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Abstract—The growing integration of distributed energy re-
sources (DERs) in urban areas raises various reliability issues.
To ensure robust distribution grid operation, grid monitoring
tools are needed, where the topology reconstruction serves as
the first step. However, the topology reconstruction is hard in
distribution grid. This is because 1) the branches are difficult
and expensive to monitor since most of them are underground
in urban areas; and 2) the assumption of radial topology in
many studies is inappropriate for meshed urban grids. To address
these drawbacks, we propose a new data-driven approach to
reconstruct distribution grid topology by utilizing the newly
available smart meter data. Specifically, a graphical model is built
to model the probabilistic relationships among different voltage
measurements. With proof, the topology reconstruction problem
is formulated as a regularized linear regression problem (Lasso)
to deal with meshed network structures. Simulation results show
highly accurate estimation in IEEE standard distribution test
systems with and without loops using real smart meter data.

I. INTRODUCTION

Providing sustainable and economic energy is one of the
key missions for Smart Cities. This is because the large scale
integration of distributed energy resources (DERs) not only
creates more sustainable energy sources but also reduces the
electricity cost and the transmission loss. To achieve this goal,
many cities have proposed their plans to integrate DERs, such
as photovoltaics, electric vehicles, and energy storage devices.
Examples include Smart Cities San Diego Project, Amsterdam
Smart City Project, and the Zurich 2000 Watts Society.

While producing new opportunities, the large-scale pene-
tration of DERs also poses new challenges to the distribution
system operation. On the generation side, the reverse power
flow can render the existing protective systems inadequate.
Without appropriate monitoring and controls, even a small-
scale DER integration can destabilize the local grid and cause
reliability issues for customers [1]. On the demand side,
the frequent plug-and-play electric vehicles will impact the
distribution grid power quality such as voltage unbalance and
transformer overload [2]. To better control the distribution
grid on both generation and demand sides, grid monitoring
tools (such as state estimation) are needed, where topology
information is a prerequisite. The topology information is also
a basis in determining various effects caused by the integration
of DERs, such as islanding and line work hazards. Therefore,
a highly active and accurate topology estimation process is
necessary for distribution grid operation.

In transmission grid, its topology has infrequent changes
and can be identified by the topology processor [3], where
topology errors are determined by a post-state estimation pro-
cedure [4]. Unfortunately, in secondary distribution grids, these
methods have limited performance due to various reasons. For
example, the secondary distribution grids are immense and
mostly underground in many major metropolitan areas, such as

New York City, Chicago, and San Francisco. According to [5],
in New York City, the total length of underground power cables
is about 94000 miles. This fact makes installing any topology
identification device time consuming and expensive. Even
worse, the reconfiguration of underground distribution grids
[6] makes the methods developed for overhead transmission
grids unsuitable.

These difficulties make the assumptions in past studies on
topology estimation invalid. For instance, [7], [8] assume the
availability of the switch connectivity map and search for
the right combination. State estimation-based algorithm [9]
and power flow-based algorithm [10] require the admittance
matrix. These assumptions become inaccurate in urban net-
works due to the unavailability of switch connectivity maps
and admittance matrices in newly reconfigured distribution
network. Even if this information is available, it may be
outdated or incorrectly documented due to human interaction
without information updating. For example, as many DERs do
not belong to the utilities, their connection statuses may not be
reported to the utilities. Also, these approaches only focus on
radial networks but many secondary distribution grids in urban
areas are meshed [5]. Furthermore, the meshed structures will
be ubiquitous [6] with the integration of DERs. Therefore, the
capability to identify topology with loops is important in urban
system topology estimation.

Fortunately, the smart meters at households enable a new
opportunity to utilize the time-series data, which are unavail-
able previously in electric power industry [11], to solve new
problems. One application of using these data is reconstructing
the distribution grid topology in a data-driven manner, because
branch data in secondary grids are difficult and expensive
to obtain [1] for their underground wiring. Hence, in this
paper, we restrict us to only use end-user data [12], which
are easy to obtain. These data are measured by smart meters
and include voltage magnitude and real/reactive powers. We
aim at helping these devices identify the physical system in
which they operate and discover their neighbor buses.

In this paper, we prove that a distribution grid can be
modeled as a probabilistic graphical model. Then, a topology
estimation algorithm is proposed based on the L1-penalized
linear regression, which is known as a Lasso problem and
is fitted by the historical data. Our algorithm has several
advantages. Firstly, it can reconstruct a loopy network in a
short time. Secondly, our approach does not allow error prop-
agation, which occurs in other methods [13]. This is because
the connectivity is recovered at each bus individually. Thirdly,
the proposed algorithm can be implemented in parallel, which
reduces the computational complexity significantly.

Whereafter, the performance of our data-driven method is
verified by simulations on the standard IEEE 8- and 123-bus
distribution test cases [14], with and without loops. Real smart



meter data collected by Pacific Gas and Electric Company
(PG&E) and emulated rooftop solar generation data [15]
are utilized for simulation. Our algorithm outperforms the
approaches in recent papers [13], [16] in meshed networks.

The rest of the paper is organized as follows: Section II
introduces the modeling and the problem of data-driven topol-
ogy identification. Section III uses a proof to justify that
the topology can be efficiently reconstructed by regularized
linear regression. A detailed algorithm is illustrated as well.
Section IV evaluates the performance of the new method and
Section V concludes the paper.

II. SYSTEM MODEL

In order to formulate the topology reconstruction problem,
firstly, we need to describe the distribution grid and data.
A distribution grid is defined as a physical network with
buses and branches that connect buses. To utilize the time
series data provided by smart meters, we construct a graphical
model G = (S, E) where S = {1, 2, . . . , p} is the set of
the vertices and E = {eij, i, j ∈ S} represents the set
of the edges. Since edges are unidirectional in our model,
eij = eji. In our graphical model, a node is corresponding
to a bus in the physical layer and is modeled as a random
variable Vs. The edge that connects node i and j represents
the statistical dependence between the measurements collected
at bus i and j. The physical network and the graphical model
can be visualized in Fig. 1. At time t, the noiseless voltage

measurement at bus s is vts = |vts|ejθ
t
s ∈ C, where |vts| ∈ R

denotes the voltage magnitude in per unit and θts ∈ R denotes
the voltage phase angle in degrees. These measurements are
in the steady state and all voltages are sinusoidal signals at the
same frequency.

Fig. 1. Physical network with graphical model layer.

The problem of distribution grid topology reconstruction is
defined as follows:

• Problem: data-driven topology reconstruction based on
voltages

• Given: a sequence of historical measurements vts, s ∈
S, t = 1, . . . , N and a partially known grid topology,
as shown in Fig. 2

• Find: the grid topology E in the dashed box in Fig. 2

III. TOPOLOGY RECONSTRUCTION WITH LASSO

In our graphical model, buses are modeled as random
variable.s Therefore, we use a joint probability distribution to
represent the interdependency among buses:

P (VS) = P (V2, V3, . . . , Vp)

= P (V2)P (V3|V2) . . . P (Vp|V2, . . . , Vp−1).
Bus 1 is the slack bus, which is a constant with a unit
magnitude and zero phase angle. Therefore, it is omitted from
the joint probability distribution above. In a distribution grid,

Fig. 2. A graphical model of IEEE 8-bus system with loops. The dashed
edges are additional branches to form loops. The branches within the red
dashed box are assumed to be unknown.

the correlation between interconnected neighboring buses are
higher than that between non-neighbor buses. Therefore, a
reasonable approximation is

P (VS) ≃
p∏

s=2

P (Vs|VN (s)), (1)

where the neighbor set N (s) contains the vertices of the
neighbors of Vs, i.e. N (s) = {t ∈ S|est ∈ E}. With this
approximation, finding grid topology is equivalent to finding
the neighbors of each bus. We are not restricted to parent nodes
here because the topology in a secondary distribution grid can
be both radial and loopy. We want to propose an algorithm
that works for both types of network. In the following, we
will show that, with an appropriate assumption, Vs only has
statistical dependence with its neighbors, and explain why
we can approximate P (VS) in such a way. In the following
context, the operator \ denotes the complement operator, i.e.
A\B = {i ∈ A, i /∈ B}.

Theorem 1. In a distribution grid, if the current injection at
each bus is approximately independent, the voltage of bus s
and the voltages of all other buses that are not connected with
bus s are conditionally independent, given the voltages of the
neighbors of bus s, i.e. Vs ⊥ {Vu, u ∈ S\{N (s), s}}|VN (s).

Proof: In this proof, we will firstly show the conditional
independence for a simple example. Then we will prove
the conditional independence in a generalized distribution
network.

Fig. 3. A 6-bus system.

For the network in Fig. 3, the circuit equation YV = I is
equivalent to:


y11 −y12 −y13 0 0 0
−y12 y22 0 −y24 0 0
−y13 0 y33 −y34 −y35 0
0 −y24 −y34 y44 0 0
0 0 −y35 0 y55 −y56
0 0 0 0 −y56 y66
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=




I1
I2
I3
I4
I5
I6



,

where yij = yji denotes the admittance between bus i and j,

and the self-admittance is defined as yii =
∑6

j=1,i6=j yij . If
yij = 0, there is no branch between bus i and j.

Let’s pick up bus 1 as an example. For bus 1, the neighbor
set N (1) is {2, 3}. Given V2 = v2 and V3 = v3, we have



following equations:

I1 + v2y12 + v3y13 = V1y11 (2)

I4 + v2y24 + v3y34 = V4y44 (3)

I5 + v3y35 = V5y55 − V6y56 (4)

I6 = −V5y56 + V6y66 (5)

For bus 4, due to the assumption of current injection indepen-
dence, i.e. I1 ⊥ I4, V1 and V4 are conditionally independent
given V2 and V3. For bus 5 and bus 6, V1|{V2, V3} and
{V5, V6}|{V2, V3} are independent because of the assumption
of current injections. Therefore, for this example, we prove
that the conditional independence holds.

Let’s extend the proof to a more general case. For a grid
with p buses, the current and voltage relationship of bus s
can be written as Is = Vsyss − ∑

i∈N (s) Viysi with yss =∑
i∈N (s) ysi. Given Vi = vi for all i in N (s), the equation

above becomes to

Is +
∑

i∈N (s)

viysi = Vsyss. (6)

For bus u, which is not connected with bus s, i.e. u ∈
S\{N (s), s}, we have a similar equation:

Iu +
∑

j∈N (u)

Vjyuj = Vuyuu. (7)

The relationship between the neighbor sets N (s) and N (u)
can be divided into two scenarios and we will discuss each of
them individually.

If N (u) ∩N (s) = ∅, (7) remains the same. Therefore, Vs

and {Vu,VN (u)} are conditionally independent given VN (s).
This is similar to V6 in (5).

If N (u) ∩ N (s) 6= ∅, (7) becomes

Iu +
∑

j∈N (s)∩N (u)

vjyuj = Vuyuu −
∑

j∈N (u)\N (s)

Vjyuj .

Hence, with the same reason, Vs and {Vu,VN (u)\N (s)} are
independent conditional on VN (s). Therefore, the conditional
independence is proved in this case. This condition is similar to
V5 in (4). Also, V4 in (3) is a special case where N (u) = N (s).
In conclusion, given VN (s), Vs is conditionally independent
with VS\{N (s),s}.

With Theorem 1, we can claim that with the assumption
of current injection independence, the joint distribution in (1)
can be rewritten as P (VS) =

∏p

s=2 P (Vs|VN (s)). Therefore,
finding the topology is equivalent to finding the neighbor set
N (s) for each bus s. In following section, we will propose an
efficient algorithm to find N (s).

A. Topology Reconstruction via Conditional Inference
For a given vertex s, VS\{s} denotes the collection of

all other random variables in the graph. If we assume VS

follows a multivariate Gaussian distribution, the conditional
distribution of Vs given VS\{s} is also Gaussian distribution.
Therefore, based on the Gaussian probability density function,
Vs can be described by a linear equation based on VS\{s} and
an error term, as shown below:

Vs = V
T
S\{s}β

s +WS\{s}, (8)

where βs denotes the parameter vector. In this linear equation,
WS\{s} is a zero-mean Gaussian variable with Var(WS\{s}) =
Var(Vs|VS\{s}) and is independent with VS\{s}. As shown
in [17], the nonzero coefficient in βs indicates the statistical
dependence between two nodes. Therefore, the connectivity
identification problem becomes a linear regression problem.

For each bus s, we can use the estimated parameter vector β̂s

to find its neighbors.
A typical distribution grid is not fully connected. Therefore,

the graph is sparse and many coefficients in βs are zero.
A widely used constraint to ensure the sparsity is L1 norm
because it leads to a convex optimization problem and can be
solved efficiently. This type of problem is also known as Lasso
[18]. It minimizes the sum of squared errors with a bound on
the sum of the absolute values of coefficients (L1 norm). With
L1 norm penalty, the linear regression in (8) is formulated as:

β̂s = argmin
βs(1)=0

{
N∑

t=1

(vts − (vt
S\{s})

Tβs)2 + λ‖βs‖1
}
, (9)

where λ ≥ 0 denotes the regularization parameter and ‖.‖1 is
L1 norm. The term ‖βs‖1 is called the penalty term. If λ = 0,
the optimization problem in (9) is a standard least squares
problem. After solving the Lasso problem, we can find the

neighbor set N̂(s) which contains the indices of all non-zero

coefficients in β̂s.
An edge between bus i and j is visited twice because each

bus has an individual estimate β̂. A simple way to combine

both estimates is AND rule, êij = β̂i
j ∧ β̂j

i , where ∧ denotes
the logical “and” operator.

The AND rule provides reliable results but also has a high
probability to miss an edge. This is because an edge is decided
only when both estimates have an agreement. If one estimate
has an error, an edge will be missed. To address this drawback,

we propose another rule called OR rule, êij = β̂i
j ∨ β̂j

i , where
∨ denotes the logical “or” operator.

A disadvantage of both AND rule and OR rule is that they
cannot guarantee the estimated graph is a connected graph. It
means that some buses form a small graph and are isolated
from other buses. To overcome this drawback, we use both
rules to decide an edge. We propose a new rule, AND-OR rule,
to merge the results of AND and OR rules. This new rule has
multiple steps. Firstly, the AND rule is applied and produces

an estimated edge set ÊAND. Then we apply a physical law
to diagnosis the estimated edges. In power system, differences
in voltage magnitudes drive the flow of reactive power [19].
Therefore, for bus s, unless it is a substation, it should have
at least one neighbor with higher voltage magnitude because
the reactive power needs to be supplied from a bus with
higher voltage magnitude. If none of the neighbors of bus s
is satisfied, we can conclude that bus s is not connected to
the main grid. Therefore, we apply the OR rule with some
modifications to find a new neighbor bus j, as shown below:

êsj = (β̂s
j ∨ β̂j

s) ∧ ¬(β̂s
j ∧ β̂j

s) ∧ (Ê(Vj) > Ê(Vs)), (10)

where ¬ denotes the logic “not” operator and Ê denotes the

empirical mean. The estimated edge set is denoted as ̂EAND-OR.
These steps are summarized in a flow chart in Fig. 4. In
Section IV, we will show that the AND-OR rule is more robust
than the AND and OR rules.

Topology estimated

by AND rule ÊAND

Find if any bus i satisfies

Ê(Vi) > Ê(Vs) for

i ∈ N̂(s)

Find a new edge by (10)Topology ̂EAND-OR

Fig. 4. Flow chart of AND-OR rule.



In distribution grid, phase angles are hard to obtain because
the phasor measurement units (PMUs) have not been widely
installed. Since the phase angles have small variation within
a distribution grid, we can only use voltage magnitude for
topology reconstruction. The steps of our proposed algorithm
for topology reconstruction are summarized in Algorithm. 1.

Algorithm 1 Distribution Grid Topology Reconstruction via
Lasso

Require: |vts| for s = 2, . . . , p, t = 1, . . . , N
1: Normalize and standardize |Vs| such that it has zero mean

and unity variance.
2: for s = 2, . . . , p do
3: Solve the Lasso optimization problem in (9) for bus s

and find the parameter vector estimate β̂s.
4: end for
5: Combine the parameter vectors {β̂s, s ∈ S} via the AND-

OR rule to form an edge estimate ̂EAND-OR.

An efficient algorithm to solve Lasso problem is Least
Angle Regression (LAR) [20]. For a network with p buses
and N observations, the computational complexity of LAR
at each bus is O(p3 + Np2), which is as same as the least
squares regression [20]. Therefore, the overall computational
complexity of the proposed algorithm is O(p4 +Np3). Since
the for loop between Step 2 and Step 4 can be computed in
parallel, thus, we can maintain the same complexity as a single
linear regression problem.

B. Choice of Regularization Parameter
The choice of λ is critical in Lasso because it affects to the

number of non-zero coefficients in βs. When λ is small, the
penalty term has no effect and the solution is close to the least

squares solution. When λ is large, some coefficients of β̂s are
zeros. To control the probability of false alarm α, we introduce
Lemma 1 to find the optimal λ for a given false alarm rate.

Lemma 1. Given the probability of false alarm 0 ≤ α ≤ 1,
the regularization parameter λ for bus s is

λs(α) =
2σ̂s√
N

Φ̃−1(
α

2p2
), (11)

where Φ̃ = 1−Φ, Φ is the cumulative distribution function of
N (0, 1), and σ̂2

s is the empirical variance of Vs [17].

IV. SIMULATION AND RESULTS

The simulations are implemented on the IEEE PES distri-
bution networks for IEEE 8-bus and 123-bus networks [14].
In order to validate the performance of the proposed approach
on loopy networks, we add several branches in both networks
to create loops. The loopy 8-bus system is shown in Fig. 2.
In each network, Bus 1 is selected as the slack bus. The
historical data have been preprocessed by the MATLAB Power
System Simulation Package (MATPOWER) [21]. To simulate
the power system behavior in a more practical pattern, we
use the load profile from Pacific Gas and Electric Company
(PG&E) in the subsequent simulation. This profile contains
anonymized and secure hourly smart meter readings over
110, 000 PG&E residential customers for a period of one year
spanning from 2011 to 2012. The reactive power qts at bus
s and time t is computed according to a randomly generated
power factor pf t

s , which follows a uniform distribution, e.g.
pf t

s ∼ Unif(0.85, 0.95). To obtain voltage magnitude at time

t, i.e. |vts|, we run a power flow to generate the states of the
power system. To obtain time-series data, we run the power
flow to generate hourly data over a year.

A. Error Rate
To summarize performances in various simulation cases,

we define the error rate (ER) as

ER =



∑

eij∈E I

(
eij /∈ Ê

)
+
∑

eij∈Ê I (eij /∈ E)
|E|


× 100%

where Ê denotes the estimated set of branches and |E| denotes
the size of the set E . The first term of ER counts the number
of missing edges. The second term captures the number of
falsely connected edges. Table I summarizes ER on 8-bus and
123-bus systems with α = 0.05.

TABLE I. ERROR RATE, α = 0.05

Rule 8-Bus 8-Bus 123-Bus 123-Bus

with Loops with Loops

AND 0% 10% 3.28% 3.21%
OR 14.29% 0% 1.64% 1.61%

AND-OR 0% 0% 0% 0%

In Table I, the AND-OR rule can perfectly recover the
topologies in all four networks. For the OR rule, it incorrectly
detects one edge in 8-bus networks. The AND rule makes no
mistake in 8-bus radial network but one error in 8-bus loopy
network. For 123-bus networks, the OR rule outperforms the
AND rule. But both have an error rate with than 5%, which
is the false alarm rate.
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Fig. 5. ER comparison of the proposed algorithm and other existing methods
in IEEE 123-bus system, with and without loop.

In Fig. 5, we compare the proposed algorithm with a
correlation-based algorithm [13] and an information theory-
based algorithm [16]. The optimization problem in [13] is
solved by CVX, a package for specifying and solving convex
programs [22]. The x-coordinate represents the number of
edges that are needed to be identified. The y-coordinate
represents the error rate. Our algorithm consistently has an
approximate zero error rate, which is comparable with the
approach in [16] in radial network, while the detection ability
of [13] decreases. The information theory-based algorithm is
not included in the loopy network because it is proposed for
radial networks.

Fig. 6 compares the computational time of our approach
with the correlation-based algorithm in loopy networks. The
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Fig. 6. Comparison of computational time of the proposed algorithm and
other existing methods in IEEE 123-bus system with loops.

time is averaged over 20 iterations. All computations were
done on a personal computer with Intel(R) Core(TM) i7
3615QM CPU @ 2.30GHz. Although our method is not
implemented in parallel, it is consistently faster than [13]. For
8-bus network with loops in Fig. 2, our approach requires 0.3
seconds. Although [16] mainly focuses on the radial topology,
it can be extended to find one loop by running the tree-
based algorithm for each possible 3-tuple of buses, which is
8× 7× 6 = 336 combinations. With 0.1 seconds per run, the
time to reconstruct a 8-bus system with one loop is about 33.6
seconds, which is much slower than our method. Even worse,
the system in Fig. 2 has three loops and the required time of
[16] will grow up exponentially. Therefore, our approach is
the most efficient one in meshed networks.

B. Integration of DERs
Every bus in 8-bus networks and 12 buses randomly chosen

from 123-bus networks are integrated with solar panels. The
hourly power generation profile is computed by PVWatts
Calculator, an online application developed by the National
Renewable Energy Laboratory (NREL) that estimates the
power generation of a photovoltaic system based on weather
and physical parameters [15]. The data are computed based on
the weather history in North California and the physical pa-
rameters of a 5kW solar panel. The renewable power generator
is modeled as a negative load.

TABLE II. ERROR RATE WITH DER, α = 0.05

Rule 8-Bus 8-Bus 123-Bus 123-Bus

with Loops with Loops

AND 14.29% 0% 1.64% 1.59%
OR 14.29% 0% 0% 0%

AND-OR 0% 0% 0% 0%

Table II illustrates the error rates with the integration of
DERs. The AND-OR rule still has the lowest error rate and
perfectly recovers the topologies in all three networks. In 8-
bus network with loops, both the AND and OR rules have zero
error as well. Unlike the case without DERs, both AND rule
and OR rule have better performances in 123-bus networks.

V. CONCLUSION

In this paper, we propose a data-driven algorithm that
reconstructs the topology of secondary distribution grid. Un-
like existing approaches, our method does not require the
knowledge about the switch connectivity maps or admittance
matrices and only utilizes the newly available smart meter data.
Also, many past studies only focus on the radial topology but
our method can reconstruct a meshed network. We prove that a
distribution grid can be formulated as a probabilistic graphical
model and be reconstructed by regularized linear regression.
We verify the proposed algorithm on both IEEE 8- and 123-
bus systems with and without loops. Finally, our algorithm
can perfectly reconstruct the topology in a short time, with
and without the integration of DERs.
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