchangeof minimizationandmaximizationin deriving thesecondequationfromthe�rst holds
sincethe objective function is convex in q andconcave in b, the minimizationproblemis strictly
feasiblein q andthe maximizationproblemis strictly feasiblein b. Therefore,Slater's condition
(Boyd andVandenberghe,2004)followsandstrongdualityholds(Lanckrietetal.,2004b;Boyd and
Vandenberghe,2004). By simply changingthelast termin Equation(15) to t andmoving it to the
constraint,weprove this theorem.

Note that general-purposeoptimization software packageslike SeDuMi (Sturm, 1999) and
MOSEK (AndersenandAndersen,2000)employ the interior point methods,and they solve the
primal anddual problemssimultaneously. Thus, the coef�cients, q1; � � � ;qp, canbe obtaineddi-
rectly from thedualvariables.

The formulation in Equation(13) is a quadraticallyconstrainedquadraticprogram(QCQP),
which is a specialform of secondorderconeprogram(SOCP)(Lobo et al., 1998;Alizadehand
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Goldfarb,2003)andSDP. Theoreticalresultson interior point method(Nesterov andNemirovskii,
1994)show thatQCQPcanbesolvedmoreef�ciently thanSDP, andit is thereforemorescalable
to large-scaleproblems.Similar ideashave beenusedin Lanckrietet al. (2004b)to learna non-
negative linearcombinationof kernelmatrices.

2.3 SILP Formulation

Semi-in�nite programming(SIP) (Hettich and Kortanek,1993) refers to optimizationproblems
that seekthe maximumof the function F(z) subjectto a systemof constraintson z, expressed
asg(z;t) � 0, for all t in somesetB. Whenboththeobjective andconstraintsarelinear(andhence
convex), it is known assemi-in�nite linearprogramming(SILP). We show in this sectionthat the
kernellearningproblemfor RKDA canbe formulatedasan SILP problem,assummarizedin the
following theorem.

Theorem2.3 Givena setof p centeredkernelmatricesG̃1; � � � ; G̃p, theoptimal kernelmatrix, in
theformof a convex linear combinationof thegivenp kernelmatrices,thatmaximizestheobjective
functionin Equation(12)canbefoundbysolvingthefollowingSILPproblem:

max
q;g

g (16)

subjectto q � 0;

qTr = 1;
p

å
i= 1

qiSi(b) � g; for all b; (17)

whereSi(b) is de�nedas

Si(b) =
r i

4
bTb+

1
4l

bTG̃ib � r ibTa; for i = 1; � � � ; p; (18)

r = (r1; � � � ; rp)T ; andr i = trace(G̃i).

Proof It follows from the de�nition of Si(b) in Equation(18) that the optimizationproblemin
Equation(14)canbeexpressedequivalentlyas

max
q

min
b

p

å
i= 1

qiSi(b) (19)

subjectto q � 0;

qTr = 1:

Assumeb� is theoptimalsolutionto theproblemin Equation(19) andde�ne g� = å p
i= 1qiSi(b� ) as

theminimumobjectivevalueachievedby b� . Wehave

p

å
i= 1

qiSi(b) � g� ; for all b:

By de�ning

g= min
b

p

å
i= 1

qiSi(b)
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andsubstitutingginto theobjective,weprove this theorem.

Notethat theoptimizationproblemin Equation(16) is anSILP sincebothq andgarelinearly
constrained,andtherearean in�nite numberof constraints,onefor eachpossiblevalueof b. As
in Sonnenburg et al. (2006),we proposeto usethecolumngeneration techniqueto solve this SILP
problem. In this technique,theoptimalq andg arecomputedfor a restrictedsubsetof constraints
in Equation(17) and this problemis called the restrictedmasterproblem. Constraintsthat are
not satis�ed by currentq andg areaddedsuccessively to the restrictedmasterproblemuntil all
constraintsaresatis�ed. For fastconvergenceof thealgorithm,it is desirableto addconstraintthat
maximizestheviolation for currentq andg. Thatis, theb valuethatsolves

bq = argmin
b

p

å
i= 1

qiSi(b); (20)

is desired.If å p
i= 1qiSi(bq) � g, thenall the constraintsaresatis�ed, andq andg reachtheir opti-

mal values. Otherwise,this constraintis addedto the restrictedmasterproblemandthe iteration
continues.

It follows from thede�nition of Si(b) in Equation(18) thattheproblemin Equation(20)canbe
writtenas

min
b

(
1
4

bTb+
1
4l

bT

 
p

å
i= 1

qiG̃i

!

b � bTa

)

: (21)

For a �x ed q, the problemin Equation(21) is an unconstrainedconvex quadraticprogramwhose
solutioncanbeobtainedanalytically. To avoid computingmatrix inverse,we obtainb by solving
thefollowing systemof linearequations:

 
1
2

I +
1
2l

p

å
i= 1

qiG̃i

!

b = a:

After b is computed,thecorrespondingconstraintis addedto therestrictedmasterproblemto ob-
tain the intermediateq andg. Note that the restrictedmasterproblemis a linear program. Thus,
theproposedalgorithmfor solvingtheSILP problemproposedin Theorem2.3alternatesbetween
solvingalinearsystemandalinearprogram.In contrast,theSILPformulationproposedin Sonnen-
burg et al. (2006)for SVM kernellearninginvolvessolvinga constrainedquadraticprogram(QP)
anda linear program. They shown that the constrainedQP coincideswith a singlekernelSVM
formulation,andthusexistingsoftwarefor solvingSVM canbeuseddirectly.

Thealternatingalgorithmfor solving theproposedSILP problembelongsto a family of algo-
rithmsfor solvinggeneralSIPproblemscalledtheexchange methods, in which theconstraintsare
exchangedateachiteration.It follows from Theorem7.2in HettichandKortanek(1993)thatthese
methodsareguaranteedto converge.Similar to theconvergencecriterionusedin Sonnenburg etal.
(2006),thealgorithmreturnswhen

�
�
�
�
�
1�

å p
i= 1q(t� 1)

i Si(b(t))
g(t� 1)

�
�
�
�
�
� e; (22)

whereq(t� 1)
i , for i = 1; � � � ; p, andg(t� 1) aretheoptimalsolutionsto therestrictedmasterproblemat

the(t � 1)-th iteration,b(t) is theb valuethatmaximizestheconstraintviolationat thet-th iteration,
ande is auser-speci�edtoleranceparameter. Wesete= 5� 10� 4 in ourexperiments.
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2.4 Time Complexity Analysis

We analyzethetime complexity of theproposedformulationsfor thebinary-classcase.It follows
from theanalysisin Lanckrietet al. (2004b)that theproposedSDPandQCQPformulationshave
theworst-casetime complexity of O

�
(p+ n)2n2:5

�
andO

�
pn2 + n3

�
, respectively, wherep is the

numberof candidatekernelsandn is the numberof trainingsamples.The algorithmto solve the
proposedSILPformulationalternatesbetweensolvinga linearprogram(LP) anda linearsystemof
equations.TheLP formulationinvolvedhasa simplestructureandits computationtime is small,
especiallywhenp is muchsmallerthann. Notethatthenumberof constraintsin theLP dependson
thenumberof iterations.Ourexperimentsshow thatthealgorithmconvergeswithin asmallnumber
of iterations.Thus,thetimecomplexity of theSILPformulationis dominatedby thetimein solving
thelinearsystemwhichhasacomplexity of O

�
n3

�
. Overall, theSILPformulationhasaworst-case

timecomplexity of O
�
n3Ite

�
whereIte is thenumberof iterations.

All formulationsdiscussedin Lanckrietet al. (2004b),Kim et al. (2006)andSonnenburg et al.
(2006)areconstrainedto binary-classproblems.We show in thenext sectionthatour formulations
in thissectioncanbeextendednaturallyto themulti-classcase.

3. ConvexFormulations for Multi-class Problems

In themulti-classcase,wearegivenadatasetthatconsistsof msamplesf (xi ;yi)gm
i= 1, wherexi 2 IRd,

andyi 2 f 1;2; � � � ;kg denotestheclasslabelof thei-th sample,andk > 2. Similarto thebinary-class
case,let X = [x1; � � � ;xm] bethedatamatrix.

In themulti-classRKDA formulation,themaximizationof the following objective function is
commonlyused(Ye,2005):

F4(W;K) = trace
� �

WT (SK + l I )W
� � 1

WTBKW
�

; (23)

whereW is thetransformationmatrix,andBK , theso-calledbetween-classscattermatrix is de�ned
as

BK = f K(X)HHT f K(X)T ;

H = [h1;h2; � � � ;hk], andhi is avectorwhosej-th entryis givenby

hi( j) =

8
<

:

q
n
n j

�
q

n j
n if the j-th datapointbelongsto thei-th class

�
q

n j
n otherwise:

(24)

TheoptimalW is givenby computingtheeigenvectorsof thefollowing matrix:

(SK + l I ) � 1BK :

Sincetheweightvectorsarein thespanof theimagesof thedatapointsin thefeaturespace,wecan
expressW asW = f K(X)A for somematrixA 2 IRm� ` , whereA = [a1; � � � ;a ` ]. Then

F4(W;K) = trace
� �

AT (GPG+ l G) A
� � 1

ATGHHTGA
�

:

De�ne two matricesSK
t andSK

b asfollows:

SK
t = GPG+ l G;

SK
b = GHHTG:
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Sincethenull spaceof SK
t lies in thenull spaceof SK

b (Ye andXiong, 2006),thereexistsa nonsin-
gularmatrixZ suchthat

ZTSK
t Z =

�
I 0
0 0

�
;

ZTSK
b Z =

�
Sb 0
0 0

�
;

whereSb is diagonalwith the diagonalentriessortedin non-decreasingorder. The optimal A� is
givenby

A� = Zq = [z1; � � � ;zq] ;

whereZq consistsof the�rst q columnsof Z, andq = rank(SK
b ). It follows thattheoptimalvalueof

F4(W;K) achievedby theoptimalA� is givenby

F �
4 (K) = trace(Sb) = trace

� �
SK

t

� � 1
SK

b

�
: (25)

Herewe have assumedthat SK
t = GPG+ l G is nonsingular. We could usethe pseudo-inverseto

dealwith thesingularcase,andall thefollowing argumentsstill follow.
Thus,in the multi-classcase,the optimal kernelfunction K canbe computedby maximizing

F �
4 (K) in Equation(25),which is however highly nonlinearanddif�cult to solve. In thefollowing,

wepresentanequivalentformulationastheonein Equation(25),which is moretractablecomputa-
tionally.

3.1 SDPFormulation

Considerthemaximizationof thefollowing objective function:

F5(W;K) =
k

å
i= 1

(wT
i f K(X)hi)2

wT
i (SK + l I )wi

; (26)

where
W = [w1; � � � ;wk]

is the transformationmatrix, andhi is de�ned in Equation(24). The following lemmashows that
theoptimalkernelfunctionK coincidesfor F4 andF5.

Lemma 3.1 Let F4 andF5 bede�nedasin Equation(23) andEquation(26), respectively. LetW�

andK � betheoptimalsolutionto thefollowingoptimizationproblem:

max
K

max
W

F4(W;K); (27)

andlet W̃� andK̃ � betheoptimalsolutionto thefollowingoptimizationproblem:

max
K

max
W

F5(W;K): (28)

ThenK � = K̃ � .
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Proof SinceW = f K(X)A, wehavewi = f K(X)a i and

F5(W;K) =
k

å
i= 1

(aT
i Ghi)2

aT
i (GPG+ l G)a i

=
k

å
i= 1

(aT
i Ghi)2

aT
i SK

t a i
:

Thecomputationof a i anda j for i 6= j is independentof eachotherwhenthekernelfunctionK and
l are�x ed.Theoptimala �

i is givenby

a �
i =

�
SK

t

� � 1
Ghi :

It follows that themaximumvalueof F5(W;K) achievedby theoptimalA� = [a �
1; � � � ;a �

k] is given
by

F �
5 (K) =

k

å
i= 1

(Ghi)T �
SK

t

� � 1
Ghi :

Basedon thepropertiesof matrix trace,wehave

F �
5 (K) =

k

å
i= 1

(Ghi)T �
SK

t

� � 1
Ghi

=
k

å
i= 1

trace
�

(Ghi)T �
SK

t

� � 1
Ghi

�

=
k

å
i= 1

trace
� �

SK
t

� � 1
Ghi(Ghi)T

�

= trace

 
�
SK

t

� � 1
k

å
i= 1

�
GhihT

i GT �
!

= trace
� �

SK
t

� � 1 �
GHHTGT � �

= trace
� �

SK
t

� � 1
SK

b

�

= F �
4 (K):

Thiscompletestheproof.

It is interestingto notethat,in general,theoptimalW� andW̃� for theoptimizationproblemsin
Equations(27) and(28) aredifferent.However, it hasbeenshown recentlythat,whenthevalueof
theregularizationparameteris approachingzero,multi-classregularizedleastsquaresis equivalent
to multi-classdiscriminantanalysisundera mild condition(Ye, 2007). Empiricalevidencesshow
thatwhenthevalueof the regularizationparameteris small,which is usuallythecasein practice,
their performanceis similar.

The objective function in Equation(26) is closely relatedto its binary counterpartin Equa-
tion (6). Notethatavariantof theFisherdiscriminantratio (FDR) (Kim etal.,2006)canbewritten
as:

F2(w;K) =
(wT f K(X) a)2

wT(SK + l I )w
:
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Thus,F5(W;K) in Equation(26)canbeinterpretedastheweightedsummationof theFDRsbetween
thesamplesin thei-th classandtherestwherei = 1; � � � ;k. Theweightscanbecomputedfrom the
de�nition of H in Equation(24)asfollows:

hi =

2

6
6
6
6
6
6
6
6
4

...q
n
ni

�
p ni

n
...

�
p ni

n
...

3

7
7
7
7
7
7
7
7
5

= (n� ni)

r
ni

n

2

6
6
6
6
6
6
6
4

...
1
ni
...

� 1
n� ni
...

3

7
7
7
7
7
7
7
5

= (n� ni)

r
ni

n
a(i) ;

wherea(i) is obtainedfrom Equation(3) by takingthesamplesfrom thei-th classaspositiveandthe
restasnegative. It followsthattheweightfor thei-th binaryclassi�cationproblemis: (n� ni)2ni=n.

Following theresultsfrom thelastsectionfor thebinary-classcase,theoptimalkernellearning
problemfor multi-classRKDA canbeformulatedasfollows:

min
t1;��� ;tk;q

k

å
j= 1

t j

subjectto
�

I + 1
l å p

i= 1qiG̃i h j

hT
j t j

�
� 0; for j = 1; � � � ;k;

q � 0;

qTr = 1: (29)

Unfortunately, the SDPproblemgiven in Equation(29) is computationallyprohibitive dueto
thepresenceof positive semide�niteconstraints.To alleviate this computationalproblem,we put
all the constraintsin a single larger constraint. This imposesstrongerconstraintsthan thoseon
the original problem,but the computationalcostcanbe reduceddramatically. It is basedon the
following lemma.

Lemma 3.2 LetM 2 IRm� m beanypositivede�nite matrix,a1; � � � ;ak 2 IRm, t1; � � � ; tk 2 IR. Then
0

B
B
B
B
B
@

M a1 a2 � � � ak

aT
1 t1 0 � � � 0

aT
2 0 t2 � � � 0
...

...
...

...
...

aT
k 0 0 � � � tk

1

C
C
C
C
C
A

� 0 (30)

implies �
M a j

aT
j t j

�
� 0; for all j : (31)

Proof For a symmetricandpositive semide�nitematrix, it is known that all of its principal sub-
matricesarealsosymmetricandpositive semide�nite. Matricesin Equation(31) areall principal
submatricesof thematrix in Equation(30). This canbeseenby removing 2 to j and j + 2 to k+ 1
rowsandcolumnsof theblockmatrix in Equation(30). Thiscompletestheproofof thelemma.

Wesummarizethemainresultof thissectionin thefollowing theorem:
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Theorem3.1 Givena setof p centeredkernelmatricesG̃1; � � � ; G̃p, theoptimal kernelmatrix, in
theformof linear combinationof thegivenp kernelmatrices,thatmaximizestheobjectivefunction
in Equation(26) canbefoundby solvingtheSDPproblemin Equation(29). Thisproblemcanbe
approximatedby thefollowingmore restrictedformulation:

min
t1;��� ;tk;q

k

å
j= 1

t j

subjectto

0

B
B
B
B
B
@

I + 1
l å p

i= 1qiG̃i h1 h2 � � � hk

hT
1 t1 0 � � � 0

hT
2 0 t2 � � � 0
...

...
...

...
...

hT
k 0 0 � � � tk

1

C
C
C
C
C
A

� 0;

q � 0;

qTr = 1; (32)

where r i = trace(G̃i). Theoptimal solutionto the formulationin Equation(32) satis�es the con-
straintsin Equation(29).

Theformulationin Equation(32) is anapproximationto theexactformulationin Equation(29). We
usetheapproximateformulationin our experimentsin Section5, andempiricalresultsshow thatit
achievescomparableperformancewith otherexactformulations.

3.2 QCQP Formulation

Although the approximateSDPformulationin the last sectionis scalablein termsof the number
of classes,interior point algorithmsfor solving SDP have an inherently large time complexity,
and thus it cannotbe appliedto large-scaleproblems. In this subsection,we proposea QCQP
formulationwhich is moreef�cient thanits SDPcounterpart.The derivationsherearesimilar to
thosein Section2.2.

In orderto formulatethemulti-classRKDA kernellearningprobleminto aQCQPproblem,we
�rst considertheminimizationof thefollowing objective function:

F6(W;K) =
k

å
i= 1

�
jj (f K(X)P)Twi � hi jj2 + l jjwi jj2�

; (33)

whereW = [w1; � � � ;wk]. It is clearthatfor a �x edK andl , thecomputationof wi andw j for i 6= j
is independentof eachother. By extendingtheresultsfrom Lemma2.1 andLemma3.1, it is easy
to show thattheoptimalkernelfunctionK minimizing theobjective functionin Equation(26)coin-
cidestheminimizerof F6(W;K) in Equation(33). Motivatedby this equivalenceresult,we derive
anef�cient QCQPformulationfor themulti-classRKDA kernellearningproblem,assummarized
in thefollowing theorem.

Theorem3.2 Givena setof p centeredkernelmatricesG̃1; � � � ; G̃p, theoptimal kernelmatrix, in
theformof a convex linear combinationof thegivenp kernelmatrices,thatminimizestheobjective
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functionin Equation(33)canbefoundbysolvingthefollowingconvex QCQPproblem:

max
b1;��� ;bk;t

k

å
j= 1

bT
j h j �

1
4

k

å
j= 1

bT
j b j �

1
4l

t

subjectto t �
1
r i

k

å
j= 1

bT
j G̃ib j ; i = 1; � � � ; p: (34)

where r i = trace(G̃i).

Proof We �rst considerthe dual formulationof the minimizationof F6(W;K) in termsof W for
�x edK andl . Denote

hi = (f K(X)P)Twi � hi :

It follows that

F6(w;K) =
k

å
i= 1

jjhi jj2 + l
k

å
i= 1

jjwi jj2:

De�ne theLagrangianfunctionof thisproblemasfollows:

L(f higk
i= 1;w; f bigk

i= 1) =
k

å
i= 1

jjhi jj2 + l
k

å
i= 1

jjwi jj2 �
k

å
i= 1

bT
i

�
(f K(X)P)Twi � hi � hi

�
;

wherethebi 'sarethevectorsof Lagrangiandualvariables.Takingthederivativesof L with respect
to hi andwi for all i, andsettingthemequalto zero,weget

¶L
¶hi

= 2h i + bi = 0;

¶L
¶wi

= 2l wi � f K(X)Pbi = 0:

Thus,wehave

hi = �
bi

2
; and wi =

f K(X)Pbi

2l
;

andweobtainthefollowing Lagrangiandualfunction:

g(b1; � � � ;bk) = min
wi ;hi ;i= 1;��� ;k

L(f higk
i= 1;w; f bigk

i= 1)

=
k

å
i= 1

�
�

1
4

bT
i

�
I +

1
l

PGP
�

bi + bT
i hi

�
: (35)

Theoptimalb�
1; � � � ;b�

k canbecomputedby maximizingg(b1; � � � ;bk) in Equation(35)as

(b�
1; � � � ;b�

k) = argmax
b1;��� ;bk

(
k

å
i= 1

�
�

1
4

bT
i

�
I +

1
l

PGP
�

bi + bT
i hi

� )

:

Sincestrongduality holds,theoptimalkernelmatrix G̃ is givenby solvingthefollowing optimiza-
tion problem:

min
G̃2G̃

max
b1;��� ;bk

(
k

å
i= 1

�
�

1
4

bT
i

�
I +

1
l

G̃
�

bi + bT
i hi

� )

:
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Similar to thebinary-classcase,theaboveoptimizationproblemcanbewrittenas

min
q:q� 0;qT r= 1

max
b1;��� ;bk

(
k

å
j= 1

 

�
1
4

bT
j

 

I +
1
l

p

å
i= 1

�
qiG̃i

�
!

b j + bT
j h j

! )

(36)

= max
b1;��� ;bk

min
q:q� 0;qT r= 1

(
k

å
j= 1

 

�
1
4

bT
j

 

I +
1
l

p

å
i= 1

qiG̃i

!

b j + bT
j h j

! )

= max
b1;��� ;bk

min
q:q� 0;qT r= 1

(

�
1
4

k

å
j= 1

bT
j b j �

1
4l

p

å
i= 1

qi

 
k

å
j= 1

bT
j G̃ib j

!

+
k

å
j= 1

bT
j h j

)

= max
b1;��� ;bk

(
k

å
j= 1

bT
j h j �

1
4

k

å
j= 1

bT
j b j �

1
4l

max
q:q� 0;qT r= 1

(
p

å
i= 1

qi

 
k

å
j= 1

bT
j G̃ib j

! ))

= max
b1;��� ;bk

(
k

å
j= 1

bT
j h j �

1
4

k

å
j= 1

bT
j b j �

1
4l

max
i

 
1
r i

k

å
j= 1

bT
j G̃ib j

! )

:

By constraining

max
i

 
1
r i

k

å
j= 1

bT
j G̃ib j

!

� t

andputtingt in theobjective function,weprove theformulationin Equation(34).

3.3 SILP Formulation

The QCQPformulation in Theorem3.2 hasa worse-casetime complexity of O(pk2n2 + k3n3),
which is cubic in termsof the numberof classesandthe numberof datapoints. We show in this
subsectionthat theRKDA kernellearningproblemin themulti-classcasecanbeformulatedasan
SILPproblem,assummarizedin thefollowing theorem.

Theorem3.3 Givena setof p centeredkernelmatricesG̃1; � � � ; G̃p, theoptimal kernelmatrix, in
theformof a convex linear combinationof thegivenp kernelmatrices,thatminimizestheobjective
functionin Equation(33)canbefoundbysolvingthefollowingSILPproblem:

max
q;g

g (37)

subjectto q � 0;

qTr = 1;
p

å
i= 1

qiSi(b) � g; for all b;

whereSi(b) is de�nedas

Si(b) =
k

å
j= 1

�
r i

4
bT

j b j +
1
4l

bT
j G̃ib j � r ibT

j h j

�
; for i = 1; � � � ; p; (38)

r = (r1; � � � ; rp)T ; andr i = trace(G̃i).
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Formulation SDP QCQP SILP
Complexity O

�
(p+ n)2(k+ n)2:5

�
O(pk2n2 + k3n3) O(n3Ite)

Table1: Time complexity of the proposedmulti-classRKDA kernel learningformulations: p is
thenumberof candidatekernels,n is thenumberof trainingsamples,k is thenumberof
classes,andIte is thenumberof iterationsin SILP.

Proof Theproof follows thesameprocedureasin Theorem2.3by startingfrom Equation(36)and
changingthede�nition of Si(b) from Equation(18) to Equation(38).

Notethattheonly differencebetweenformulationsin Theorem2.3andTheorem3.3 lies in the
de�nitions of Si(b). To �nd the b j , for j = 1; � � � ;k; that maximizethe constraintviolation in the
multi-classcase,weneedto solve thefollowing k systemsof linearequations:

 
1
2

I +
1
2l

p

å
i= 1

qiG̃i

!

b j = h j ; for j = 1; � � � ;k:

Notethatthecoef�cient matrix is thesamefor all of thek linearsystems.ThustheLU decomposi-
tion (GolubandVanLoan,1996)needsto becomputedonly once,andonly theforward/backward
substitutionneedsto beperformedk timesto obtainthesolutions.

3.4 Time Complexity Analysis

In this subsection,we analyzethetime complexity of theproposedformulationsin themulti-class
case.By following similaranalysisin thebinary-classcase,wecanshow thattheproposed(approx-
imate)SDPandQCQPformulationshaveworse-casetimecomplexity of O

�
(p+ n)2(k+ n)2:5

�
and

O(pk2n2 + k3n3), respectively. For the SILP formulationin the multi-classcase,the k linear sys-
temsinvolved in eachiterative stepsharethe samecoef�cient matrix, andthey canbe solved in
O(n3) time. Thus,theoverallcomplexity is still O(n3Ite) whereIte is thenumberof iterations.The
complexity of multi-classRKDA kernellearningformulationsis summarizedin Table1.

4. Joint Kernel and Regularization Parameter Learning

Theformulationspresentedin thelasttwo sectionsfocusontheestimationof thekernelmatrixonly,
while the regularizationparameterl is pre-speci�ed. In somecases,the performanceof RKDA
algorithmdependscritically on the valueof l . In this section,we show that all the formulations
proposedin this papercanbe reformulatedequivalently, andthis new formulationleadsnaturally
to theestimationof theregularizationparameterl in a joint framework. Thedetailedderivationsin
thissectionaresimilar to thosepresentedin Sections2 and3.

4.1 Joint Learning for Binary-classProblems

Onekey advantageof thekernellearningformulationin Equation(8) in comparisonwith theonein
Kim etal. (2006)is thattheregularizationparameterl canalsobeestimatedin a joint optimization
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framework. In particular, all theformulations(SDP, QCQP, andSILP) for thebinary-classRKDA
kernellearningproblems,presentedin Theorems2.1–2.3,canberecastto optimizetheregulariza-
tion parametersimultaneously. Thenext threesubsectionsprovidedetailsof thesereformulations.

4.1.1 SDP FORMULATION

For theestimationof regularizationparameter, we considera slightly modi�ed versionof theregu-
larizedleastsquaresformulation,which is equivalentto thestandardformulationin Equation(12).
Themodi�ed versionminimizesthefollowing objective function:

F7(w;K; t ) = t jj (f K(X)P)Tw� ajj2 + jjwjj2; (39)

wheret = 1=l . We will �rst considerthecasewhent is �x ed. We will thenextendto thegeneral
casewhent is optimizedjointly.

Theoptimalw� thatminimizestheobjective functionin Equation(39) for a �x edK anda �x ed
t is givenby

w� =
�

1
t

I + f K(X)Pf K(X)T
� � 1

f K(X)Pa

= tf K(X)

 

I � P
�

1
t

I + PGP
� � 1

PG

!

a:

Theoptimalvalueof theobjective functionin Equation(39) is givenby

F �
7 (K; t ) = aT

�
1
t

I + G̃
� � 1

a; (40)

whereG̃ = PGP.
Wecanobserve from Equation(40) thattheidentitymatrixappearsin exactly thesameform as

otherkernelmatrices.We canthustreattheregularizationparameterasoneof thecoef�cients for
thekernelmatrixandoptimizethemsimultaneously. This leadsto thefollowing formulation:

mint;q̃ t

subjectto
�

å p
i= 0 q̃iG̃i a

aT t

�
� 0;

q̃ � 0;
p

å
i= 0

q̃i trace(G̃i) = 1; (41)

whereq̃ = [q0;q1; � � � ;qp]T , q0 = 1
t = l , andG̃0 = I.

4.1.2 QCQP FORMULATION

In orderto casttheformulationin Theorem2.2 to optimizetheregularizationparameter, we again
startfrom themodi�ed leastsquareproblemin Equation(39). By following thesameprocedureas
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in Theorem2.2,theoptimizationproblemin Equation(15)canbeexpressedas

min
q:q� 0;qT r= 1

max
b

(

�
1
4

bT

 
1
t

I +
p

å
i= 1

qiG̃i

!

b+ bTa

)

= max
b

min
q̃: q̃� 0; q̃T r= 1

(

�
1
4

bT

 
p

å
i= 0

q̃iG̃i

!

b+ bTa

)

; (42)

whereq0 = 1
t , andG̃0 = I. This canbeformulatedto optimizetheregularizationparameterasone

of thecoef�cients for thekernelmatrixasfollows:

max
b;t

bTa�
1
4

t

subjectto t �
1
r i

bTG̃ib; i = 0; � � � ; p: (43)

Thisproblemis aquadraticallyconstrainedlinearprogram.

4.1.3 SILP FORMULATION

TheSILP formulationproposedin Theorem2.3 for thebinary-classproblemcanalsobereformu-
latedto optimizel jointly. It follows from Equation(42) that this joint learningproblemcanbe
formulatedasfollows:

max
q̃;g

g (44)

subjectto q̃ � 0;

q̃Tr = 1;
p

å
i= 0

qiSi(b) � g; for all b;

whereSi(b) is de�ned as

Si(b) =
1
4

bTG̃ib � r ibTa; for i = 0; � � � ; p;

r = (r0; � � � ; rp)T , r i = trace(G̃i), q̃ = [q0;q1; � � � ;qp]T , q0 = 1
t = l , andG̃0 = I.

4.2 Joint Learning for Multi-class Problems

All formulationsfor themulti-classRKDA kernellearningproblemspresentedin Section3 canbe
recastto optimizetheregularizationparameterjointly. Thenext threesubsectionsprovidedetailsof
thesereformulations.
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4.2.1 SDP FORMULATION

In orderto incorporatel in theoptimizationproblem,wemodify theobjective functionin Equation
(26)asfollows:

F8(W;K; t ) =
k

å
i= 1

(wT
i f K(X)hi)2

wT
i (tSK + I)wi

:

By following thesamederivationin Lemma3.1andnoticingtherelationshipwith thebinary-class
case,wederive thefollowing SDPformulationfor themulti-classRKDA kernellearningproblem:

min
t1;��� ;tk;q̃

k

å
j= 1

t j

subjectto

0

B
B
B
B
B
@

å p
i= 0 q̃iG̃i h1 h2 � � � hk

hT
1 t1 0 � � � 0

hT
2 0 t2 � � � 0
...

...
...

...
...

hT
k 0 0 � � � tk

1

C
C
C
C
C
A

� 0;

q̃ � 0;

q̃Tr = 1; (45)

whereq̃ = [q0;q1; � � � ;qp]T , q0 = 1
t = l , andG̃0 = I.

4.2.2 QCQP FORMULATION

Similar to thebinary-classcase,wemodify theleastsquareproblemin Equation(33)asfollows:

F9(W;K; t ) =
k

å
i= 1

�
t jj (f K(X)P)Twi � hi jj2 + jjwi jj2�

;

wheret = 1=l . By following thesamederivationasin Theorem3.2,we obtainthefollowing joint
optimizationproblem:

max
b1;��� ;bk;t

k

å
j= 1

bT
j h j �

1
4

t

subjectto t �
1
r i

k

å
j= 1

bT
j G̃ib j ; i = 0; � � � ; p: (46)

This is aquadraticallyconstrainedlinearprogram.
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4.2.3 SILP FORMULATION

Similar to thereformulationin thebinary-classcase,theSILPformulationfor multi-classproblems
canalsobeformulatedto optimizel simultaneouslyasfollows:

max
q̃;g

g (47)

subjectto q̃ � 0;

q̃Tr = 1;
p

å
i= 0

qiSi(b) � g; for all b;

where

Si(b) =
k

å
j= 1

�
1
4

bT
j G̃ib j � r ibT

j h j

�
; for i = 0; � � � ; p;

r = (r0; � � � ; rp)T , r i = trace(G̃i), q̃ = [q0;q1; � � � ;qp]T , q0 = 1
t = l , andG̃0 = I.

The reformulationsto optimizel simultaneouslyproposedin this sectionaremotivatedfrom
Lanckrietet al. (2004b)andDe Bie et al. (2003). As hasbeenshow in Lanckrietet al. (2004b),
this joint optimizationof l works well in mostcasesin comparisonwith the simpleapproachof
pre-specifyingl , but improvedperformanceis notguaranteed.

5. Experimental Study

Weconductextensiveexperimentsin thissectionto comparevariousaspectsof relevantalgorithms.
The�rst partof theexperimentsfocusesoncombiningkernelmatricesderivedfrom asinglesource
of data. We demonstratethe effectivenessof the proposedMKL formulationsfor heterogeneous
dataintegrationin thesecondpartof theexperiments.TheSDPformulationsin Equations(8), (32),
(41),and(45)aresolvedusingtheoptimizationpackageSeDuMi(Sturm,1999).TheQCQPformu-
lationsin Equations(13), (34), (43),and(46)aresolvedusingtheMOSEKpackage(Andersenand
Andersen,2000). The linearprogramsinvolved in theSILP formulationsin Equations(16), (37),
(44),and(47)aresolvedusingtheMATLAB 1 build-in functionlinprog. Thetoleranceparametere,
de�ned in Equation(22), is setto 5� 10� 4. Thesourcecodesof theproposedformulationsfor the
experimentsareavailableonline.2

We �rst evaluatetheproposedformulationsfor binary-classproblemsin Section5.1. Theex-
perimentalresultsandanalysisfor the multi-classformulationsarepresentedin Section5.2. We
demonstratethe effectivenessof the proposedformulationsfor heterogeneousdataintegration in
Section5.3. In Section5.4,we analyzetherelationshipbetweenRKDA andSVM, andSection5.5
studiestheeffectof regularizationparameteronclassi�cationperformance.

5.1 Experimentson Binary-classProblems

In thebinary-classcase,we compareour formulationswith the1-normsoft margin SVM, 2-norm
soft margin SVM with andwithout theregularizationparameterC optimizedjointly asproposedin

1. TheURL is http://www.mathworks.com .
2. TheURL is http://www.public.asu.edu/ ˜ jye02/Software/DKL/ .
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sonar q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l /C TSA
SDPq 0 0 0 0 0.550 0.307 0.022 0.041 0.029 0.050 5.0e-04 89.27� 5.34
SDPq;l 0 0 0 0 0.550 0.307 0.022 0.041 0.029 0.050 3.1e-08 89.35� 5.34
QCQPq 0.003 0.003 0.004 0.011 0.444 0.375 0.046 0.034 0.035 0.048 5.0e-04 89.76� 5.34
QCQPq;l 0 0 0 0 0.550 0.307 0.022 0.041 0.029 0.050 5.0e-02 89.35� 5.34
SILPq 0 0 0 0 0.459 0.406 0.011 0.034 0.032 0.059 5.0e-04 89.76� 5.37
SILPq;l 0 0 0 0 0.547 0.313 0.023 0.031 0.034 0.052 4.2e-10 89.43� 5.18
SDPKim 0.167 0.048 0.175 0.072 0.251 0.173 0.031 0.025 0.015 0.044 1.0e-08 88.46� 5.28
SM1 0 0 0 0.040 3.953 5.514 0.491 0 0 0 1 89.75� 4.90
SM2 0 0 0 0 2.875 6.765 0.359 0 0 0 1 89.59� 5.24
SM2C 0 0.011 0.014 0.084 4.253 6.038 0.570 0.004 0.001 0 5.5e+7 89.84� 4.80
RKDAK;l

3 0 0 0 0 0 3 14 11 2 0 – 89.67� 6.62
SVMK;C

4 0 0 0 0 0 2 16 7 5 0 – 89.35� 5.18
RKDA l

5 53.65 54.95 60.24 73.57 84.95 90.56 89.91 86.99 85.52 84.95 – –
SVMC

6 53.65 54.63 59.91 73.41 86.09 89.67 90.65 89.59 86.58 84.22 – –

Table2: Comparisonof twelve methodson the sonardataset. The twelve methods,listed from
top to bottom are: SDP formulation with l �x ed as proposedin Theorem2.1, SDP
formulationwith l optimizedjointly asproposedin Equation(41), QCQPformulation
with l �x edasproposedin Theorem2.2,QCQPformulationwith l optimizedjointly as
proposedin Equation(43), SILP formulationwith l �x ed asproposedin Theorem2.3,
SILP formulation with l optimizedjointly as proposedin Equation(44), SDP formu-
lation proposedin Kim et al. (2006), 1-norm soft margin SVM, 2-norm soft margin
SVM without andwith C optimizedasproposedin Lanckrietet al. (2004b),RKDA and
SVM with thekernelsandregularizationparametersselectedby doublecross-validation.
Generally, subscriptsof namesin the �rst columnareusedto denotequantitiesthat are
optimized. The ten pre-speci�edkernelsare all RBF kernelsand the s valuesused
are0:10; 0:22; 0:46; 1:00; 2:15; 4:46; 10:00; 21:54; 46:42; 100:00; asin Kim etal. (2006).
The table is partitionedinto threesectionsrow-wise. In the �rst section,the columns
headedwith qi are the coef�cients learnedfrom the correspondingmethods.The coef-
�cients for the proposedsix formulationsarenormalizedto sumto onewhile thosefor
othercomparedapproachesarereportedasobtainedfrom their formulations.Thecolumn
headedwith l =C providesthe valuesof the regularizationparameters,whether�x ed or
learned,andthe testsetaccuraciesandstandarddeviationsaregiven in the last column.
The secondsectionincludesRKDA andSVM with kernelandregularizationparameter
chosenby doublecross-validation. We alsoreport the numberof timesthat a particular
kernel is selectedby cross-validation. The third sectionshows the accuraciesof RKDA
and SVM when the kernel is �x ed and the regularizationparameterschosenby cross-
validation.Dashesareusedto denotenon-applicableitems.

Lanckrietet al. (2004b),andtheSDPformulationproposedin Kim et al. (2006). Also, we use
doublecross-validationto choosekernelsandregularizationparametersfor SVM andRKDA. The
1-normSVM classi�er usedis theLIBSVM package(ChangandLin, 2001)andthe2-normSVM
codewasobtainedby adaptingAntonSchwaighofer's implementation.7

Four datasetsareusedin thebinary-classcase.Thesonar, ionosphere, andcancerdatawere
retrievedfrom theUCI MachineLearningRepository(Newmanet al., 1998).Theheartdatawere

3. Thenumberof timesthatakernelis chosenby doublycross-validatedRKDA over30 randomizations.
4. Thenumberof timesthatakernelis chosenby doublycross-validatedSVM over30 randomizations.
5. Accuracy of RKDA whenthekernelis �x edto eachof thetencandidatekernelsandl is chosenby cross-validation.
6. Accuracy of SVM whenthekernelis �x edto eachof thetencandidatekernelsandC is chosenby cross-validation.
7. TheURL is http://ida.first.fraunhofer.de/ ˜ anton/software.html .
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obtainedfrom the STATLOG project.8 All dataarenormalized.For eachdataset,we randomly
partitiontheentiredatasetinto trainingandtestsetsusingtheratio 8:2. TenRBF kernelsarecon-
structedfrom thetrainingsetdatawith differentchoicesof theparameters asin Kim etal. (2006).
Thenthe ten kernelsarefed into the optimizationsoftwarepackagesto obtainthe corresponding
coef�cients for eachkernel. Finally, the kernelsarecombinedandusedto computethe accuracy.
For formulationsSDPq, QCQPq, andSILPq, the l valueis �x ed to 5:0 � 10� 4. For SDPKim, this
valueis �x edto 10� 8, asusedin Kim et al. (2006).Following Lanckrietet al. (2004b),we �x C to
1 for SM1andSM2.

Tables2–5presenttheexperimentalresultsonsonar, heart,ionosphere, andcancerdatasets,re-
spectively. In termsof performance,formulationsthatoptimizel jointly achievesimilaraccuracies
to theoneswith l �x ed. Notethatfor our experiments,all thedataarenormalizedandthel value
is tunedmanuallyfor formulationswith l �x ed. In practice,theoptimall valueis data-dependent.
Thus,formulationsthatoptimizel jointly areexpectedto work betterin suchsituations.In cases
wherenonumericalproblemshavebeenreported,all thetwelvecomparedmethodsachievesimilar
performance.However, for the�rst tenmethods,thereis noneedfor cross-validation,andthey can
beusedfor heterogeneousdataintegrationfrom varioussources.

For MKL formulationsin Tables2–5,we presentthecoef�cients learnedfor eachkernel. For
doubly cross-validatedmethods,that is, RKDAK;l andSVMK;C, we recordthe numberof times
thata particularkernelhasbeenselectedin cross-validation.To understandtherelative importance
of eachkernelwhenthey areusedindividually, we �x the kernelto eachof the ten pre-speci�ed
kernelsandtunetheregularizationparameterusingcross-validationandtheaccuracy of eachkernel
is recorded. We expect thesequantitiesto have somerelationshipwith the coef�cients learned
by solvingconvex programs.For thesonardata,RKDA l achievesthebestperformanceon kernels
correspondingtoq6 andq7 whileSVMC achievesthehighestaccuracy onq6, q7 andq8. Ontheother
hand,methodsusinglinearcombinationof kernelsfavor kernelscorrespondingto q5 andq6. For
theheartdata,cross-validatedSVM favorskernelscorrespondingto q9 andq10 (they werechosen
9 and17 timesout of 30, respectively) while cross-validatedRKDA useskernelscorrespondingto
q7, q8; andq9 mostfrequently. Our six formulationsall give kernelscorrespondingto q1 andq10

largeweights,especiallyto q1, while SVM-basedMKL formulationsall setq10 to zero. This may
bedueto thefact thatRKDA andSVM optimizedifferentcriteriaandthusfavor differentkernels.
Another interestingobservation is that all the ten MKL formulationsgive the �rst kernela large
weight while it is the worst kernelwhenusedindividually. This implies that the bestindividual
kernelmaynot leadto a largeweightwhenusedin combinationwith othersandpoorly-performed
individualkernelmaycontaincomplementaryinformationthatis usefulwhencombinedwith other
kernels. Suchcomplementaryinformationcannot be incorporatedwhencross-validationis used
to choosea singlebestkernel.For theionosphere data,thebestthreeindividual kernelschosenby
cross-validationarekernelscorrespondingto q5, q6 andq7. Interestingly, thekernelcorresponding
to q5 is assigneda zeroweightby nineout of thetenMKL-basedmethods.For thecancerdata,all
kernelsachieve similar performancewhenusedseparatelywhile MKL-basedformulationstendto
assigna largeweightto thekernelcorrespondsto q2.

To comparetheef�ciency of theproposedformulationswith methodsbasedoncross-validation,
we recordthecomputationtime of theproposedQCQPandSILP formulationsalongwith thatof
methodsbasedondoublecross-validation.Figure1 plotsthecomputationtimeof thesesix methods.

8. TheURL is http://www.liacc.up.pt/ML/old/statlog/datasets.html .
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Notethatmethodsbasedon SDPhave a muchlargercomputationtime thanthesesix methodsand
their resultsarethusomitted.It canbeseenthattheproposedSILP formulationsaremoreef�cient
thancross-validationbasedmethods.Notethattheconvergencerateof thealgorithmfor solvingthe
QCQPformulationdependson thedataandparametersetting.Thus,it may take a relatively long
time to convergein somecases,asshown by QCQPq on thecancerdatain Figure1.

heart q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l =C TSA
SDPq 0.783 0.089 0 0 0 0.001 0 0 0.005 0.123 5.0e-4 81.98� 4.27
SDPq;l 0.753 0.089 0 0 0 0.001 0 0 0.005 0.123 3.0e-2 81.67� 4.49
QCQPq 0.734 0.117 0.003 0.001 0.001 0.001 0.002 0.004 0.008 0.129 5.0e-4 81.85� 4.17
QCQPq;l 0.753 0.089 0 0 0 0.001 0 0 0.005 0.123 1.2e-1 81.67� 4.47
SILPq 0.742 0.115 0 0 0 0.001 0 0 0.006 0.137 5.0e-4 81.98� 4.27
SILPq;l 0.744 0.095 0 0 0 0 0 0 0.007 0.121 3.4e-2 81.73� 4.23
SDPKim 0.881 0.036 0.002 0 0 0.001 0.003 0.004 0.009 0.065 1.0e-8 82.22� 3.79
SM1 7.688 0.479 0.001 0.002 0.002 0.024 1.813 0 0 0 1 82.59� 4.55
SM2 7.317 0.669 0 0 0 0.029 1.994 0 0 0 1 82.71� 4.41
SM2C 6.746 0.626 0 0 0 0.036 1.991 0 0 0 4.4e+5 82.53� 4.58
RKDAK;l 0 0 0 0 1 2 7 9 7 4 – 77.35� 5.83
SVMK;C 0 0 0 0 0 0 2 2 9 17 – 81.73� 4.48
RKDA l 58.64 65.06 69.62 73.33 77.28 79.13 78.70 77.65 76.79 75.92 – –
SVMC 57.96 64.75 71.79 76.60 79.93 80.30 81.66 81.54 82.22 82.59 – –

Table3: Seethecaptionandfootnotesof Table2 for explanation.

ionosphere q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l =C TSA
SDPq 0.362 0.073 0.033 0.108 0 0.147 0.277 0 0 0 5.0e-4 94.67� 2.25
SDPq;l 0.362 0.073 0.033 0.108 0 0.147 0.277 0 0 0 1.4e-7 94.67� 2.25
QCQPq 0.222 0.116 0.081 0.074 0.042 0.182 0.236 0.022 0.014 0.012 5.0e-4 94.86� 2.39
QCQPq;l 0.362 0.073 0.033 0.108 0 0.147 0.277 0 0 0 2.2e-4 94.67� 2.25
SILPq 0.261 0.080 0.061 0.116 0 0.167 0.316 0 0 0 5.0e-4 94.90� 2.33
SILPq;l 0.364 0.073 0.028 0.112 0 0.145 0.279 0 0 0 3.6e-9 94.81� 2.23
SDPKim 0.942 0 0 0 0 0.006 0.038 0.013 0.001 0 1.0e-8 89.43� 3.98
SM1 3.553 0.672 0.482 0.240 0 4.828 0.221 0 0 0 1 95.28� 2.09
SM2 2.883 0.682 0.683 0.196 0 5.305 0.248 0 0 0 1 94.81� 2.07
SM2C 3.910 0.714 0.561 0.255 0 5.300 0.256 0 0 0 1.4e+7 95.19� 2.17
RKDAK;l 0 0 0 4 5 10 8 3 0 0 – 92.33� 5.51
SVMK;C 0 0 0 0 8 9 7 4 2 0 – 94.48� 2.39
RKDA l 65.71 76.47 90.33 92.14 93.33 94.28 93.14 91.71 90.61 89.00 – –
SVMC 65.38 66.57 89.38 93.00 94.57 95.04 93.80 93.42 92.61 91.95 – –

Table4: Seethecaptionandfootnotesof Table2 for explanation.

5.2 Experimentson Multi-class Problems

In themulti-classexperiments,wecompareourformulationswith KRDA andSVM with kernelsand
regularizationparameterstunedusingdoublecross-validation.Themethodsproposedin Lanckriet
etal. (2004b)andKim etal. (2006)areonly applicableto binary-classproblems.Fivedatasetswith
differentnumbersof classesareusedfor this experiment. The USPShandwrittendigits database
wasdescribedin Hull (1994). We choosethe �rst 3;6, and8 classeswith 100datapointsin each
classfor theexperiment.Thewinedatasetwasobtainedfrom UCI MachineLearningRepository
andthesatimage andsegmentwereobtainedfrom theSTATLOG project.We usethe�rst 3;5, and
6 classesfor the satimage dataandthe �rst 3 and4 classesfor the segmentdata. The waveform
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cancer q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l =C TSA
SDPq 0.013 0.006 0.014 0 0.018 0.044 0.061 0.101 0.280 0.463 5.0e-4 96.05� 2.65
SDPq;l 0 0.532 0.096 0.040 0.008 0.020 0.244 0.020 0 0.048 1.0e-8 96.00� 1.44
QCQPq 0.147 0.312 0.207 0.080 0.052 0.055 0.051 0.038 0.031 0.028 5.0e-4 97.01� 1.31
QCQPq;l 0.003 0.662 0.111 0.042 0.010 0.015 0.134 0.007 0 0.004 4.3e-3 96.20� 2.21
SILPq 0 0.468 0.298 0.022 0.010 0.020 0.170 0.007 0 0.005 5.0e-4 97.01� 1.20
SILPq;l 0.003 0.663 0.105 0.047 0.009 0.014 0.132 0.009 0 0.005 1.3e-2 96.98� 1.28
SDPKim 0.970 0.006 0.005 0.004 0.004 0.003 0.003 0.002 0.002 0.002 5.0e-4 73.43� 4.28
SM1 1.797 5.706 0.179 0.008 0 2.308 0 0 0 0 1 97.08� 1.27
SM2 1.483 5.541 0.402 0.023 0.006 2.527 0.013 0 0 0 1 97.15� 1.22
SM2C 1.690 4.855 0.546 0.047 0.003 2.521 0.015 0 0 0 1.0e+4 97.01� 1.22
RKDAK;l 0 0 0 2 8 2 3 4 4 7 – 95.79� 1.55
SVMK;C 0 0 0 0 0 7 10 4 6 3 – 96.81� 1.28
RKDA l 94.54 95.32 96.05 96.15 96.30 95.74 95.59 95.59 95.49 95.64 – –
SVMC 92.21 94.93 96.03 96.30 96.81 96.88 96.86 96.66 96.69 96.64 – –

Table5: Seethecaptionandfootnotesof Table2 for explanation.
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Figure1: Computationtime (in seconds)of thesix methodson four binary-classdatasets.

datasetwasdescribedin Breimanet al. (1984)andarealsoavailablefrom UCI MachineLearning
Repository. For eachdataset,we randomlypartition the entireset into two subsetswith 60% of
thesamplesin thetrainingsetand40%in thetestset.TenRBF kernels,with s assignedthesame
valuesasin thebinary-classcase,areconstructedfrom thetrainingset.

Tables6–15presenttheexperimentalresultsonthetendatasets.In general,all thesix proposed
formulationsachieve similar performanceon the tendatasets.Comparedto theQCQPandSILP
formulationswhichareexact,our approximateSDPformulationfor themulti-classproblemswork
well in mostcases.This implies that the approximateformulationis closeto the exact onewhile
thecomputationalcostis lower. Furthermore,methodsbasedonMKL andcross-validationachieve
similarperformanceonall of thedatasets.

In orderto gain insightsinto therelative importanceof eachkernelwhenusedin combination
or separately, we usea similar experimentalsetupto the binary-classcase.We found that for the
USPS(3),9 USPS(6),andUSPS(8) data,all eightcomparedapproachesfavor thekernelscorrespond-
ing to q9 andq10. Similar behavior hasbeenobservedfor thewaveform(3) datawhereonly thelast
two kernelsareselectedby cross-validationandthey aregivenlargeweightsby all six MKL-based

9. Thenumberin theparenthesesdenotesthenumberof classesusedin theexperiment.
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USPS(3)10 q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0 0 0 0 0 0.027 0.023 0.012 0.518 0.420 5.0e-4 99.64� 0.57
SDPq;l 0.007 0.004 0.015 0.016 0.013 0.036 0.022 0.014 0.493 0.379 6.3e-7 99.69� 0.46
QCQPq 0 0 0 0 0 0.037 0.052 0.040 0.372 0.498 5.0e-4 99.72� 0.51
QCQPq;l 0.007 0.004 0.021 0.009 0.008 0.067 0.029 0.054 0.345 0.457 1.2e-5 99.64� 0.47
SILPq 0 0 0 0 0 0.037 0.052 0.043 0.370 0.499 5.0e-4 99.72� 0.51
SILPq;l 0.007 0.005 0.019 0.011 0.006 0.069 0.027 0.057 0.343 0.457 3.6e-7 99.61� 0.48
RKDAK;l

11 0 0 0 0 0 0 0 0 8 22 – 98.97� 1.11
SVMK;C

12 0 0 0 0 0 0 0 0 24 6 – 99.50� 0.60

Table6: Comparisonof eightmethodson theUSPSdatasetwhenthe �rst threeclassesareused.
The eight methods,listed from top to bottom,are the SDPformulationwith l �x ed as
proposedin Theorem3.1, the SDPformulationwith l optimizedjointly asproposedin
Equation(45),theQCQPformulationwith l �x edasproposedin Theorem3.2,theQCQP
formulationwith l optimizedjointly asproposedin Equation(46), theSILP formulation
with l �x edasproposedin Theorem3.3,theSILPformulationwith l optimizedjointly as
proposedin Equation(47), RKDA andSVM with kernelsandregularizationparameters
chosenby doublecross-validation.Generally, subscriptsof namesin the�rst columnare
usedto denotequantitiesthat areoptimized. Ten RBF kernelsarepre-speci�edandthe
valuesfor s arethesameasthoseusedin thebinary-classcase(seecaptionof Table2).
Thistableispartitionedinto twosectionsrow-wise.In the�rst section,thecolumnsheaded
with qi presentthe coef�cients learnedfrom eachmethod. Note that all coef�cients are
normalizedto sum to one. This is followed by the valuesfor the l , whether�x ed or
learned.The testsetaccuraciesaregiven in the last column. In the secondsection,we
reportthenumberof timesthateachkernelhasbeenselectedby doublecross-validation
andtheaccuracies.Dashesareusedto denotenon-applicableitems.

USPS(6) q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0 0 0 0 0 0.001 0.009 0.195 0.655 0.141 5.0e-4 98.40� 0.80
SDPq;l 0.018 0.001 0.011 0.038 0.013 0.011 0.036 0.222 0.516 0.134 1.9e-6 98.33� 0.88
QCQPq 0 0 0 0 0 0.001 0.023 0.165 0.564 0.247 5.0e-4 98.36� 0.82
QCQPq;l 0.020 0.002 0.003 0.035 0.025 0.008 0.063 0.165 0.463 0.216 2.8e-5 98.28� 0.89
SILPq 0 0 0 0 0 0.002 0.028 0.156 0.569 0.245 5.0e-4 98.35� 0.84
SILPq;l 0.021 0 0.003 0.037 0.017 0.011 0.064 0.169 0.459 0.218 1.4e-8 98.29� 0.88
RKDAK;l 0 0 0 0 0 0 0 0 20 10 – 98.08� 0.85
SVMK;C 0 0 0 0 0 0 0 0 26 4 – 98.11� 1.02

Table7: Seethecaptionandfootnotesof Table6 for explanation.

approaches.Thusfor thesedatasets,the kernelsselectedby cross-validationandmultiple kernel
learning(MKL) agree. In contrast,for thesatimage(3), satimage(5), andsatimage(6) datasets,
theproposedMKL-basedapproachesassignlargeweightsto the�rst � vekernels.In particular, q2,
q3, andq5 aregivenlargevaluesfor thesatimage(3) data;q2, q4, andq5 aregivenlargevaluesfor the
satimage(5) data;q1, q2, andq4 aregivenlargevaluesfor thesatimage(6) data.On theotherhand,

10. Thenumberin parenthesisdenotesthenumberof classesusedin theexperiments.
11. RKDA with kernelandl chosenby doublecross-validation.The�rst tencolumnsshow thenumberof timesthata

kernelis chosenby doublycross-validatedRKDA over30 randomizations.
12. SVM with kernelandl chosenby doublecross-validation. The �rst tencolumnsshow thenumberof timesthata

kernelis chosenby doublycross-validatedSVM over30 randomizations.
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USPS(8) q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0 0 0 0 0 0.034 0.057 0.118 0.792 0 5.0e-4 97.60� 0.83
SDPq;l 0.032 0.002 0.016 0.011 0.009 0.130 0.056 0.104 0.641 0 4.4e-6 97.64� 0.70
QCQPq 0 0 0 0 0 0.001 0.116 0.053 0.697 0.133 5.0e-4 97.57� 0.77
QCQPq;l 0.025 0.003 0.021 0.023 0.007 0.066 0.149 0.029 0.573 0.106 3.2e-5 97.65� 0.72
SILPq 0 0 0 0 0 0 0.112 0.060 0.695 0.134 5.0e-4 97.51� 0.77
SILPq;l 0.024 0 0.020 0.025 0.006 0.071 0.144 0.034 0.571 0.106 7.8e-9 97.64� 0.74
RKDAK;l 0 0 0 0 0 0 0 0 12 18 – 97.53� 0.78
SVMK;C 0 0 0 0 0 0 0 0 18 12 – 97.10� 0.82

Table8: Seethecaptionandfootnotesof Table6 for explanation.

wine(3) q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0.044 0.147 0.104 0.415 0.104 0.012 0.008 0.016 0.018 0.133 5.0e-4 97.98� 1.60
SDPq;l 0.065 0.177 0.086 0.394 0.100 0.011 0.008 0.018 0.015 0.126 2.4e-7 97.79� 1.60
QCQPq 0.028 0.128 0.202 0.181 0.302 0.010 0.005 0.01 0.009 0.125 5.0e-4 98.12� 1.49
QCQPq;l 0.046 0.169 0.171 0.177 0.289 0.009 0.004 0.011 0.004 0.123 9.3e-7 98.12� 1.45
SILPq 0.023 0.133 0.205 0.178 0.305 0.010 0.003 0.009 0.010 0.125 5.0e-4 98.12� 1.49
SILPq;l 0.045 0.162 0.182 0.172 0.287 0.010 0.008 0 0.009 0.124 2.2e-7 98.12� 1.45
RKDAK;l 0 0 0 2 5 2 6 3 5 7 – 98.31� 1.63
SVMK;C 0 0 0 6 4 11 4 4 1 0 – 97.65� 1.90

Table9: Seethecaptionandfootnotesof Table6 for explanation.

satimage(3) q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0 0.157 0.247 0.046 0.353 0.08 0.024 0.046 0.017 0.032 5.0e-4 98.03� 0.94
SDPq;l 0.003 0.251 0.193 0.033 0.349 0.06 0.02 0.05 0.012 0.029 9.0e-4 98.00� 0.97
QCQPq 0 0.131 0.249 0.068 0.265 0.165 0.034 0.03 0.009 0.049 5.0e-4 98.06� 0.96
QCQPq;l 0.002 0.229 0.193 0.049 0.281 0.115 0.055 0.023 0.003 0.048 1.8e-3 98.08� 0.93
SILPq 0 0.133 0.246 0.073 0.252 0.181 0.026 0.033 0.006 0.051 5.0e-4 98.06� 0.96
SILPq;l 0.003 0.226 0.197 0.047 0.274 0.133 0.042 0.019 0.004 0.053 1.6e-3 98.08� 0.93
RKDAK;l 0 0 0 3 0 7 5 6 5 4 – 97.56� 1.26
SVMK;C 0 0 0 0 5 5 8 3 5 4 – 97.92� 1.09

Table10: Seethecaptionandfootnotesof Table6 for explanation.

thetwo methodsbasedoncross-validationtendto usethelast� vekernelsmorefrequentlythanthe
�rst � ve kernels.This demonstratesthatthebestkernelsusedin combinationandseparatelydiffer
signi�cantly for the satimage dataset. We expect that complementaryinformationexists among
kernelsfor this datasetsuchthat a subsetof kernelscanbe combinedto obtainthe optimal per-
formancethoughnoneof themis thebestkernelwhenusedindividually. Similar phenomenoncan
beobservedfrom thesegment(3) andsegment(4) datasetsin which the �rst kernelis assignedthe
largestweightby MKL-basedformulationswhile it is neverselectedby cross-validation.Thisanal-
ysisshows thattheinformationusedby methodsbasedonMKL andcross-validationmaycoincide
or differ dependingon thedata.

To comparethe ef�ciency of variousmethods,we report the computationtime of the eight
methodson the ten datasetsin Table 16. It can be seenthat the SDP formulationsare much
slower thanmethodsbasedon cross-validationdue to its inherentlarge complexity. The QCQP
formulationsarerelatively ef�cient for datasetswith a smallnumberof classes.Whenthenumber
of classesincreases,theircomputationtime increasesrapidly. This is consistentwith thetheoretical
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satimage(5) q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0 0.302 0.244 0.196 0.225 0 0 0 0 0.034 5.0e-4 93.50� 1.57
SDPq;l 0.002 0.477 0.083 0.225 0.184 0 0 0 0 0.030 2.1e-7 93.42� 1.69
QCQPq 0 0.165 0.469 0.001 0.251 0.068 0 0 0.004 0.043 5.0e-4 93.52� 1.59
QCQPq;l 0.011 0.337 0.310 0.017 0.235 0.048 0 0.001 0.003 0.039 2.4e-6 93.28� 1.51
SILPq 0 0.162 0.470 0.005 0.247 0.071 0 0 0.004 0.042 5.0e-4 93.48� 1.60
SILPq;l 0.014 0.331 0.316 0.010 0.242 0.044 0 0.001 0.003 0.039 5.9e-9 93.33� 1.52
RKDAK;l 0 0 0 3 2 7 7 6 4 1 – 93.15� 1.73
SVMK;C 0 0 0 1 11 13 5 0 0 0 – 93.48� 2.08

Table11: Seethecaptionandfootnotesof Table6 for explanation.

satimage(6) q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0.131 0.478 0.031 0.249 0.072 0 0 0 0 0.039 5.0e-4 87.65� 1.85
SDPq;l 0.293 0.338 0.04 0.212 0.06 0 0 0 0 0.033 2.3e-2 86.69� 1.97
QCQPq 0.102 0.454 0.096 0.138 0.128 0.043 0.001 0.002 0.009 0.029 5.0e-4 87.96� 1.78
QCQPq;l 0.282 0.295 0.114 0.107 0.111 0.035 0.001 0.002 0.008 0.024 2.0e-2 87.22� 1.84
SILPq 0.108 0.448 0.094 0.143 0.123 0.046 0 0.002 0.006 0.031 5.0e-4 87.97� 1.74
SILPq;l 0.277 0.299 0.112 0.106 0.114 0.032 0.003 0.005 0.006 0.024 2.2e-2 87.26� 1.81
RKDAK;l 0 0 0 5 7 7 2 5 4 0 – 87.71� 1.55
SVMK;C 0 0 0 1 16 10 3 0 0 0 – 88.50� 2.11

Table12: Seethecaptionandfootnotesof Table6 for explanation.

segment(3) q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0.329 0.040 0.061 0.349 0.094 0.003 0 0 0 0.125 5.0e-4 99.17� 0.62
SDPq;l 0.215 0.083 0.053 0.314 0.089 0.003 0 0 0 0.114 1.3e-1 99.00� 0.83
QCQPq 0.314 0.046 0.075 0.257 0.127 0.087 0.002 0 0 0.091 5.0e-4 99.19� 0.67
QCQPq;l 0.215 0.075 0.079 0.218 0.127 0.079 0 0 0 0.084 1.2e-1 99.03� 0.76
SILPq 0.312 0.049 0.073 0.263 0.118 0.093 0.003 0 0 0.090 5.0e-4 99.17� 0.69
SILPq;l 0.210 0.083 0.071 0.222 0.128 0.078 0 0 0 0.085 1.2e-1 99.03� 0.76
RKDAK;l 0 0 2 8 1 3 4 6 4 2 – 98.86� 1.08
SVMK;C 0 0 5 9 8 3 4 1 0 0 – 99.06� 0.81

Table13: Seethecaptionandfootnotesof Table6 for explanation.

analysisin Section3.4. In contrast,theproposedSILPformulationsaremoreef�cient thanmethods
basedoncross-validationonall of thetendatasets.

5.3 GeneExpressionPattern ImageClassi�cation

In thisexperiment,wedemonstratetheeffectivenessof theproposedmultiplekernellearning(MKL)
formulationsfor data(feature)integration.Geneexpressionpatternimagesof Drosophilamelanogaster
embryoat a givendevelopmentalstage(time) capturethespatialandtemporaldistribution of gene
expressionpatterns(Tomancaket al., 2002). The identi�cation of genesshowing spatialoverlaps
in their expressionpatternsis fundamentallyimportantto formulatingandtestinggeneinteraction
hypotheses(Kumaret al., 2002;PengandMyers,2004). Estimationof patternoverlapis mostbi-
ologicallymeaningfulwhenimagesfrom a similar time point (developmentalstage)arecompared.
Thus,oneof the centralissuesin geneexpressionpatternimageanalysisis the classi�cation of
imagesinto differentdevelopmentalstageranges(Yeetal., 2006).
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segment(4) q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0.376 0.149 0.074 0.019 0.363 0.005 0 0 0 0.014 5.0e-4 97.00� 1.09
SDPq;l 0.379 0.104 0.073 0.018 0.324 0.005 0 0 0 0.012 8.5e-2 96.77� 1.25
QCQPq 0.368 0.117 0.114 0.031 0.306 0.035 0 0 0 0.030 5.0e-4 97.00� 1.17
QCQPq;l 0.373 0.073 0.111 0.028 0.271 0.033 0 0 0 0.027 8.5e-2 96.81� 1.28
SILPq 0.372 0.110 0.117 0.028 0.310 0.033 0 0 0 0.030 5.0e-4 97.02� 1.12
SILPq;l 0.369 0.075 0.112 0.031 0.267 0.033 0 0 0 0.027 8.7e-2 96.81� 1.26
RKDAK;l 0 0 1 1 2 3 2 7 6 8 – 97.31� 0.93
SVMK;C 0 0 0 4 5 7 4 6 1 3 – 96.83� 1.38

Table14: Seethecaptionandfootnotesof Table6 for explanation.

waveform(3) q1 q2 q3 q4 q5 q6 q7 q8 q9 q10 l TSA
SDPq 0.072 0.072 0.072 0.072 0.029 0 0.007 0.028 0.415 0.232 5.0e-4 83.03� 2.68
SDPq;l 0.074 0.074 0.074 0.074 0.069 0 0.01 0.034 0.377 0.214 6.8e-7 83.22� 2.61
QCQPq 0.061 0.061 0.061 0.061 0.061 0.006 0.003 0.036 0.423 0.226 5.0e-4 83.03� 2.68
QCQPq;l 0.071 0.071 0.071 0.071 0.071 0.006 0.006 0.041 0.385 0.209 6.2e-6 83.19� 2.49
SILPq 0.053 0.021 0.033 0.115 0.094 0 0 0.036 0.422 0.227 5.0e-4 83.08� 2.74
SILPq;l 0.012 0.066 0.033 0.136 0.113 0 0.006 0.040 0.382 0.213 2.0e-7 83.22� 2.50
RKDAK;l 0 0 0 0 0 0 0 0 6 24 – 84.17� 3.14
SVMK;C 0 0 0 0 0 0 0 0 12 18 – 81.86� 2.99

Table15: Seethecaptionandfootnotesof Table6 for explanation.

Data USPS wine satimage segment waveform
# of classes 3 6 8 3 3 5 6 3 4 3
SDPq 50.98 411.15 1021.16 18.91 95.95 415.58 753.07 74.38 163.26 64.09
SDPq;l 69.95 646.05 1642.17 27.02 130.51 710.70 1172.55 99.29 235.50 96.08
QCQPq 5.19 81.24 276.27 1.15 4.23 36.56 79.61 4.16 14.89 4.09
QCQPq;l 5.96 88.05 286.49 1.29 4.67 39.09 82.93 4.50 16.20 4.65
SILPq 0.32 1.52 3.03 0.30 0.59 1.97 3.65 0.62 1.03 0.24
SILPq;l 0.60 3.45 6.70 0.30 0.66 2.29 4.38 1.03 1.52 0.25
RKDAK;l 1.54 9.26 20.59 0.76 1.56 5.39 8.61 1.56 2.89 1.71
SVMK;C 5.60 17.82 23.18 3.65 1.87 4.24 9.50 3.53 4.13 5.44

Table16: Comparisonof computationtime (in seconds)of variousmethods.Thereportedtime is
averagedover30 randompartitions.

Wecollect2705geneexpressionpatternimagesin the�rst threestageranges(1-3,4-6,and7-8)
from theFlyExpress13 database.Theraw geneexpressionpatternimagesareof size128� 320. It
hasbeenobserved(Gargeshaetal.,2005)thatacrossvariousdevelopmentalstages,adistinguishing
featureis the imagetextural propertiesat sub-blocklevel, becauseimagetexture at the sub-block
level changesas embryonicdevelopmentprogresses.Gabor�lters (Daugman,1988) have been
shown to beeffective in detectinglocal texture featuresandarewell suitedfor extractingtextural
featuresfor geneexpressionpatternimages.

We applyLog GaborFilters to extract the texture features(Daugman,1988). Gabor�lters are
theproductof a complex sinusoidalfunctionanda Gaussian-shapedfunction. We useLog Gabor
�lters with 4 differentwaveletscalesand6 different�lter orientationsto extract the texture infor-
mation.Hence,24Gaborimageswereobtainedfrom the�ltering operation.Notethatall 24Gabor
imageshave the samesize(i.e., 128� 320) asthe original one. Figure2 plots the 24 Gaborim-

13. TheURL is http://www.flyexpress.net .
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agesextractedfrom asampleimage.Theseimagescontaindifferentbut potentiallycomplementary
informationfor stageclassi�cation. Two RBF kernelsarebuilt from eachof the24 Gaborimages
with s valuesassignedas50 and100, respectively. We thusobtaina total of 48 kernelmatrices.
To exploit thecomplementaryinformationin kernelsconstructedfrom differentGaborimages,we
applytheproposedSILP formulationto learna linearcombinationof the48kernelmatrices.

The2705imagesarerandomlypartitionedinto trainingandtestsetsusingtheratio1:9. Ourex-
perimentalresultsshow thatSILPq achievesa classi�cationaccuracy of about88.28%.To seehow
eachof the48kernelmatricesworkswhenusedindividually, we�x thekernelmatrixandtunethel
valueusingcross-validation.Themaximum,minimum,andaverageaccuraciesachievedacrossthe
48kernelmatricesare72.03%,54.37%,and61.88%,respectively. Wealsoassignauniformweight
of 1 to eachof the48kernelmatricesandthecombinedkernelmatrixachievesanaccuracy of about
72.65%. Theseresultsdemonstratethat differentGaborimagescontaincomplementaryinforma-
tion, which is critical for stageclassi�cation,andtheproposedMKL formulationsareeffective in
exploiting this informationby combiningdifferentkernelmatrices.

Figure2: The24Gaborimagesextractedfromasinglesampleimagewith 4differentwaveletscales
and6 different�lter orientations.
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SM1 SM2 SM2C

dataset trainingsize C SVs PCT C SVs PCT C SVs PCT
sonar 167 1 155.4 93.05 1 152.2 91.12 2.43e7 156.8 93.89
heart 216 1 208.7 96.62 1 195.9 90.70 6.01e6 208.3 96.44
ionosphere 281 1 203.6 72.46 1 184.9 65.80 3.70e6 206.3 73.42
cancer 546 1 210.3 38.52 1 138.8 25.42 2.61e6 212.5 38.92

Table17: Thenumbersof supportvectors(“SVs”) obtainedfrom the1-normsoft margin SVM, 2-
normsoft margin SVM without andwith C learnedjointly thatwereproposedin Lanck-
riet et al. (2004b). Thesenumbersareaveragedover 30 randompartitions. The total
numberof datapointsin thetrainingsetandtheC valuesarealsoshown. Thecolumns
with title “PCT” show thepercentageof supportvectorsover thetrainingset.

5.4 SVM versusRKDA

It was shown (Shashua,1999) that hard margin linear SVM is equivalent to linear discriminant
analysis(LDA) whenall the training pointsaresupportvectors. Throughexperiments,we found
that theC valueschosenby the2-normsoft margin SVM proposedin Lanckrietet al. (2004b)are
very large. Undersuchcircumstances,soft margin SVM is approachinghardmargin SVM. It has
alreadybeenobservedthatSVM andkerneldiscriminantanalysisusuallyhavesimilarperformance
(Mika, 2002)andthis hasbeencon�rmed by our experimentsin the last two subsections.Thus
it is interestingto report the numberof supportvectorsfor SVM. We recordthe averagenumber
of supportvectorsfor 1-norm soft margin SVM, 2-norm soft margin SVM without and with C
optimizedjointly over the30 randompartitionsreportedin Section5.1. As proposedin Lanckriet
etal. (2004b),C is �x edto1 for 1-normand2-normsoftmarginSVM withoutC optimized.Table17
reportsthe averageC valuesobtainedby the joint optimization2-normsoft margin SVM andthe
averagenumberof supportvectors. For easeof comparison,we also report the size of training
setandtheaveragedpercentageof supportvectorsover 30 randomizations.It canbeseenthat for
threeoutof four datasets,thepercentagesof supportvectorsareveryhigh. This impliesthatSVM
is similar to RKDA andexplainswhy they have similar performance,asreportedin the last two
subsections.

5.5 The Effect of Regularization Parameter

In order to investigate the effect of regularizationparameterin RKDA, we sampled30 l values
between10� 10 and102 uniformly overlogarithmicscaleandtheaccuraciesof SDPq andQCQPq are
plottedfor two binary-classdatasets(Figure3) andtwo multi-classdatasets(Figure4). Theresults
for SILP formulationsareomittedsincetheirperformanceis similar to theirQCQPcounterparts.It
canbeobservedthatasl valuechanges,theaccuraciesoscillatein all cases.It canalsobeobserved
from thefour �gures thatQCQPq tendsto belesssensitiveto thechangeof l valuethanSDPq. This
maybeattributableto thefactthatSDPis morecomputationallyintensive andnumericalproblems
maycausethepoorperformance.Indeed,we observedseveralreportsof numericalproblemsfrom
SeDuMiwhile conductingSDPexperiments.Thelow accuraciesof SDPq for somechoicesof l in
Figures3 and4 werecausedby numericalproblemsandshouldbeinterpretedwith caution.
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Figure3: Thechangeof accuraciesfor SDPq andQCQPq whenl variesfrom 10� 10 to 102 for the
sonar(left) andheart(right) data.Thehorizontalaxisrepresentstheindexesof the30 l
values.

6. Discussionand Conclusion

We addressthe issueof learningappropriatekernelsfor RKDA in this paper. This problemis for-
mulatedasconvex programsandthusglobally optimalsolutionsareguaranteed.Practically, some
convex optimizationproblemsarecomputationallyexpensive andwe proposeapproachesthatare
scalableandef�cient to solve. While mostexisting work on kernellearningonly dealwith binary-
classproblems,weshow thatourbinary-classformulationscanbeextendednaturallyto multi-class
setting.Furthermore,weconsidertheproblemof optimizingthekernelandregularizationparameter
in a joint framework, thusapproachingthedesirablegoalof automatedlearning.

We have conductedextensive experimentsto evaluatetheproposedalgorithms.Whencombin-
ing kernelsfrom a singlesourceof data,theproposedformulationshave similar performancewith
approachesbasedon doublecross-validation. Whenthecandidatekernelscontaincomplementary
information,we show that theproposedformulationsareeffective to exploit suchinformation. In
termsof computationtime, the SILP formulationsare more ef�cient than approachesbasedon
cross-validation. Whenevaluatingthe relative importanceof eachkernel (eitherusedseparately
or in linear combination),we found that the bestindividual kernelsometimescoincideswith the
highly-weightedkernelsin linearcombinationandsometimesdisagreesconsiderably.

Therearesomedirectionsfor futurework. Our experimentalresultshave shown that thepro-
posedapproximateSDP formulation works well in most caseswhile it hasa much lower com-
putationalcost in comparisonwith the exact formulation. We plan to comparethe approximate
formulationto theexactonein termsof complexity andperformance.Thederivationof multi-class
formulationsis basedon analternative criterionde�ned in Equation(23). This resultsin thesame
optimal transformationmatrix as the original criterion in Equation(26) whena common(�x ed)
kernelmatrix is used.However, they maydiffer whenthekernelmatrix is alsooptimized.We plan
to investigatetheir differencesfurther in the future. Most existing formulationsfor learningSVM
kernelsarerestrictedto the binary-classcase.The ideafrom this papermay be useful for kernel
learningin multi-classSVM. A moregeneralproblemis learningkernelsfor multi-label datain
which eachdatapoint canbe assignedto multiple classes.Suchdataarecommonin automatic
imageannotationproblems(Lavrenko etal., 2004).Weplanto explorethesein thefuture.
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Figure4: The changeof accuraciesfor SDPq andQCQPq when l variesfrom 10� 10 to 102 for
the satimage(6) (left) andwaveform(3) (right) data. The horizontalaxis representsthe
indexesof the30 l values.
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Appendix A.

Oneof thebasictools usedin our proof is theSherman-Woodbury-Morrisonformula (Goluband
Van Loan,1996): Let S2 IRd� d, andQ;R 2 IRd� n. Assumingthat both the matricesS and(I +
RTS� 1Q) arenonsingular, wehave

(S+ QRT) � 1 = S� 1 � S� 1Q(I + RTS� 1Q) � 1RTS� 1:

SinceP = PPandP = PT , whereP is thecenteringmatrixde�ned in Equation(5), it follows that

w� = (SK + l I ) � 1(µ+
K � µ�

K )

=
�
f K(X) Pf K(X)T + l I

� � 1
f K(X)a

=
�
f K(X) PPf K(X)T + l I

� � 1
f K(X)a

=
�
(f K(X)P)( f K(X)P)T + l I

� � 1
f K(X)a

=

 
1
l

I �
1
l 2 f K(X)P

�
I +

1
l

Pf K(X)T f K(X)P
� � 1

Pf K(X)T

!

f K(X)a

=
1
l

f K(X)
�

I � P(l I + PGP) � 1PG
�

a:
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