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Abstract— The coverage and connectivity problem in
sensor networks has received significant attention of the
research community in the recent years. In this paper, we
study this problem for sensors deployed in temperature
sensitive environments. This paper is motivated by the
issues encountered during deployment of bio-sensors in
a human/animal body. Radio transmitters during oper-
ation dissipate energy and raise the temperature of its
surroundings. A temperature sensitive environment like
the human body can tolerate such increase in temperature
only up to a certain threshold value, beyond which serious
injury may occur. To avoid such injuries, the sensor
placement must be carried out in a way that ensures the
surrounding temperature to remain within the threshold.
Using a thermal model for heat distribution from multiple
heat sources (radio transmitters), we observed that if the
sensor nodes are placed sufficiently apart from each other,
then the temperature of the surrounding area does not
exceed the threshold. This minimum separation distance
constraint gives rise to a new version of the sensor coverage
problem that has not been studied earlier. We prove that
both the optimization version and the feasibility version
of the new problem are NP-complete. We further show
that an ε-approximation algorithm for the problem cannot
exist unless P = NP. We provide two heuristic solutions for
the problem and evaluate the efficacy of these solutions
by comparing their performances against the optimal
solution. The simulation results show that our heuristic
solutions almost always find near optimal solution in a
fraction of the time needed to find the optimal solution.
Finally, an algorithm for forming a connected sensor
network with minimum transmission power in such a
scenario is provided.

I. I NTRODUCTION

A biomedical sensor is a device, which is implanted
in a human or animal body to monitor and transmit
biological information such as retinal pressure [1], oxy-
gen level on the surface of exteriorized tissues [2]

etc. Recently, there has been an immense interest in
new sensing, monitoring, wearable wireless devices and
sensor networks for healthcare and clinical applications.
This increased interest and importance of the emerging
field is demonstrated by the successful conclusion of
the third IEEE International Workshop on Wearable and
Implantable Body Sensor Networks [3]. Among many
other applications of biomedical sensor networks, the
one that pertains toartificial retina [4] deserves special
attention. The authors in [5] note that “organs that are
especially sensitive to any temperature increase due to a
lack of blood flow to them are prone to thermal damage
(e.g., lens cataracts)”. The authors in [6] also emphasize
on the importance of considering possible health hazards
for individuals exposed to EM field and identify the EM
field values that is safe for human body. The authors
in [1] note that heat build-up from the sensor electronics
can jeopardize the implantation of the sensor, as elevated
temperature may cause infection, especially when the
implanted sensor becomes a haven for bacteria.

An example of a bio-medical sensor network currently
used in clinical situations [7] is shown in figure 1.
As seen in the figure, the geodesic Sensornet has a
large number of wires connecting the sensors to the
controller. This situation is clearly unwieldy. Efforts are
currently underway to replace the wired sensor network
by a wireless one in many universities and research
laboratories. The formation of a network with implanted
sensors on human or animal body poses a number of
challenges. Firstly, the biomedical sensors cannot be
implanted in any arbitrary location of the body. The
placement of the sensors has to be confined within a
set of potential locations. Secondly, the placement must
be done in such a way that the increase in temperature
due to the operation of the sensors (radio transmitters) is
within an acceptable limit. Although such implantation
poses many challenges, the researchers in our bioengi-
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neering department have already implanted such sensors
in monkey brain. It is anticipated that such implantations
will become fairly regular in the next few years.

Although the coverage and connectivity problems in
sensor networks have received considerable attention
from the research community in recent years [8]–[13],
to the best of our knowledge, sensor placement and
coverage problems for a temperature sensitive environ-
ment have not been studied earlier. Clearly, the area
surrounding the location of a sensor will observe an
increase in temperature due to the operation of the
sensor and its radio transmitter. However, increase in
temperature in such sensitive areas cannot be allowed
to exceed a specified threshold. The introduction of this
thermal constraint makes the coverage problem alone
considerably more complex than similar problems stud-
ied in [8], [10], [12].

In the sensor network literature, there exists two differ-
ent versions of the coverage problem [11]. In theregion-
coverageversion, the problem is to find the optimal
placement of the sensors so that the given region(s) of
interest can be sensed. On the other hand in thepoint-
coverageversion, the problem is to find the optimal
placement of the sensors so that a set of pre-specified
points can be sensed. The version of the coverage
problem discussed in this paper is different from either
the region-coverage or the point-coverage problem. New
constraints are imposed due to the fact that (i) the sensors
cannot be placed in any arbitrary location if the sensing
region happens to be the human/animal body and (ii) the
sensors cannot be placed very close to each other as the
increase in temperature due to their joint operation may
exceed the acceptable threshold temperature and cause
thermal impairment.

Fowler et. al. in [14] showed that sensor coverage
problems are NP-complete. Hochbaum in [15] developed
approximation schemes for these NP-complete problems.
Coverage and connectivity problem was studied in an
integrated fashion in [10], [12], [13]. The authors in
[12] presented a Coverage Configuration Protocol that
provides different degrees of coverage depending on the
needs of the applications and explored the relationship
between coverage and connectivity. Abramset. al. in [8]
developed a strategy for energy efficient monitoring of
wireless sensor networks.

In this paper, we present our findings on the placement
and coverage problem for medical bio-sensors implanted
in human/animal body. We thoroughly analyzed the
heat distribution phenomenon in a temperature sensitive
environment like human body. Our analysis indicates that
even if the temperature increase due to the operation of
an isolated sensor remains below the allowable thresh-

Fig. 1. Geodesic Sensor Network for measurement of EEG

old, the surrounding temperature can still exceed the
threshold if multiple sensors operate at close proximity
of one another. However, if the sensors are placed
sufficiently apart from each other (beyond a critical
separation distance), then the temperature increase will
remain below the threshold. Due to the page limitations
and the focus of this conference, detailed discussion
on the heat transfer process in the human body is not
included in this paper. Interested readers are referred to
our report [16]. The main conclusion of our heat transfer
analysis is the following:There exists a critical inter-
sensor distance,dcr, such that if the distance between
any two deployed sensors is less thandcr, then the
temperature in the vicinity of the sensors exceeds the
maximum allowable temperatureTthreshold. Therefore,
attention must be paid during sensor deployment to
ensure that the distance between any two sensors is at
least as large asdcr.

This conclusion from our thermal analysis leads to
the formulation of a new version of the sensor coverage
problem. In this version, one would like to find out
the fewest number of sensors that have to be placed
in the region of interest, such that (i) the entire region
of interest is sensed and (ii) the distance between any
two sensors is at least as large as the critical separation
distance. The introduction of the requirement (ii) adds a
new dimension to the sensor coverage problem resulting
in additional complexity.

The contributions of this paper are as follows:

1) We introduce a new version of the placement and
coverage problem for sensors in a temperature
sensitive environment.

2) We prove that both the optimization version and
the feasibility version of the new problem are NP-
complete.

3) We show that anε-approximation algorithm for the
problem cannot exist unless P = NP.

4) We provide an integer linear programming formu-
lation for the optimal solution of the problem.

5) We provide two heuristic solutions for the problem
and evaluate the efficacy of these solutions by
comparing their performances against the optimal
solution. The simulation results show that our
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heuristic solutions almost always find near optimal
solution in a fraction of the time needed to find the
optimal solution.

6) We also propose an algorithm to maintain a con-
nected network with the required coverage in such
temperature sensitive environments.

Before proceeding further into the details of our work,
we would like to draw the reader’s attention on three
points regarding the results presented in this paper.
Firstly, in our simulation experiments, we have assumed
a circular sensing region associated with each sensor.
However, the heuristic solutions proposed in this paper
do not assume the sensing region to be circular and
can be used with any irregular shaped sensing region.
Secondly, although the problem studied in this paper
was motivated by an application of sensors in a tem-
perature sensitive environment, our results are equally
applicable in other domains that have a requirement for
a minimum separation distance between any sensor node
pair. Finally, we point out that due to the minimum
separation distance constraint, performance bound of the
form (O(log N)) given in [10] for the connected sensor
cover problem cannot be obtained for this problem unless
P = NP.

II. PROBLEM FORMULATION FOR SENSOR

COVERAGE

In the sensor placement and coverage problem dis-
cussed in this paper, we have (i) a set of locations (or
pointspi) to be sensed, (i) a set of potential locations (or
pointsqi) for placements of sensors and (iii) a minimum
separation distance (dcr) between each pair of sensors.
The goal is to deploy as few sensors as possible in
potential placement locations such that all pointspi are
sensed and no two sensors are closer thandcr. Like most
of the previous studies in this area [9], [11], [13], we
assume that each sensor is capable of sensing a circular
area (disk) of radiusrsen with the location of the sensor
being the center of the circle. We assume that the sensing
radius of all the sensors are identical. An example of
the coverage problem is shown in figure 2, where the
circular nodes represent the points to be sensed (blue
points), the square nodes represent the potential locations
of the sensors (green points) and circles represent the
area sensed by the sensor located at the center of the
circle. A line connecting two square nodes indicates that
the distance between them is less than the minimum
separation distancedcr and a sensor can be deployed
in at most one of these two locations. A solution to the
problem consists of selecting the locations b, c, d, f, g
for sensor deployment whose coverage is shown by the

shaded region in the figure. It may be noted that no two
nodes in this set have a line between them, indicating
that the distance between them is at least as large asdcr.
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Fig. 2. Potential sensor locations, sensing points and sensing disk

Formally, the decision version of our sensor coverage
problem can be stated as follows:
Problem 1: Sensor Coverage Problem (SenCov)
INSTANCE: Given (i) a set of pointsP = {p1, . . . , pm}
to be sensed (we will refer to these points asbluepoints)
(ii) a set of pointsQ = {q1, . . . , qn}, the potential
placement locations of the sensors (we will refer to these
points asgreenpoints)
(iii) sensing radiusrsen of the sensors
(iv) critical separation distancedcr

(v) an integerK
QUESTION: Is there a subsetQ′ ⊆ Q, such that
(i) |Q′| ≤ K,
(ii) ∀pi ∈ P , ∃qj ∈ Q′ such thatdist(pi, qj) ≤ rsen,
(iii) ∀qi, qj ∈ Q′, dist(qi, qj) ≥ dcr

where dist(x, y) represents the Euclidean distance be-
tween the pointsx andy.

In the optimization version of the problem, the input
does not have the parameterK and the objective is to
find the smallestK such that the conditions (ii) and (iii)
are satisfied.

A. Sensor Coverage as Generalized Set Cover Problem

It may be noted that the sensor coverage problem
described above can be viewed as a generalized version
of the set coverproblem as well as theindependent set
problem [17]. These two problems have been studied
extensively. However, to the best of our knowledge, the
generalized version of the problems as presented in this
paper have not been studied before.

The sensor coverage problem can be transformed to
the generalized set coverage in the following way. Each
blue point pi in the instance of the sensor coverage
problem can be viewed as the elementsi to be covered in
the instance of the set cover problem. Corresponding to
green pointqj in the instance of the the sensor coverage
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problem, we can construct a subsetSj in the instance of
the set cover problem. The setSj will comprise of the
elementssi, if the dist(pi, qj) ≤ rsen. The generalized
version of the set cover introduced in this paper also has
a notion of aa collection of incompatible subsets. Two
subsetsSi and Sj are said to beincompatible, if the
Euclidean distance between the corresponding pointsqi

and qj is less than the critical separation distancedcr.
Otherwise, the subsetsSi andSj arecompatible.

The generalized set cover problem is specified as
follows:
Problem 2: Generalized Set Cover Problem (GSC)
INSTANCE: (i) a set of elementsS = {s1, . . . , sm},
(ii) a collection of subsetsSi ⊆ S,S = {S1, . . . , Sn},
(iii) a collection of tuples of incompatible subsets
INC = {(Si1 , Sj1), (Si2 , Sj2), . . . , (Sit

, Sjt
)}

(iv) an integerK
QUESTION: Is there a subsetS ′ ⊆ S, such that
(i) |S ′| ≤ K
(ii) ∀si ∈ S, ∃Sj ∈ S ′, such thatsi ∈ Sj ,
(iii) if Si, Sj ∈ S ′ then (Si, Sj) 6∈ INC.

B. Sensor Coverage as Generalized Independent Set
Problem

The Sensor Coverage problem can also be viewed as
a generalization of the Independent Set problem [17].

The sensor coverage problem can be transformed to
the generalized independent set problem in the following
way. From an instance of the sensor coverage problem,
we can construct a graphG = (V, E) where each node in
V represents a green pointqi and two nodesvi, vj ∈ V
have an edge between them if the distance between the
corresponding pointsqi and qj is less than the critical
separation distancedcr. In addition, with each nodevi ∈
V , we associate a list of blue pointspj . A blue pointpj

will be in the list associated the nodevi (representing
a green pointqi), if and only if the Euclidean distance
between the pointspj and qi is less than the sensing
radiusrsen. The generalized independent set problem is
specified as follows:
Problem 3A: Generalized Independent Set Problem
(GIS)
INSTANCE: (i) a graphG = (V, E)
(ii) a set of elementsA = {a1, . . . , am} and
(iii) a subsetAi ⊆ A associated with each nodevi ∈ V .
We will refer to the subsetAi as list associated withvi

and will denote it byL(vi). We assume∪vi∈V L(vi) = A.
(iv) an integerK.
QUESTION: Is there an independent setV ′ in the graph
G = (V, E) such that
(i) |V ′| ≤ K and
(ii) ∪vi∈V ′L(vi) = A

C. Feasibility issue in GSC and GIS Problems

In section II-B, we formulated the SenCov problem as
the GSC problem. In the optimization version of the GSC
problem, the goal is to find the smallest subsetS ′ ⊆ S,
such that (i)∀si ∈ S, ∃Sk ∈ S ′, such thatsi ∈ Sk and (ii)
if Si, Sj ∈ S ′ then(Si, Sj) 6∈ INC. Since the optimiza-
tion version of the SC problem is NP-complete [17], and
GSC reduces to SC whenINC = ∅, we can conclude
that the GSC is also NP-complete. This conclusion leads
us to look for approximation algorithms for GSC with
guaranteed performance bound, especially because it is
well known that such approximation algorithms with
guaranteed performance bound exists for SC [15]. It may
be noted however that although the problems SC and
GSC are very similar, they have a major difference. To
illustrate the point, we introduce thefeasibility version
of the SC (SCF) and GSC (GSCF) problems. The SCF
and GSCF problems are special cases of the SC and
GSC problems respectively, whenK = ∞. In a similar
fashion, we can consider thefeasibility version of the
GIS (GISF) and SenCov (SenCovF) problems as special
cases of the GIS and SenCov problems respectively,
whenK = ∞.

It may be noted that the SCF problem can be solved
easily by including in the setS ′ all the elements of
the setS and checking if it covers all the elements of
the setS. However, GSCF cannot be solved in such a
trivial fashion because of the incompatibility among the
elements of the setS. In fact, in the next section we show
that the GISF problem (and equivalently the GSCF and
SenCovF problems) is NP-complete.

The NP-completeness of GISF (together with equiva-
lent GSCF and SenCovF) problem puts a brake on our
attempt to develop an approximation algorithm for the
GSC problem with a guaranteed performance bound. In
order to avoid the problem, we introduce a modified
version of the GIS problem (GISM) whose goal is to find
the smallest independent setV ′, whose|∪vi∈V ′ L(vi)| is
the largest. Informally, the goal of the GISM problem is
to find an independent set that covers the largest number
of blue points (points to be sensed) with smallest number
of green points (sensors). It may be noted that unlike the
GISF problem, feasibility is not an issue for the GISM
problem. Before we formally define the GISM problem,
we introduce the notion ofcostof an independent setV ′

as follows:
C(V ′) = (| ∪vi∈V L(vi)| − | ∪vi∈V ′ L(vi)| + α) × |V ′|,
whereα is a number much smaller than1/n. (note:V
is the set of nodes in the graph with|V | = n, V ′ is an
independent set.α is introduced to handle the case when
| ∪vi∈V L(vi)| = | ∪vi∈V ′ L(vi)|)
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Problem 3B: Generalized Independent Set Problem
(Modified) (GISM)
INSTANCE: (i) a graphG = (V, E), (|V | = n)
(ii) a set of elementsA = {a1, . . . , am} and
(iii) a subsetAi ⊆ A associated with each nodevi ∈ V
We will refer to the subsetAi as list associated withvi

and will denote it byL(vi). We assume∪vi∈V L(vi) = A.
In the optimization version of the GISM problem we
try to find an independent setV ′ whose costC(V ) is
the smallest and in the decision version of the problem,
we ask if there exists an independent setV ′ whose cost
C(V ) is less than 1. Formally,
QUESTION: Is there an independent setV ′ in the graph
G = (V, E) whosecost is less than 1 (i.e.,C(V ′) < 1)?

III. C OMPUTATIONAL COMPLEXITY OF THE SENSOR

COVERAGE PROBLEM

In this section, we first show that the GISF problem
is NP-complete.
Theorem 1: The GISF problem is NP-complete.

Proof: We give a transformation from the 3-
Satisfiability (3-SAT) problem [17]. It may be noted
that an instance of the 3-SAT problem is made by a
set of variablesU = {u1, . . . , ug} and a set of clauses
C = {c1, . . . , ch} and want to find out if there is a truth
assignment to the variables inU such that all the clauses
in the setC are satisfied?

From an instance of the 3-SAT problem, we generate
an instance of the feasibility version of the GISF problem
and show that the GISF problem has a feasible solution,
if and only if the instance of the 3-SAT problem is satis-
fiable. The graph in the instance of GISF is constructed
in three phases.
Phase I:For each variableui ∈ U , we construct part of
the graphG by introducing two nodesVi = {ui, ūi} and
one edgeEi = {{ui, ūi}}, that is two nodes joined by a
single edge. Each node in the instance of GIS will have
a list of elements associated with it. In the instance we
are creating, the list of elements associated with both
the nodesui and ūi will contain a single elementxi,
i.e., L(ui) = L(ūi) = {xi}. It may be noted that any
independent set will contain at most one node from the
set{ui, ūi}.
Phase II: For each clausecj ∈ C, we construct a part
of the graph with three nodes and three edges.
V ′

j = {a1[j], a2[j], a3[j]}
E′

j = {{a1[j], a2[j]}, {a1[j], a3[j]}, {a2[j], a3[j]}}
In addition, we assignL(a1[j]) = L(a2[j]) = L(a3[j])

= {yj}.
It may be noted that an independent set will contain at
most one node from the set{a1[j], a2[j], a3[j]}.

Phase III: For each clausecj ∈ C, let the three literals
in cj be denoted bycj1 , cj2 , cj3 . In this phase, we do
not introduce any nodes, but introduce three additional
edges, corresponding to each clausecj .
E′′

j = {{a1[j], cj1}, {a2[j], cj2}, {a3[j], cj3}}
This concludes the construction of our instance of the

GIS, with graphG = (V, E), where
V = (∪g

i=1
Vi) ∪ (∪h

j=1
V ′

j ) and
E = (∪g

i=1
Ei) ∪ (∪h

j=1
E′

j) ∪ (∪h
j=1

E′′

j )
whereg andh corresponds to the number of variables

and clauses of the instance of the 3-SAT problem respec-
tively. The instance of the graphG = (V, E) constructed
using the rules specified above will have2g + 3h nodes
and g + 6h edges. Figure 3 shows the instance of the
GISF constructed from an instance of 3-SAT whereU =
{u1, u2, u3, u4} andC = {{u1, ū3, ū4}, {ū1, u2, ū4}}. It
may be noted that this construction can be completed in
polynomial time.
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Fig. 3. Instance of the GISF constructed from an instance of 3-SAT
whereU = {u1, u2, u3, u4} andC = {{u1, ū3, ū4}, {ū1, u2, ū4}}

Claim 1: The instance of the 3-SAT problem has a
satisfying truth assignment if and only if the instance of
the the GISF has a feasible solution.

Definition: The node coverof a graphG = (V, E) is
a subsetV ′ ⊆ V , such that all edges inE have at least
one end point in the setV ′.

As a step towards showing that the instance of the 3-
SAT problem has a satisfying truth assignment if and
only if the instance of the the GISF has a feasible
solution, we first establish that the instance of the 3-
SAT problem has a satisfying truth assignment if and
only if the instance of the the GISF has a node cover of
size at mostg + 2h.

Claim 2: The instance of the 3-SAT problem has a
satisfying truth assignment if and only if the instance of
the the GISF has a node cover of size at mostg + 2h.
Moreover, this node cover must contain exactly one node
from eachVi, 1 ≤ i ≤ g and exactly two nodes from each
V ′

j , 1 ≤ i ≤ h.
Proof of Claim 2:The proof of this claim is given in

[17] (pages 54-56) and is not repeated here for brevity.
Proof of Claim 1:In any graphG = (V, E), if V ′ is a

node cover, thenV − V ′ must be an independent set. If
the instance of the GISF has a node cover of sizeg+2h
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that contains exactly one node from eachVi, 1 ≤ i ≤ g
and exactly two nodes from eachV ′

j , 1 ≤ i ≤ h, then
the instance of the GIS must also have an independent
set of sizeg + h that contains exactly one node from
eachVi, 1 ≤ i ≤ n and exactly one node from each
V ′

j , 1 ≤ i ≤ m. It can be easily verified that the union
of the lists associated with the nodes belonging to this
independent set will be equal to∪g

i=1
xi ∪ ∪h

i=1
yi. This

independent set thus constitutes a feasible solution for
the GISF. Thus we can conclude that if the instance of
the 3-SAT problem has a satisfying truth assignment, the
instance of the GISF problem has a node cover of size
g+2h, which in turn implies that there is an independent
set of sizeg+h and the union of the lists associated with
the nodes in this independent set is equal to∪g

i=1
xi ∪

∪h
i=1

yi.
Conversely, if the instance of the 3-SAT problem

has no satisfying truth assignment, then the size of the
smallest node cover in the instance of the GISF problem
is greater thang + 2h. This implies that in the instance
of the GISF problem, size of the smallest independent
set is smaller thang + h. It may be observed that
the union of the list associated with the nodes of an
independent set of size smaller thang + h cannot be
equal to∪g

i=1
xi ∪ ∪h

i=1
yi. Thus, if the instance of the

3-SAT problem has no satisfying truth assignment, the
instance of the GISF problem has no feasible solution.
Theorem 2: The GISM problem is NP-complete.
Proof: The transformation is from the GISF problem.
The instance of the GISM problem constructed is exactly
the same as the instance of the GISF problem. It is not
difficult to verify that the instance of the GISF problem
will have an independent setV ′ in the graphG = (V, E)
such that∪vi∈V ′L(vi) = A, if and only if the instance
of the GISM problem has an independent setV ′ whose
cost is less than 1. This proves that the GISM problem
is also NP-complete.

A. Hardness of approximation of the GISM problem

In this subsection we show that no polynomial time
ε-approximation algorithm [17] can be developed for the
GISM problem unlessP = NP .
Theorem 3: Unless P = NP, noε-approximation algo-
rithm exists for the GISM problem withε ≤ 1

nα
(α is a

number much smaller than1/n).
Proof: Suppose that there exists a polynomial timeε-
approximation algorithmAPP for the GISM problem
with ε ≤ 1

nα
. This implies that for any instanceI of the

GISM problem, ratio between the approximate solution
for the instanceI, APP(I), and the optimal solution,
OPT (I), is bounded byε.

Claim: If there exists a polynomial timeε-approximation
algorithm APP for the GISM problem withε ≤ 1

nα
,

then the GISF problem (proven to be NP-complete
earlier) can be solved in polynomial time.

The optimization version of the GISM problem finds
an independent setV ′ of minimum costC(V ′). The
approximation algorithmAPP returns an independent
setV ′′ with a cost valueC(V ′′). If C(V ′′) < 1, we know
that the instance of the GISF problem has an independent
set V ′′ such that∪vi∈V ′′L(vi) = A. If C(V ′′) > 1,
we know that the instance of the GISF problem has no
independent setU such that∪vi∈UL(vi) = A.

The reason for the last statement is the follow-
ing. Suppose (if possible)C(V ′′) returned by theε-
approximation algorithm APP (withε ≤ 1

nα
) is greater

than 1, but the instance of the GISF problem has an
independent setV ′ such that∪vi∈V ′L(vi) = A. If the
instance of the GISF problem has an independent setV ′

such that∪vi∈V ′L(vi) = A, then the optimal algorithm
OPT would have returned an independent set with cost
at most nα, where n is the number of nodes in the
graphG = (V, E) andα is a number much smaller than
1/n. In this case, the ratio between the objective value
returned by the approximate algorithm APP (greater
than 1) and the objective value returned by the optimal
algorithm OPT (at mostnα), is not bounded byε as
ε ≤ 1

nα
, contradicting the existence anε-approximation

algorithm.

IV. OPTIMAL SOLUTION FOR THESENSOR

COVERAGE PROBLEM

From the discussion in section 2, it is clear that the
Sensor Coverage problem is equivalent to Generalized
Set Cover problem. The optimal solution for the Gener-
alized Set Cover problem can be obtained by solving an
Integer Linear Program (ILP). The ILP formulation of
the GSC problem is given below.

From an instance of the GSC, first construct an × k
matrix A whose entries are either 0 or 1.A(i, j) = 1 if
the elementsi is a member of the subsetSj , otherwise
A(i, j) = 0.

We will use an indicator vectorx = {x1, . . . , xk}T

to indicate if the subsetSi is in the final solution set
S′ or not. Accordingly,xi = 1 iff Si ∈ S′ and xi = 0
otherwise. The ILP formulation of GSC is
Minimize

∑n
i=1

xi, subject to the constraints
(i) Ax ≥ 1, and
(ii) ∀xi, xj , xi + xj ≤ 1 if (Si, Sj) ∈ INC.

The optimal solution to the GISM problem can
be found by solving the following integer non-linear
(quadratic) programming problem. Corresponding to ev-
ery nodevi, we will have one binary variablexi. The
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variablexi takes value1, if vi is part of the independent
setV ′ and 0 otherwise. Corresponding to every element
ai ∈ A, we will have one binary variableyi. The variable
yi takes value1, if ai ∈ L(vi) and vi is part of the
independent setV ′. The variableyi is 0 otherwise. The
IQP for the GISM is the following:
Minimize (m − ∑m

i=1
yi + α) × (

∑n
i=1

xi) (α is a
number much smaller than1/n), subject to the following
constraints
(i)

∑n
i=1

xi ≥ 1
(ii) ∀i, j, xi + xj ≤ 1 if (vi, vj) ∈ E.
(iii) ∀i, yi ≤

∑
vi∈Vi

xi whereVi = {vi : ai ∈ L(vi)}.
(iv) ∀i, xi, yi = 0/1.
We can convert the above integer non-linear program-
ming problem to an integer linear problem by introduc-
ing a new binary variablezi,j that is equal to 1 when
xi = 1 and yi = 1, and 0 otherwise. The ILP is given
next.
Minimize (m + α) × (

∑n
i=1

xi) −
∑n

i=1

∑m
j=1

zi,j),
whereα is a number much smaller than1/n.
subject to the following constraints
(i)

∑n
i=1

xi ≥ 1
(ii) ∀i, j, xi + xj ≤ 1 if (vi, vj) ∈ E.
(iii) ∀i, yi ≤

∑
vi∈Vi

xi whereVi = {vi : ai ∈ L(vi)}.
(iv) ∀i, j, xi + yj ≥ 2zi,j .
(v) ∀i, j, xi, yi, zi,j = 0/1.

V. HEURISTICS FOR THESENSORCOVERAGE

PROBLEM

We showed that the Sensor Coverage Problem can
be viewed as a Generalized Set Cover Problem. There
exists a number of heuristic solutions for the Set Cover
problem. We will tailor one such algorithm [18] to suit
our needs to solve the sensor coverage problem stated in
the form of Generalized Set Cover problem. It may be
recalled that the Generalized Set Cover (GSC) Problem
is specified by (i) a set of elementsS = {s1, . . . , sn}, (ii)
a collection of subsetsSi ⊆ S,S = {S1, . . . , Sk}, (iii)
a collection of tuples of incompatible subsetsINC =
{(Si1 , Sj1), (Si2 , Sj2), . . . , (Sit

, Sjt
)} and the goal is to

find the smallest subsetS ′ ⊆ S, such that
(i) ∀si ∈ S, ∃Sk ∈ S ′, such thatsi ∈ Sk and
(ii) if Si, Sj ∈ S ′, then (Si, Sj) /∈ INC. From an
instance of the GSC, we can construct ann × k matrix
A whose entries are either 0 or 1.A(i, j) = 1 if the
element si is a member of the subsetSj , otherwise
A(i, j) = 0. We present two different greedy heuristics
for the solution of the GSC problem. Both the heuristics
select one column after another of matrixA with a goal
of covering the largest number of element of the setS.

It may be noted during execution of the algorithm
each column of matrixA (corresponding to each subset

Algorithm 1 heuristic generalized set cover
1: initialize

Set-of-Free-Columns⇐ {S1, . . . , Sk}
Set-of-Blocked-Columns⇐ ∅
Set-of-Selected-Columns⇐ ∅

2: repeat
3: Find the column with highest selection merit in Set-of-

Free-Columns
4: Identify the set of incompatible columns for this column
5: Move the highest selection merit column to Set-of-

Selected-Columns
6: Move the incompatible columns to Set-of-Blocked-

Columns
7: if addition of this new column to Set-of-Selected-

Columns creates any redundant columnsthen
8: Move the redundant columns to Set-of-Free-

Columns in decreasing order of their redundancy
merit

9: Move the incompatible columns corresponding to
the set of redundant columns from Set-of-Blocked-
Columns to Set-of-Free-Columns

10: end if
11: if all elements of the setS are coveredthen
12: Go to step 21
13: end if
14: if Set-of-Free-Columns is emptythen
15: Go to step 21
16: end if
17: if Set-of-Free-Columns contains only columns with

zero meritthen
18: Go to step 21
19: end if
20: until SetS is coveredor

Set-of-Free-Columns= ∅ or
Set-of-Free-Columns contains only columns with
zero merit

21: print Set-of-Selected-Columns and the elements of the set
S covered by these columns

S1, . . . , Sk) can be in exactly one of the following three
states:selected, blocked, free. A column is classified as
selectedif it is selected by the algorithm to be part
of the cover. A column is classified asblocked if it
is incompatible with a selected column. A column is
free if it is neither selected nor blocked. Thebenefit
associated with a column is measured by the number
of uncovered elements (s1, . . . , sn) (at that time) that
will be covered by the selection of that column. The
penalty associated with a column is measured by the
number of columns that will be blocked (at that time)
by the selection of that column. Both the heuristics use
selection-meritassociated with a column for selecting the
next column to be included in the cover. The selection-
merit of a column used by the first heuristic is the same
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as its benefit value. The selection-merit of a column used
by the second heuristic the ratio of its benefit to penalty,
if penalty is greater than zero. If penalty is equal to zero
the selection-merit is taken to be equal to its benefit.

During each iteration, the algorithm chooses the free
column with the highest selection-merit to be included
in the cover. This column is moved from the set of free
columns to the set of selected columns. If in the set of
free columns, there exists columns that are incompatible
with this selected column, they are moved to the set
of blocked columns. A column in the set of selected
columns may becomeredundant, if addition of a new
column during one iteration renders its presence in the
set of selected columns unnecessary, i.e., all the elements
covered by this column is covered by some other selected
columns. A redundant column is removed from the set
of selected columns and is returned to the set of free
columns. In addition, some of the columns blocked due
to inclusion of this column in the set of selected columns,
may also be returned to the set of free columns at this
time (if they are not blocked by some other columns, still
part of the selected set). Theredundancy-meritof a col-
umn is determined by the number of uncovered elements
that can potentially be covered by the movement of the
set of columns from the set of blocked columns to the set
of free columns. In case of multiple redundant columns,
the one with the highest redundancy merit is removed
first. Redundant columns are removed one after another
until no redundant columns are in the set of selected
columns.

VI. SIMULATIONS RESULTS AND DISCUSSION

We conducted extensive simulations to evaluate the
efficacy of the two heuristics proposed in the section VI
by comparing their performances with the optimal solu-
tion. For the simulation experiments, we generated two
sets of uniformly distributed random points on a plane.
In the absence of the information about the distribution
of these points in practice, we have assumed a random
distribution in our simulations. The first set represents
the points to be sensed (blue points) and the second
represents the potential location of the sensors (green
points). In addition, we generated the sensing radius of
the sensorsrsen and the minimum separation distance
between the sensorsdcr. We are particularly interested
in exploring the impact ofdcr in finding solution to the
GISM problem and its relation withrsen. If dcr = 2rsen,
then we may have a situation where a part of the sensing
region cannot be covered by any sensors. This is depicted
in figure 4(b) where the area enclosed by the three points
where the circles meet cannot be covered by any sensors.
However, as shown in figure 4(a), this problem does not

exist if dcr ≤
√

3rsen. For this reason, in our simulation
experiments we havedcr ≤

√
3rsen.
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√
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Sensor node

Fig. 4. Relationship ofdcr with rsen (a) dcr =
√

3rsen (b) dcr =

2rsen

We conducted the simulation experiments by varying
the minimum separation distance parameterdcr from 0
through 50 while keeping the sensing radius parameter
(rsen) fixed at 30. The number of potential sensor loca-
tions (green points) were considered to be significantly
lower than that of the points to be sensed (blue points).
In our experiments we kept the number of blue points to
be thrice the number of green points. Five data sets (I1
through I5) were generated for each combination of (i)
the number of blue points (B), (ii) the number of green
points (G), (iii)rsen and (iv)dcr. The goal of the optimal
algorithm as well as the two heuristics were to find the
largest number of blue points that can be covered with
the smallest number of green points. It may be noted that
our optimal algorithm is guaranteed to find a solution
that covers all the blue points with the smallest number
of green points (subject to minimum separation distance
constraint), if such a solution exists. The results of our
simulation are presented in table I (next page). It may be
noted that some entries in the table have a number within
parentheses associated with it while many other entries
do not. The implication of an entry (sayX) having no
number within parentheses associated with it is thatX
green points (sensor locations) are sufficient to cover all
(150) blue points. If an entry (sayY ) has a number (say
Z) within parentheses associated with it, it implies that
the largest number of blue points that can be covered is
Z (not 150) and it can be done usingY green points.

The evaluation of the heuristics show that both of
them produce near optimal solution most of the time.
Moreover, they produce such high quality solution in a
fraction of the time needed to find the optimal solution.
While some problem instances needed more than 24
hours of computing time to find the optimal solution on
a Pentium IV machine running CPLEX version8.0, the
heuristics produced near optimal solutions in only a few
seconds. From their performance, we can conclude that
both heuristics are quite effective. Between heuristics 1
and 2, the second heuristic is somewhat more “intelli-
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TABLE I

PERFORMANCE COMPARISON OF OPTIMAL AND HEURISTICS SOLUTIONSWITH B = 150, G = 50AND rsen = 30. (IN THE TABLE, OPT =

OPTIMAL , H1 = HEURISTIC 1, H2 = HEURISTIC 2.)

Data Set 1 Data Set 2 Data Set 3 Data Set 4 Data Set 5
dcr Opt H1 H2 Opt H1 H2 Opt H1 H2 Opt H1 H2 Opt H1 H2

0 6 8 8 7 7 7 6 7 7 6 7 7 7 10 10
5 6 8 8 7 7 7 6 7 7 6 7 7 7 10 10

10 6 8 8 7 7 7 6 7 8 6 7 8 7 10 8
15 6 8 7 7 8 10 6 7 8 6 8 7 7 9 10
20 6 8 8 7 8 9 6 7 7 6 8 9 7 9 8
25 6 8 8 7 7(149) 9 6 7 7 6 8 8 7 8(146) 9
30 6 8 8 7 6(145) 8(149) 6 6(141) 9(144) 6 7 10 7 6(144) 8(147)
35 6 5(143) 7(142) 7 5(142) 7(148) 6 6(130) 6(144) 6 6(145) 7(143) 7(148) 5(141) 6(140)
40 6 5(143) 4(131) 6(149) 5(140) 6(145) 6 5(127) 6(143) 6(148) 5(129) 5(132) 6(147) 5(141) 5(128)
45 6(145) 4(130) 4(99) 6(143) 5(134) 5(140) 6(145) 3(105) 4(114) 6(146) 4(115) 5(130) 5(139) 4(127) 4(120)
50 4(138) 4(128) 4(98) 5(139) 4(121) 4(113) 6(143) 4(111) 4(112) 4(136) 4(115) 4(131) 4(134) 3(112) 4(125)

gent” in the sense that its benefit function not only takes
into account the number of uncovered blue points being
covered by the selection of a green point, but also takes
into account the number of green points that are blocked
from future consideration due to selection of this green
point. However in practice, the seemingly “unintelligent”
heuristic 1 seem to be outperforming heuristic 2 in many
instances. Since this is somewhat counter-intuitive, we
try to explain the phenomenon below.

C
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B

1
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4

5

1
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3
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Node pair within minimum separation distance
Points to be sensed

Potential sensor locations
Sensor locations not selected

Fig. 5. Comparison of Heuristics1 and2

In the example shown in figure 5(a), we havedcr = 15
and rsen = 30. If we use heuristic 1, whose selec-
tion metric is the number of uncovered blue points,
we have Selection-merit(A) = 5, Selection-merit(B) =3,
Selection-merit(C) = 1. So, heuristic 1 chooses the green
point A first, which is enough to cover all the blue
points as shown in 5(b). This is the optimal solution for
this problem instance. However if we use the heuristic
2, whose selection merit is the ratio of the number of
uncovered blue points to the number of green points
blocked, we have Selection-metric(A) = 5/2 = 2.5,
Selection-merit(B) = 3/1 = 3, Selection-metric(C) = 1/1
= 1. In this case, the algorithm will choose green point
B first, which only covers the blue points2, 3 and 4,
and blocks green pointA. Then the only green point
that the heuristic can choose is pointC. This scenario
is depicted in figure 5(c). So, the final solution using
the heuristic 2 will comprise of green pointsB and C
covering only blue points1, 2, 3 and4. The reason why
heuristic 2 fails to find as good a solution as heuristic 1

in this case is the fact that the separation distance (dcr)
is much smaller than the sensing radiusrsen.

It may be recalled that both the heuristics use the
selection-merit to identify the green point to be included
in the cover. In case of heuristic 1, the selection-metric
is equal to the benefit value and in case of heuristic 2,
it is equal to the benefit to penalty ratio. Whenrsen is
much larger thandcr, the benefit associated with a green
point is much larger than the penalty and in such cases
the heuristic 1 seems to be doing better than heuristic 2.
On the other hand whendcr is much larger thanrsen,
the penalty associated with a green point is much larger
than the benefit and in such cases the heuristic 2 seems
to be doing better than heuristic 1. These observations
are consistent with the simulation results.

VII. C ONNECTEDSENSORNETWORK

The previous section presented optimal and heuristic
solutions to find the minimum number of sensors re-
quired to cover a set of points in temperature sensitive
environments. In applications where these sensors are not
directly connected to the controller, they should form
a connected network so that the data sensed by any
sensor can be delivered to the controller (possibly by
multiple hops through other sensor nodes). We provide a
two-phase solution for such applications, where the first
phase optimizes on the coverage (using the heuristics of
the previous section) while the second phase determines
the minimum transmission range necessary so that the
selected sensors can form a connected communication
network. We assume all sensors have same transmission
range and two sensors can communicate if they are
within the transmission range of one another. Since
power consumption of the sensors is directly propor-
tional to the transmission range, we form the connected
communication network with smallest possible transmis-
sion range. This problem is formally stated as follows.
Transmission Range Problem: Given a complete graph
G=(V, E) whereV represents the set of sensors selected
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in the first phase and non-negative edge weightsw(e) for
e = (u, v), u, v ∈ V representing the Euclidean distance
between sensoru andv, find a spanning treeT of G such
that maxe∈T w(e) is minimized. This minmax spanning
tree problem is also known as the bottleneck spanning
tree problem in the literature [19].

Algorithm 2 computesmallesttransmissionrange
1: Sort the edges ofE such thatw(e1) ≤ . . . ≤ w(em)
2: SetE′ = {e1}
3: for i = 2 to m do
4: if E′ ∪ {ei} is acyclic then
5: E′ = E′ ∪ {ei}
6: end if
7: end for
8: return maxe∈E′ w(e)

The algorithm computes the edgesE′ that form the
minmax spanning tree and returns the largest edge
weight in the tree. The transmission range of the sensors
set to the largest edge weight ensures that the resulting
communication network is connected. The algorithm
runs in O(|E| log(|E|)) time.

Theorem 2 Any spanning treeT ∗=(V, E′) where
E′={e′

1
, e′

2
, . . . , e′n−1

} constructed using the above algo-
rithm produces a minmax spanning tree (MMST).
Proof: The proof is by contradiction. Suppose that for
any spanning treeT of G other thanT ∗, f(T ) denotes
the smallest value ofi such thate′i is not in T . Assume
that T ∗ is not a MMST andT is a MMST such that
f(T ) is as large as possible. Suppose thatf(T )=k. This
implies thate′

1
, e′

2
, . . . , e′k−1

are in bothT andT ∗ but e′k
is not in T . Clearly, adding the edgee′k to the edge set
E′ of the treeT creates a unique cycleC, i.e., T + e′k
containsC. Suppose thate′′k is an edge inC that is in
T but not inT ∗. Sincee′′k is not a cut edge ofT + e′k,
T + e′k − e′′k is a connected graph withm− 1 edges and
therefore another spanning tree ofG. Clearly w(T ′) =
max(w(T − e′′k), w(e′k)).

The algorithm chose the edgee′k before it chose the
edge e′′k, even though neithere′k nor e′′k would have
created a cycle with the edgese′

1
, e′

2
, . . . , e′k−1

e′k. This
implies w(e′′k) ≥ w(e′k). This observation, together with
the fact thatw(T ′)=max(w(T − e′′k), w(e′k)), concludes
thatw(T ′) ≤ w(T ). ThusT ′ is also a MMST. However,
f(T ′) > k = f(T ), contradicting the choice ofT as the
MMST with the largestf(T ). ThereforeT=T ∗ andT ∗

is indeed a MMST.

VIII. C ONCLUSION

In this paper, we have introduced a new version of
the sensor placement and coverage problem. We have

shown that both the optimization and the feasibility
versions of the problem are NP-complete. Moreover, an
ε-approximation algorithm for the problem cannot be
developed unless P = NP. Our heuristics produce near
optimal solution for most of the problem instances in a
fraction of the time needed to find an optimal solution.
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