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H I G H L I G H T S
c Continuous games are increasingly popular to study evolutionary phenomena.
c Leading models of continuous games have led to confusion and errors in the literature.
c A favorite model of the continuous prisoners dilemma actually models other games.
c A favorite model of the continuous snow drift game also models other games.
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a b s t r a c t

The use of 2-player strategic games is one of the most common frameworks for studying the evolution

of economic and social behavior. Games are typically played between two players, each given two

choices that lie at the extremes of possible behavior (e.g. completely cooperate or completely defect).

Recently there has been much interest in studying the outcome of games in which players may choose

a strategy from the continuous interval between extremes, requiring the set of two possible choices be

replaced by a single continuous equation. This has led to confusion and even errors in the classification

of the game being played. The issue is described here specifically in relation to the continuous prisoners

dilemma and the continuous snowdrift game. A case study is then presented demonstrating the

misclassification that can result from the extension of discrete games into continuous space. The paper

ends with a call for a more rigorous and clear framework for working with continuous games.

& 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Economic game theory is a central framework for addressing
questions in several disciplines ranging from evolutionary biology
to international relations. Researchers may use a variety of games
to study social dilemmas and to suggest resolutions, so it is
important to understand exactly what game best represents the
system under study (Kummerli et al., 2007; Ostrom et al., 1994;
Skyrms, 1996). Policy makers, in particular, often use diplomatic
tools in an attempt to change one game into another (Barrett,
2003; Sandler, 2004) and so it is equally important to understand
the transitional effects of moving between games.

Fig. 1 presents a comprehensive framework for the simultaneous
study of multiple games and for the transitions between those
games. However, this framework is limited to binary-choice
games—those games in which participants are limited to two
choices (e.g. yes or no). Many researchers have begun to move to
continuous versions of traditional games because the rich diversity
of choices it allows each player is more reflective of the complexities
of real world strategic situations (Doebeli and Knowlton, 1998;
ll rights reserved.
Grim, 1996; Le and Boyd, 2007; Wahl and Nowak, 1999a, 1999b).
Unfortunately there is no framework analogous to Fig. 1 for the
systematic exploration of continuous games. A step towards devel-
oping such a framework is to first address existing confusing and
misconceptions regarding continuous 2-player games.

This paper highlights some of the pitfalls of moving from discrete
games to their continuous counterparts. It demonstrates how
confusion can arise when translating the qualitative description of
a game into a formal representation. Directly translating the
qualitative game description into a formula can create an overly
simple and overgeneralized formula that may represent much more
than is intended. Finally, it illustrates the consequences of this
confusion with a case from the literature in which overgeneralizing
the formal representation of certain continuous games leads to
errors in classifying which game is actually being modeled.
2. Discussion

2.1. Discrete 2-player games

2�2 discrete games are those in which two players i and j play
strategies x and y respectively. Each must choose its strategy from
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Fig. 1. Partition of the S–T plane into different 2�2 games, which are determined

by the ranking of R, T, S, and P. For example the prisoners dilemma is defined as

T4R4P4S. Here, two payoffs are fixed at R¼1 and P¼0 so that 12 different

games arise by varying the remaining payoffs S and T, many of which have been

named and studied. Adapted from Hauert (2001) and Stark (2010).
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two options {m, n}, so that xA{m, n} and yA{m, n}. This leads to
four possible outcomes, each of which is denoted by a different
payoff to player i in the following payoff matrix:

P xð Þ ¼
x¼m

x¼ n

R S

T P

� �y¼m y¼ n

ð1Þ

By convention, the payoffs associated with the four possible out-
comes are denoted by R, T, P, and S and different games arise
depending on the ordering of the four payoffs. For instance, when
R4T4P4S, the players are engaged in the stag hunt game (Fig. 1).

However, the usefulness of binary choice models may be
limited when studying complex behavior and continuous choice
models offer a more realistic representation of real-world strate-
gic dilemmas. This shift requires that a game where players
choose between two discrete alternatives xA{m, n} be converted
to a game where players choose from continuous xA[m, n]. This
likewise replaces the set of four possible outcomes with an
infinite set of potential outcomes.

2.2. The continuous prisoners dilemma and snow drift games

We now address the confusion that may arise when attempting
to extend discrete games to continuous space. Building on earlier
work (Killingback and Doebeli, 2002; Killingback et al., 1999;
Doebeli, Hauert and Killingback (2004), hereafter DHK, present
continuous versions for two of the most well-studied 2-player
games, the prisoners dilemma (T4R4P4S) and the snowdrift game
(T4R4S4P). DHK define the 2-person continuous prisoners
dilemma as

PðxÞ ¼ BðyÞ2CðxÞ ð2Þ

and the 2-person continuous snowdrift game as

PðxÞ ¼ B xþyð Þ2CðxÞ ð3Þ

where B is a benefit function and C is a cost function1 . These
1 Though DHK use P to denote payoffs, P is used in this paper to avoid

confusion with the ordinal payoff matrix in Eq. (1). Otherwise, formulae corre-

spond exactly to those presented in DHK.
definitions arise from qualitative descriptions of each game, particu-
larly that a player in the prisoners dilemma does not share in his own
donation but that a player in the snowdrift game does.
The use of (2) and (3) to represent the prisoners dilemma and snow
drift games respectively has been widely adopted and several studies
rely on the assumption that the above formulae describe their
respective games as intended (e.g. Anne-Ly et al., 2010; Doebeli and
Hauert, 2005; Jiménez et al., 2009; McNamara et al., 2008; Zhong
et al., 2008).

However, as demonstrated below, (2) and (3) can represent
not only several different games but they may also represent the
exact same game. Though an important step towards developing
a comprehensive framework, these continuous game definitions
are too generalized to uniquely define one specific game. As the
case study in this paper shows, experimental results using either
(2) or (3) may have actually been derived using games other than
those intended by the experimenter.
2.3. The public goods game: where does it fit?

To better examine DHK’s definitions, we turn to a continuous
game known as the N-person continuous public goods game
(Deng and Chu, 2011), or PGG, which is an instance of
the N-person prisoners dilemma (Schofield, 1977). In the
PGG, each player is given an endowment e and plays a strategy
xA[0, e], representing the player’s contribution to a public good
pool. The pool is then multiplied by a cooperative enhancement
factor rA(1, N) and distributed evenly among all N players,
regardless of their level of contribution. Thus, the payoff to player
i in a PGG is

P xið Þ ¼
1

N
r
XN

j ¼ 1

xjþ e�xið Þ; rA 1,Nð Þ ð4Þ

Because the endowment is somewhat arbitrary, it may be ignored
(let e¼0) for the sake of clarity so that

P xið Þ ¼
1

N
r
XN

j ¼ 1

xj�xi ð5Þ

To correctly determine which game is actually represented by
(5) we further simplify the analysis by reducing the game to two
players, i and j, playing strategies x and y respectively, and by
restricting the strategy choices to xA[0, 1] and yA[0, 1]. The
payoff to i then is

P xð Þ ¼
r

2
xþyð Þ�x; xA 0,1½ �, yA 0,1½ � ð6Þ

Because discrete 2�2 games are classified by the ordering of
payoffs in (1), a difficulty arises when attempting to classify a
continuous function in the same manner. How does one use (1) to
rank the possible outcomes of a single function of two continuous
choices presented in (6)? One method is to recognize that the
discrete version of a game is a special case of its continuous
version (Zhong et al., 2012), and to evaluate the four points at
which the continuous and discrete versions of a game intersect.
We may then verify that the ordering of payoffs at these end-
points is consistent between the discrete and continuous versions
of a game. This is accomplished by calculating payoffs at the
endpoints of the allowable range of strategy choices for each
player (see also Verhoeff, 1998). For example, when xA[0, 1], we
determine the game represented by (6) by evaluating i’s 2�2
payoff matrix at full cooperation (x¼1) and full defection (x¼0)



Table 1
Determination of which game is being played using DHK’s quadratic benefit and cost functions and several coefficient sets. Payoffs in the 2-player PGG (6) are calculated

using r¼1.5.

DKH simulation Coefficients used Payoffs Payoff order Game

b2 b1 c2 c1 R T S P

A �1.4 6 �1.6 4.56 3.4 4.6 1.6 0.0 T4R4S4P Snow drift

B �1.5 7 �1 4.6 4.4 5.5 1.9 0.0 T4R4S4P Snow drift

C �0.5 3.4 �1.5 4 2.3 2.9 0.4 0.0 T4R4S4P Snow drift

D �1.5 7 �1 8 1.0 5.5 �1.5 0.0 T4R4P4S Prisoners dilemma

E �1.5 7 �1 2 7.0 5.5 4.5 0.0 R4T4S4P Harmony

Additional models

PGG (6) 0 0.75 0 1 0.5 0.8 �0.3 0.0 T4R4P4S Prisoners dilemma

Stag hunt 1.5 �1 1 1 2.0 0.5 �0.3 0.0 R4T4P4S Stag hunt
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for each player

P xð Þ ¼
x¼ 1

x¼ 0

r�1 r
2�1

r
2 0

 !y¼ 1 y¼ 0

, ð7Þ

and ordering the resulting payoffs. When rA(1, 2), as required by
the definition of a PGG, the payoffs in (7) satisfy the inequality

r

2
4r�1404

r

2
�1 ð8Þ

Or using the payoff representations from (1) T4R4P4S.
Recall that this particular ordering of payoffs defines a prisoners
dilemma and therefore the PGG in (6) is correctly classified as a
continuous prisoners dilemma, as is its N-person version in (4).

Having confirmed that (6) is a prisoners dilemma we seek to
confirm that it adheres to the prisoners dilemma as defined by
(2). Through simple rearrangement (6) may be stated as

P xð Þ ¼
r

2
y� 1�

r

2

� �
x ð9Þ

This is indeed an instance of (2) in which B(y)¼ry/2 and
C(x)¼(1�(r/2))x. Therefore, (6) is an instance of the continuous
prisoners dilemma, as defined by DHK, with linear cost and
benefit functions. However, as written, (6) is an instance
of (3) in which B(xþy)¼(r/2)(xþy) and C(x)¼x. Thus (6)
is also the continuous snowdrift game as defined by DHK. This
is clearly inconsistent as the PGG cannot simultaneously be a
prisoners dilemma and a snowdrift game. In fact, not only can
both (2) and (3) represent the prisoners dilemma, in truth
they are so general that each can represent many different 2-
player games.

This confusion is not restricted to the 2-player versions of the
games in question. When the N-player PGG in (5) is presented as
the difference between a benefit function B(x) and a cost function
C(x), it may be stated as

P xið Þ ¼
1

N
B
XN

j ¼ 1

xj

0
@

1
A�C xið Þ, ð10Þ

where B(x)¼rx and C(x)¼x. This exact formula is identified by
DHK (SOM, p. 4) as the N-person continuous snowdrift game. Yet
we have already established that (4) is a prisoners dilemma.
Potential inconsistencies like this must be addressed in develop-
ing a generalized continuous function for simultaneously analyz-
ing multiple 2-player games. Such a function is critical in order to
move from an analysis of discrete game space with binary
decisions to a continuous analysis of the same space.
2.4. Confusion in practice: a case study

To examine the implications such misclassifications may have,
we revisit the five simulations of the continuous snowdrift g
ame presented in DHK. Using the validation method for contin-
uous games presented above we determine whether the simu-
lated games are actually the snowdrift game. DHK define their
snowdrift game by implementing (3) with quadratic benefit and
cost functions

BðxÞ ¼ b2x2þb1x and CðxÞ ¼ c2x2þc1x ð11Þ

When played between two players using strategies x and y

respectively, (3) expands to

PðxÞ ¼ b2x2þ2b2xyþb2y2þb1xþb1y�c2x2�c1x ð12Þ

Evaluating this function as in (7) at full cooperation and full
defection yields

P xð Þ ¼
x¼ 1

x¼ 0

4b2þ2b1�c2�c1 b2þb1�c2�c1

b2þb1 0

 !y¼ 1 y¼ 0

, ð13Þ

To determine the nature of the game represented by (12)
we evaluate (13) for a given set of coefficients {b2, b1, c2, c1} and
examine the order of payoffs. Table 1 presents results of this
technique for DHK’s five simulations of their continuous
snowdrift game (p. 860, Fig. 1), each of which used a different
set of coefficients. Additionally, coefficients are listed that
recreate the 2-person PGG in (6) and confirm that it is a prisoners
dilemma. Finally, a set of coefficients is introduced that results in
the stag hunt game, demonstrating how easily an entirely
different game may arise by simply manipulating the model’s
parameters.

Results presented in Table 1 reveal that DHK’s simulations D
and E do not model the snowdrift game as the authors intended.
In experiment D, P4S indicates their parameters actually created
a prisoners dilemma. Not surprisingly, simulation D evolved to
100% defection. In simulation E, R4T indicates a harmony game
(Hauert, 2001) and again the result of 100% cooperation is
expected. Thus the authors have presented a continuous function
which is only a snowdrift game for certain coefficient values; at
other values their function models other games. This discrepancy
is representative of the potential problems when attempting to
extend 2�2 discrete games to continuous functions and high-
lights the need for a rigorous framework for their study.

3. Summary and future directions

The aim of this paper has not been to point out errors in any
single study but to draw attention to the shortcomings of a
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particular continuous game framework before it becomes widely
adopted. The broader goal is to focus efforts on developing a
continuous version of the discrete framework presented in Fig. 1.
Such a framework is imperative for studying settings where
multiple continuous games may be in play and for understanding
the effects of transitioning from one game to another.
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