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ABSTRACT

The rapid advance of computer-based high-throughput technology and the ubiquitous
use of the web have provided unparalleled opportunities for humans to expand their capa-
bilities in production, services, communications, and research. In this process, immense
quantities of high-dimensional data are accumulated, challenging the state-of-the-art ma-
chine learning techniques to efficiently produce useful results. Feature selection can effec-
tively reduce data dimensionality by removing irrelevant and redundant features. It brings
the immediate effects of speeding up data mining algorithms, and improving mining per-
formance such as predictive accuracy and result comprehensibility. In the last decade, a
large amount of relevance criteria have been developed to evaluate the utility of features in
feature selection, and these criteria are largely studied separately according to the type of
learning: supervised or unsupervised. This dissertation studies spectral feature selection,
which is a novel general feature selection framework based on graph spectral analysis. It
unifies both supervised and unsupervised feature selection, and can generate families of al-
gorithms for both learning contexts. It also includes many existing algorithms as its special
cases and allows their joint study to gain insights. A common issue of many existing algo-
rithms is that they are univariate method, and thus cannot handle redundant features. The
proposed spectral feature selection framework can be readily extended to conduct mul-
tivariate analysis for addressing the limitation effectively. One of the most challenging
problems in feature selection research is the small sample problem, in which the lack of
information further worsens the situation of high dimensionality. Spectral feature selec-
tion also provides a natural way to include domain knowledge from multiple sources to
enrich information and address this problem. The resulted multi-source feature selection
technique represents one of the latest development trends in feature selection research.
Extensive experimental study is conducted and results demonstrate that spectral feature

selection achieves superior performance in various learning contexts.
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Chapter 1

INTRODUCTION
The high dimensionality of data poses challenges to learning tasks due to the curse of di-
mensionality. In the presence of many irrelevant features, learning models tend to overfit
and become less comprehensible. Feature selection is an important and frequently used
technique in data mining for dimension reduction via removing irrelevant and redundant
noisy. It brings the immediate effects of speeding up a data mining algorithm, improv-
ing learning accuracy, and enhancing model comprehensibility. Various studies show that
features can be removed without performance deterioration [61, 17]. Feature selection
has been an active area for decades in data mining, and has been widely applied to many
research fields such as genomic analysis [35], text mining [22], image retrieval [26, 93],
intrusion detection [45], to name a few. Given a rich literature exists for feature selection
research, a systematical summarization and comparison studies are of necessity to facili-
tate the research and application of feature selection techniques. Recently, there have been
many surveys published to serve this purpose. A comprehensive surveys of existing feature
selection techniques and a general framework for their unification can be found in [50]. In
[28], the authors reviewed feature selection algorithms from statistical learning point of
view. In [72], the authors provided a good survey for applying feature selection techniques
in bioinformatics. In [35], the authors reviewed and compared the filter with the wrap-
per model for feature selection. In [57], the authors explored the representative feature
selection approaches based on sparse regularization, which is a branch of embedded fea-
ture selection techniques. Representative feature selection algorithms are also empirically
evaluated in [52, 47, 90, 43, 56, 92, 59] under different problem settings and from different

perspectives to provide insights on existing feature selection algorithms.
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In the process of feature selection, the training data can be either labeled, unlabeled or
partial labeled, leading to the development of supervised, unsupervised and semi-supervised
feature selection algorithms. In the evaluation process, a supervised feature selection algo-
rithm [80, 96, 85, 105] determines features’ relevance by evaluating their correlation with
the class or their utility for achieving accurate predication, and without labels, an unsuper-
vised feature selection algorithm may exploit data variance or data distribution to evaluate
features’ relevance [20, 31]. A semi-supervised feature selection algorithm [110, 98] can
use both labeled and unlabeled data. And the motivation of semi-supervised feature se-
lection is to use a small amount of labeled data as additional information to improve the
performance of unsupervised feature selection.

Feature selection algorithms designed with different strategies broadly fall into three
categories: filter, wrapper and embedded models. To evaluate the utility of features, in the
evaluation step, feature selection algorithms with filter model rely on analyzing the general
characteristics of data and evaluating features without involving any learning algorithm.
On the other hand, feature selection algorithms with wapper model require a predetermined
learning algorithm and uses its performance on the provided features in the evaluation step
to identify relevant feature. Algorithms with embedded model, e.g., C4.5 [67], LARS [21],
I-norm support vector machine [115], and sparse logistic regression [10], incorporate fea-
ture selection as a part of the training process, and features’ utility is obtained based on
analyzing their utility for optimizing the objective function of the learning model. Com-
pared to wrapper and embedded models, feature selection algorithms with filter model are
independent to any learning model, therefore do not have bias on specific learner models,
which is believed to be one advantage of the filter model. Another advantage of the filter
model is that it has very simple structure, which usually contains a straightforward search
strategy, such as backward elimination or forward selection, and a feature evaluation cri-

terion designed according to certain criteria. The benefits of the simple structure are two



folds. First, it is easy to design, and after being implemented, it is also easy to understand
for other researchers. This explains that why most feature selection algorithms are of filter
model. Second, since its structure is simple, it is usually very fast. On the other hand,
researcher also recognized that compared to the filter model, feature selection algorithms
of wrapper and embedded models can usually select features that result in higher learning
performance for the particular learning algorithms involved in the feature selection mod-
els. Comparing with wrapper model, feature selection algorithms of embedded model are
usually more efficient, since they look into the structure of the learning algorithms and
use their properties to guide feature evaluation and searching. In recent years, embedded
model is gaining increasing interests in feature selection research due to its superior perfor-
mance. Currently, most embedded feature selection algorithms are designed by applying
Lo norm [96, 33] or L norm [53, 115, 113] constraint to existing learning models, such as
support vector machine, logistic regression, and principle component analysis, to achieve
sparse solution. When the constraint is of the form of L, and the original problem is con-
vex, existing optimization techniques can be applied to compute a unique global optimal
solution for the problem efficiently [53].

Feature selection algorithms with filter and embedded models may return either a subset
of selected features or the weights (measuring features’ relevance) of all features. Accord-
ing to the type of the output, feature selection algorithms can be divided into either feature
weighting algorithms or subset selection algorithms. Feature selection algorithms of wrap-
per model usually return feature subsets, therefore are subset selection algorithms. To the
best of our knowledge, currently, most feature selection algorithms are designed to han-
dle learning tasks with single data source, although the capability of using multiple data
and knowledge sources in multi-source feature selection [111] may effectively enrich our

information and enhance the reliability of relevance estimation [54, 109, 112].



1.1  Spectral Feature Selection

The chasm between supervised and unsupervised feature selection seems difficult to close
as one works with class labels and the other does not. However, if we change the per-
spective and put less focus on class information, both supervised and unsupervised feature
selection can be viewed as an effort to select features that are consistent with the target
concept. In supervised learning the target concept is related to class affiliation, while in
unsupervised learning the target concept is usually related to the innate cluster structures
of the data. Essentially, in both cases, the target concept is related to partitioning sam-
ples into well separable subsets according to certain type of class or clustering affiliation.
The feature evaluation criterion is a pivotal component of feature selection. It can take
various forms: separability, information, dependency, consistency, learning model perfor-
mance (used in wrapper model), and so on [50, 51]. In our recent study, we observe that
a number of existing feature selection algorithms are essentially based on assessing fea-
tures’ capability of preserving sample similarity, which can be inferred from either label
information or predefined distance metric. The representative feature feature selection al-
gorithms in this category includes: Relief and ReliefF [80], Laplacian Score [31], Fisher
Score [19], HSIC [85], and Trace Ratio [62]. These algorithms are designed to achieve
different goals, for example, Fisher Score and ReliefF are designed to optimize sample
separability, Laplacian Score is designed to retain sample locality, and HSIC is designed to
maximize feature-class dependency. However, it turns out that all these algorithms actually
select features to achieve sample similarity preservation via certain ways.

Pairwise sample similarity is widely used in both supervised and unsupervised learning
to describe the relationships among samples. It forms an effective way to depict either sam-
ple cluster affiliation or sample class affiliation. For example, assume s;; is the similarity

between the i-th and the j-th samples, without class label information, a popular similarity



measurements is the RBF kernel function, which is defined as:

_Ix—xl?
Sij=¢€ (28%) (1.1)

The function ensures samples which are from the same cluster have large similarity to each
other and samples which are from different clusters have small similarity. On the other
hand, when class label information is available, the sample similarity can be measured by:

1
a Yi=yi=1
sp=4 " (12)

0, otherwise

where n; denotes the number of samples in class /. This measurement ensures that samples
from the same class have a nonnegative similarity, while samples from different classes
have a zero similarity. Given n samples, the n X n matrix S, is called a sample similarity
matrix, when it contains the similarity of every sample pair, S;; = s;;. S is also call a kernel
matrix, when any of its submatrix is also semi-positive-definite [74].

Given S, selecting features that can preserve the sample similarity specified in S helps
retain sample affiliations in the dimensionality reduced space, therefore forms an effective
way to identify relevant features that support the target concept. Also as mentioned above,
pairwise sample similarity provides a common way to depict sample affiliation for both
supervised and unsupervised learning, thus feature selection algorithms based on similarity
preservation is applicable in both supervised and unsupervised learning context.

Given a sample similarity matrix S, the spectrum of S can be utilized to generate a
low-dimensional space, where the sample similarity is best preserved [73]. Also accord-
ing to spectral clustering theory, the affiliation of samples can be effectively discovered
by analyzing its top eigenvectors of the graph induced from S [95]. Based on spectral
graph theory [12], we propose the novel concept of spectral feature selection [108, 113].
Spectral feature selection defines a unified framework for feature selection and utilize the

spectrum of a given similarity matrix or its induced graph to evaluate feature relevance.
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By designing different S’s, the spectral feature selection framework can generate families
of algorithms for both supervised and unsupervised feature selection. And when a small
amount of labeled data is available with a large amount of unlabeled data, the spectral
feature selection framework can be naturally extended to achieve semi-supervised feature
selection [107, 98]. By applying the perturbation theory developed for symmetric linear
system [15], its robustness can be theoretically analyzed, which provides insights on its
behavior with random noise. We also prove that many existing successful feature selection
algorithms, such as ReliefF, Laplacian Score, Fisher Score, HSIC, and Trace Ratio, are
actually special cases of the proposed spectral feature selection framework.

Redundant features increase dimensionality unnecessarily [39], which worsens the learn-
ing performance. It has been empirically shown that removing redundant features can result
in significant performance improvement [29, 16, 23, 100, 2, 18]. However, it turns out that
most existing feature selection algorithms based on similarity preservation evaluate fea-
tures individually, therefore are not capable to handle redundant features. The proposed
spectral feature selection framework can effectively address the limitation via evaluating
the utility of a set of features jointly. And this can be achieved by reformulating the original
spectral feature selection problem as a multi-output regression problem [30], and feature
selection is achieved by enforcing sparsity through applying L, 1-norm constraint on the
solutions [63, 4]. We analyze its capability on redundancy removal and study the proper-
ties of its optimal solutions, which paves the way for an efficient path-following solver. By
exploiting the necessary and sufficient conditions for the optimal solutions, we developed
an very efficient solver for the proposed sparse multi-output regression problem, which
can automatically adjust its parameters and generate a solution path for selecting a specific
number of features. Empirical study in both supervised and unsupervised learning shows
that the proposed formulation can effectively remove redundant features and result in a

compact set of relevant features leading to superior learning performance.
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One of the most challenging problem in many feature selection applications is the small
sample problem [69], where the dimensionality of data is extremely high, while the sam-
ple size is very small. For instance, a typical cDNA microarray data [38] used in modern
genetic analysis usually contains more than 30000 features (the oligonucleotide probes).
But the sample size is usually less than 100. With so few samples, many features, which
are irrelevant to the target concept, can easily gain their statistical relevance due to ran-
domness [81]. With a data of this kind, most existing feature selection algorithms become
unreliable by selecting many irrelevant features. For example in cancer study based on
cDNA microarray, fold differences identified via statistical analysis offers limited or inac-
curate selection of biological features [54, 81]. In real applications, the number of samples
is usually impossible to be increased considerably, since the process of acquiring additional
samples are costly. One way to address this problem is to include additional information
sources to enhance our understanding of the data in hand. For instance, the recent de-
velopments in bioinformatics have made various knowledge sources available, including
the KEEG pathway repository [37], the Gene Ontology database [8] and the NCI Gene-
Cancer database [75], etc. Recent work has also revealed the existence of a class of small
non-coding RNA species known as microRNAs, which are surprisingly informative for
identifying cancerous tissues [54]. The availability of these various knowledge sources
presents unprecedented opportunities to advance research solving previously unsolvable
problems. However, to the best of the author’s knowledge, currently most feature selection
algorithms are designed to handle learning tasks with single data source, therefore can not
benefit from any additional knowledge sources. To address this limitation, in this work
we develop novel multi-source feature selection algorithms based on the proposed spectral
feature selection framework. The developed algorithms can effectively integrate multiple
knowledge sources with heterogeneous representations. They have been applied to vari-

ous research domain including biomedical analysis and genetic analysis, and resulted in



interesting researching findings.

The key contributions of this work are highlighted as below:

e We proposed the concept of spectral feature selection, which forms a unified frame-
work to enable the joint study of supervised and unsupervised feature selection. We
study the effects of its components and show how to derive new algorithms with good

performance by choosing proper components according to data characteristics.

e For data containing random noise, we conduct robustness analysis for the proposed
spectral feature selection framework, and provide error upper bounds based on per-

turbation theory developed for the symmetric linear system [15].

e We show that many existing successful feature selection algorithms are actually spe-
cial cases of the spectral feature selection framework. The joint study of these algo-

rithm allow us to gain insights and achieve better understanding on them.

e We propose a multivariate formulation for spectral feature selection based on sparse
multiple output regression and develop efficient techniques to solve the problem.
Both theoretical and empirical study show that the formulation is able to remove

redundant features, which overcomes a common drawback of the existing algorithms.

e Based on the spectral feature selection framework, we proposed multi-source feature
selection. The technique can effectively integrate multiple knowledge sources with
heterogeneous representations, which helps increase information in the evaluation
process and improve the reliability of relevance estimation. Applying the technique

in real applications results in interesting researching findings.

The rest of this paper is organized as below: we begin with the notations used in this

work in Section 1.2. We then propose the general framework for spectral feature selection
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in Section 2. We also study the effects of its components and show how to derive new
algorithms with good performance in the section. In Section 2.4, We conduct robustness
analysis for the proposed spectral feature selection framework, and provide error upper
bounds for the framework, when data containing random noise. In Section 3, we show
that many existing successful feature selection algorithms are actually special cases of the
proposed spectral feature selection framework. We propose a multivariate formulation
for spectral feature selection to handle redundant features in Section 4. We study how to
incorporate multiple data and knowledge sources in spectral feature selection to achieve

multi-source feature selection in Section 5, and we conclude in Section 6.

1.2 Notations
In this work, we use X to denote a data set of n samples and m features: X = (x/,..., x, )"
x; € R™. Weuse F}, F3, ..., F, to denote the m features, and f1, f;, ..., £, are the correspond-
ing feature vectors, X = (fi, f2,..., f,). For supervised learning, y = (y1, y2,..., yn) are
the class labels, y; € {1,2,...,c}, and c is the number of classes. According to the distribu-
tion of data or class affiliation, a set of pairwise sample similarity, S, and its corresponding
similarity matrix S, can be constructed to represent the relationships among samples. Given
X, we use G(V, E) to denote an undirected graph constructed from S, where V is the vertex
set, and E is the edge set. The i-th vertex v; of G corresponds to x; € X and there is an edge
between each vertex pair (v;,v;). Given G, its adjacency matrix A is defined as a;; = s;.
Let d denote the vector: d = {d,, ds,..., d,}, where d; = Y i Gix, the degree matrix D
of G is defined by: D(i,j) = d; if i = j, and O otherwise. Here d; can be interpreted as
an estimation of the density around x;, since the more data points that are close to x;, the

larger the d;. Given the adjacency matrix A and the degree matrix D of G, the Laplacian

matrix L and the normalized Laplacian matrix IL are defined as:

L=D—-A: L=D LD : (1.3)
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It is easy to verify that D and L satisfy the following properties [12].
Proposition 1 Given W, L and D of G, we have:
1. Let1={1,1,...,1}7, Lx1=0.

2 VEeRL TLE=1 ¥ ) (fi— f))>

V,'ij'

3.VEeR\WteR,(f—t+1)TL(f—t+1)=f'Lf

In multiple output regression analysis [30], assuming Y = (yj,...,yx) € R"** denote
the response matrix, and W = (wy,...,w;) € R™*¥ denote the weight matrix, the goal is

to learn a weight matrix W to minimize the following objective function:
IY — XW/|2 = Trace ((Y ~XW) (Y - XW)T) ,

where || - | r denotes the Frobenius norm [25].

In this work, we use boldface characters in uppercase, such X and S, to denote matrices,
use boldface characters in lowercase, such as x and d, to denote vectors, and use normal
characters in lowercase to denote scalars. We use 1 to denote the vector with all its elements
being 1 and I to denote the identity matrix with all its diagonal elements being 1 and all

other elements being 0. A summary of the notations can be found in Table 1.1.



Table 1.1: A summary of the notations used in the paper

the number of instances

the number of features

the number of classes

the data matrix, X € R™*™

the class label vector, y € R"*!

the response matrix in regression, Y € R™*¥

the weight matrix in regression, W € R"**

the similarity matrix, S € R™"*"

the affinity matrix, S = A € R™*"

the degree matrix, D € R"*"

the Laplacian matrix, L € R™"*"

the normalized Laplacian matrix, I € R"*"

the identity matrix

the vector with all its elements to be 1

the ith feature

the ith feature vector, f; € R”

the ith instance, x; € R™

the regularization parameter

S| oo | | | = O | | S | [ 0 |3

the constraint parameter

Y

knowledge sources related to features

P

knowledge sources related to samples

11



Chapter 2

FEATURE SELECTION VIA SPECTRAL ANALYSIS

Given a sample similarity matrix S depicting the sample affiliations, a graph G can be
constructed to represent it. And the target concept, which defines the sample affiliations,
is usually reflected by the structure of G. For example, the samples of the same category
usually form a cluster structure with dense inner connections. A feature is consistent to the
target concept, if the feature assigns similar values to the samples from the same category
defined by the target concept. Reflecting on the graph G, it assigns similar values to the
samples which are near to each other. Consistent features contain information about the
target concept, therefore help categorize samples correctly. As shown in Fig. 2.1, the target
concept specifies two categories indicated by the two ellipses C1 and C2. And different
shapes and colors corresponds to the values of a feature on the samples. As we can see
that feature F assigns similar values to the samples that are of the same category, while
F' does not. Comparing with F’, by using F to cluster or classify samples, we have better
chance to categorize samples correctly. This observation enables us to conclude that F
is more relevant. Based on this intuition, we propose to measure features’ relevance via
measuring their consistency, which will be achieved by checking its consistency with the
graph related to the target concept. Specifically, we check whether a feature assigns similar
values to samples which are near to each other on the graph. It is easy to see that features
selected according to this criterion must have a strong capability on preserving the sample
similarity specified by S, since they are consistent with the structure of graph G.

Given a graph G, we can derive a Laplacian matrix L. According to spectral graph
theory, the structural information of a graph can be obtained by studying its spectrum (all

the eigenpairs of L) [12]. For example it is well known that the leading eigenvectors of L
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Figure 2.1: An exemplification of the basic idea behind spectral feature selection.

have a tendency to assign similar values to the samples that are near to each other on the
graph. In this section we present the novel concept of spectral feature selection. In spectral
feature selection we study how to measure feature relevance by using the spectrum of a

graph, which is suitable for both supervised and unsupervised feature selection.
2.1 Ranking Features on Graph

We formalize the above idea using the concept of normalized cut for graph, derive two im-
proved functions from the normalized cut formulation with the spectrum of the graph, and
extend the three functions to their more general forms. These pave the way for constructing

the unified framework for spectral feature selection.
Given G, it can be shown that the Laplacian matrix of G is a linear operator on vectors:

1
<fLE>=fLf= 5 Y aii(fi—f)% f=(fi,fr- o f)" €R™. (2.1)
Vi~V j

The equation quantifies how much f varies locally or how “smooth” it is over G. More
specifically, the smaller the value of < f,Lf >, the smoother the vector f on G. A smooth
vector f assigns similar values to the samples that are close to each other on G, thus it is

consistent with the graph structure. This observation motivates us to apply L on a feature
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vector to measure its consistency with the graph structure. Given a feature vector f; and
L, two factors affect the value of < f;, Lf; >: the norms of f; and L. The two factors need
to be removed, as they do not contain structure information of the data, but can cause the
value of < f;, Lf; > to increase or decrease arbitrarily. The two factors can be removed via

normalization. Based on the relationship between L and IL, we have:
< £, Lf; >=fLf; = f DILD2f; = (D2f;)T L(Dxf)).

1

|'-h1

Let E = (D%f,-) denote the weighted feature vector of F;, and f, = the normalized

i

weighted feature vector. The score of F; can be evaluated by the following function:

=

o (F)=f LT, 2.2)

Theorem 1 ¢, (F;) measures the value of the normalized cut [78] by using f; as the soft

cluster indicator to partition the graph G.

Proof: The theorem holds as:

A soft cluster indicator is a cluster indicator that containing real values instead of cat-
egories. According to spectral clustering theorem, a good cluster indicator will result in
a small normalized cut value by assigning similar values to samples that are near to each
other on the graph. Also both theoretical and empirical results showed that the normaliza-
tion step of normalized cut makes the method to be more robust to outliers [79]. Given the
normalized Laplacian matrix IL, we can calculate its spectral decomposition (4;, &;), where
Ai is the eigenvalue and &; is the eigenvector (1 < i <n). Assuming A} < A, < ... < A,,

1
according to Proposition 1, we have: A; =0 and & = 231 (1;,&)) is usually called
D21

Bl—
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the trivial eigenpair of the graph. Also we can show that all the eigenvalues of IL are con-
tained in [0,2]. Given the spectral decomposition of 1L, we can rewrite Eq. (2.2) using the

eigensystem of IL to achieve a better understanding of the Equation.

Theorem 2 Let (A;,&;), 1 < j < n be the eigensystem of L, and aij = cos 6; where 0; is
the angle between fA'l and ;. Eq. (2.2) can be rewritten as:
n n
Q1(F) =Y o7A;, where Y oF =1 (2.3)
j=1 j=1

Proof: Let £ = DIAG(A;, Ay, ..., Ay) and U = (&1,&a, ..., &), As |[fi]] = [|&]] = 1, we
have f; ﬁj = cos 0;. We can rewrite f; L f; as:

¢lro _of T¢ T

f; Lf;=1f UXU'f;, = (O{l,...,OCn)Z(OCI,...,Otn) = Z O
AlsoY"_ o} =1,as UUT =1 and |fi]| = 1.

Theorem 2 says that using Eq. (2.2), the score of F; is calculated by combining the
eigenvalues of IL, and cos6y,...,cos 6, are the combination coefficients, which measure
the similarity between the the feature vector and the eigenvectors. To study the properties
of the eigen-system of I, we construct an example, which contains samples forming three
clusters. Figure 2.2 plots the contours of the eigenvectors &1, &y, &3, &4, Es, and &y of the IL
constructed based on the example. The contours show how the eigenvectors assign values
to the sample, and the darker the color, smaller the values the samples obtained. The figure
shows that the first eigenvector capture the density information of the data. Since there are
three clusters, the second and the third eigenvectors capture the cluster structure of the data.
The fourth and the fifth eigenvectors capture the subcluster structure of the data. And the

twentieth eigenvectors capture the subtle structure of the data, which may corresponding
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Figure 2.2: Contours of the eigenvectors &1, &y, &3, &4, Es, and &yy.

to the ones formed by noise. We also noticed that A1, A, and A3 are significantly smaller
than the remaining eigenvalues. According to spectral graph theories, the eigenvalues of IL
measure the smoothness of their corresponding eigenvectors!. Since A; = 0, Equation (2.3)
can be rewritten as fA',-T]L E = ;?:2 af?t i, meaning that the value obtained from Eq. (2.2)
evaluate the smoothness of f; by measuring the similarities between f; and those nontrivial
eigenvectors of LL. Since ):’}:1 OCJZ =1 and a; > 0, we have Z’}Zz ocjz <1, and the bigger the
0612, the smaller the 2?22 aJZ. The value of @;(F;) can be small, if f, is very similar with &;.
However, in this case, a small @;(F;) value does not indicate better separability, since the
trivial eigenvector & does not carry any distribution information except the density around

samples. To handle this case, we propose to use Z;fzz Oc]2 to normalize @; (F;), which gives

The smaller the value the more smooth the eigenvector.
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us the following ranking function:

v a2 T~
P £ LT

P2(F) = = — = (2.4)
roap o oi- (f'e)

A small @,(F;) indicates that f aligns closely to those nontrivial eigenvectors with small
eigenvalues, hence is smooth on the graph. According to spectral clustering theory, the
leading k eigenvectors of I form the optimal soft cluster indicators that separate G into k
parts. While the remaining eigenvectors corresponding to the subtle structures formed by
noise. Therefore, if k is known, for instance, we know that the data contain samples from
k different categories, which should form k dense clusters, we can also use the following

function to estimate the relevance of the features:

k
=Y 2-21)a; (2.5)
j=2

By its definition, ¢3 assigns bigger scores to features which are more relevant, as achieving
a big score entails that a feature aligns closely to nontrivial eigenvectors &, ..., &, with &
having the highest priority. By focusing on the leading eigenvectors, ¢3 can effectively re-
duce noise. Similar mechanism is widely used in Principle Component Analysis (PCA) [6]

and spectral dimension reduction techniques [73] for noise reduction.
2.2 An Extension for Feature Ranking Functions

Laplacian matrix is also used by graph based learning models for designing regulariza-
tion functions to penalize predictors that vary abruptly among adjacent vertices on graph.
n [83], the authors related the eigenvectors of IL to a Fourier basis and extend the usage of IL
to y(I.), where 7(-) is a spectral matrix function defined as: y(I.) = Y"_; y(4,)& Jﬁ In the

formulation, y(A;) is an increasing function that penalizes high frequency components?. In

’Here A;j is used to estimate frequency, since it measures how smooth the corresponding basis &; is on
the graph. The more smoother the basis, the lower the frequency.
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[104], it is also pointed out that noise is able to flatten the spectrum of the Laplacian matrix
of the data and causes performance degeneration. In practise, it is beneficial to use high
order spectral matrix functions to penalize the high frequency components to alleviate the

effect. In the this spirit, we extend our feature ranking functions to the following:

o1(F) =1 yL)T=Y a?y(A)) (2.6)
j=1
Y a3y(d)) ~ ~
- = f; y(L)f;
ha(F) =", —= YET) . @.7)
ng % = (fi 51)
k
o(F) =Y (v2)—y(A)o: (2.8)
j=2

Calculating the spectral decomposition of IL can be expensive for data with a large
number of samples. However, since ¥(-) is usually a rational function, y(IL) can be calcu-
lated efficiently by regarding IL as a variable and apply ¥(-) on it. For example, assume
¥(A) = A2, then y(IL) = IL%. For @5(-), the k leading eigenpairs of IL can be obtained effi-

ciently by using fast eigen-solvers such as the Implicitly Restarted Arnoldi method [68].
2.3 SPEC, A Unified Framework for Spectral Feature Selection

The proposed framework is built on spectral graph theory. In the framework, the relevance
of a feature is determined by its consistency with the structure of the graph induced from S.
The three feature ranking functions, @i (-), @ (+), and @3(-) lay the foundation of the frame-
work and enable us to derive families of supervised and unsupervised feature selection in
a unified manner. We realize the unified framework in Algorithm 1. It selects features in
three steps: (1) building similarity set S and constructing its graph representation (Line

1-3); (2) evaluating features using the eigensystem of the graph (Line 4-6); and (3) rank-
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ing features in descending order in terms of feature relevance’ (Line 7-8). We name the
framework SPEC, stemming from the SPECtrum decomposition of L.

The time complexity of SPEC largely depends on the cost of building the similarity
matrix and the calculation of y(+). If we use the RBF function to build the similarity matrix
and y(-) is in the form of I, the time complexity of SPEC can be obtained as follow.
First, we need O(mn?) operations to build S, W, D, L and L. And we need O(rn?)
operations to calculate y(I.). Next, we need O(n?) operations to calculate SFsppc(i) for
each feature: transforming f; to f, requires O(n) operations; calculating @;, ¢, and @s
need O(n?) operations*. Therefore, we need O(mn?) operations to calculate scores for m
features. Last, we needs O(mlogm) operations to rank the features. Hence, the overall

time complexity of SPEC is O ((rn+m)n?), or O (mn?) if (-) is not used.
Algorithm 1: SPEC
Input: X, y(-), k, ¢ € {1, {2, ¢3}

Output: the ranked feature list
1 construct S, the similarity matrix from X (and y);
2 construct graph G from S;
3 build W, D and L from G;

4 for each feature vector f; do

1
) D2f;

5 f; <+ =1 SFspc(i) «+ o(F);
[[D2£;]|
¢ end

7 ranking features according to SFspgc in ascending order for ¢; and ¢,, or
descending order for ¢s;

8 return ranked list;

3Features selection is accomplished by choosing the desired number of features from returned list.
“For @3, using Arnoldi method to calculate a few eigenpairs of a large sparse matrix needs roughly O(nz)
operations, and calculating @; itself needs O(k) operations.
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SPEC is a general framework for feature selection. The framework can be used to
systematically derive novel algorithm by using different similarity matrix S obtained from
different sample similarity measurements, different spectral matrix functions y(-), and dif-
ferent rank functions @(-). For example, given the options of S and y(-) in Table 2.1, we
can generate families of new supervised and unsupervised feature selection algorithms.
Below we analyze the effect of components in the SPEC framework; conduct experiments
to evaluate how effective these algorithms are and how they fare in comparison with the
baseline algorithms; and provide a guideline for users to choose the proper components

according to the reality of different applications.

Table 2.1: The components for SPEC tried in this work. S, and S; stand for the similarity
matrices used in unsupervised and supervised feature selection respectively.

o) @1(-), @2(-) and @3(-)

() yr)=ryr)=r

S, RBF kernel function, Dijkstra function [94]
Ss Similarity matrix defined in Equations 3.13

2.4 Robustness Analysis for SPEC

Being robust is an important character for feature selection algorithms [71, 101]. A feature
selection algorithm is not robust if a small perturbation of the original data can cause a
great change on its output. Although the perturbations can be various (eg. caused by
various noise), the underlying target concept keep unchanged. Therefore a good feature
selection algorithms should be robust to the potential perturbations. Below, we provide a
robustness analysis for feature ranking functions @;(-), @2(-) and ¢3(-). The analysis is
base on the perturbation theory developed for symmetric linear system [15], and can be
extended to @i (+), @2(+) and @3 (+) easily. We first present two theorems, which serve as the

basis for the following analysis.
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Theorem 3 (Weyl) Let A and E be n-by-n symmetric matrices. Let A1 < ... < A, be the

eigenvalues of A and My < ... < M, be the eigenvalues of A = A +E, then A, —LH <|IE|l2

Theorem 4 Let A and E be n-by-n symmetric matrices. Let A = QAQ" = Qdiag(2 j)QT
be an eigen decomposition of the A. Let A+E = A = QAQ" be the perturbed eigen
decomposition. Write Q= [£1,...,&,] and Q = [E] yeees En], where §; and EJ are the unper-
turbed and perturbed unit eigenvectors, respectively. Let 0; denote the acute angle between

¢jand E . Provided that GAP(j,A +E) > 0 we have the following inequality:

[E[2
GAP(j,A+E)’

1
> sin26; < (2.9)

Note that when 0; < 1, then 3sin20; ~ sin; ~ 6;

Proof for the two theorems can be found in section 5.2 of [15]. In Theorem 4, GAP(j,A +E)
denotes the eigen-gap of A;, where A; is the jth eigenvalue of A +E. Formally we can de-
fine GAP(j,A+E) as: GAP(j,A+E)=min;,;|A; — Aj|. According to Theorem 3 and 4,
the robustness of the eigenvalues is determined by the scale of the perturbation matrix E,
which is measured by its norm. And the robustness of the eigenvectors is determined by the
scale of the perturbation matrix E as well as the eigen-gap of the corresponding eigenvalue.
Based on the two theorems, we provide an error upper bound for feature ranking functions
©1(+), ¢2(-) and @3(+) when the original data is perturbed by noise. In general, noise causes
two types of perturbation that will effect the outputs of ranking functions. They are (1) the
perturbation of the Laplacian matrix IL, which is denoted as LL¢; and (2) the perturbation of
the feature vector f, which is denoted as f.. Without loss of generality, for the original data

and its perturbation, assume €, > 0, we have the following specifications:

L=1L+1Le,|[L|j, = ||L|l, =1,||Le||2 < er. (2.10)

f=f+fe, |[f]o = |fll = 1,|[fc|]2 < &- 2.11)



22

In above equations, L is the original Laplacian matrix, L is the perturbed Laplacian

matrix and IL; is the corresponding perturbation. Similar relationship holds for f, f; and f,

where f is a feature vector. With theorem 5, we show that we can bound the perturbation

errors of the three feature ranking functions @;(-), @>(-) and @3(-) by €r,, & and the eigen-

gaps of the eigenvalues of L.

Theorem 5 Assume (Aj,&;) be the eigensystem of L, and o = cos0;, where 0; is the

angle between f and &;, also let (Ij, g]) be the eigensystem of L, and aj = cos 5j where 5j

is the angle between f and E j» then we have:

q . q 1 q
(Z A= Y, A ) <Q||]Le||2+ Y Ajsin (5 arcsin2€;, 9) +&r ) A,~> , (2.12)
J=1 j=1

where €; g =

J=1 j=1

[ Le

Gap(j,L+Le) and € & =2&+ ef Note, when arcsm2£, o < 1,

q 1 q
ql|Lell, + Y Ajsin (EarcsinZEj, 9) +& ) A

=1 j=1

q q
& <q||1Ls||2+ Y e, e+éf27L,~>. (2.13)

j=1 j=1

Proof: We first provide an upper bound for 66]21 j using €, & and the eigen gap of L. For

convenience, in the first part of the proof, we drop off the subscript j from 66]2;1 j» if it does

not cause confusion. Let E =&+ 58,1 = A + A¢. we have:

a2l

cos? (8) = (+ Ae) (£+5)7 (£ +&0))’

(F+£:)" (& +&) 2+7Lg(f+fg (€+£s)>2

(F+£e) (E+Ee)) + e (IE+Eel 16 + &)’

(& +80))"+ (L (§+80))+ 2T (E+ &ML (€ +&0)) +Ae
£ (& +80)) + (Il 1€ +Eell,)” + 2018l 16 + el i ) + e

)
)
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Since ||€||, = ||€]l, = 1 and |[f]|> = ||f||» = 1, we have:

ail <A ((fT (& +§£))2+sf2+28f) + e

In the above derivations, we applied the Cauchy-Schwarz inequality: x”y < ||x||||y||.

We notice that f7 (£ 4 &¢) < cos (6 — 8¢ ), where 6 is the angle between & and E , we have:

(fT(§+§g))2 < cos? (6 — ;) —cos? () +cos> ()
— sin(20 — 6;)sin (6;) +cos* (6)

< | sin(6g) |+cos?(0)
Based on the two sets of results we just obtained, we have the following inequality:
O < Ae+A (€7 +2€f) + A | sin(0e) |+ Acos? (6),
and
O’ — a®A < Ae+A (€5 +2¢f) + A | sin(6) |

According to Theorem 4, we know: A¢ < ||IL¢|| and | sin (6¢) | < sin (l arcsin2g; g), where

2
€ o= %. This allows us to obtain the following result:

q B q q 1 q
(Z o= ) a%%-) < <q|m£u2+ 3 Ajsin (Earcsmze,-, e) +ery, Aj) .
j=1 J=1 J=1 =1

J

Also, by noticing that when 6 < 1, %sin 20 ~ sin O ~ 0, we can obtain Eq. (2.13).

Comparing with ¢;(-), @;(-) applies ¥(-) to rescale the eigenvalues of I before calculat-
ing the feature scores. Based on Theorem 5, we provide a robustness analysis for @;(+). In

the analysis we assume () is a rational function and has the form y(1) = A".



24
Theorem 6 Let (1;,&;) be the eigensystem of 1L, and a;j = cos 0; where 0; is the angle
between f and &, let (Xj, E i) be the eigensystem of L, and Qj = cos 5j where §j is the angle
between f and Ej. Also let ij = Aj+ A j, and assume pA; > Ag j for all 1 < i <n, with

Y(A) = A" we have the following inequality holds:
q 2~ q
Y oA =X o
: J:
d ( ) r—1 1 . r,angr
Z |Le ||, ——— 5 /1 +sin Earcsm28j7 o | Aj +ErA; (2.14)

o el
where €; g = Gar(jL1Ta) and & = 2& + Sf Note, when arcsing; g < 1, we have:

I +0)"=1,,, . (1 . .

21 (||]L8||2%}L; ' 4sin (5 arcsin2g;, 9) l}-l—sf)»;)
]:

d +1 r_l r— r A r

j=1

Proof: This is true, since we have that the following inequality holds:
a*A" = (A+2) cos? (8) — A cos® (B) +A"cos* (6)

— ((A+2Ae) = A7) cos? () + A" cos? (6)

= A (AT AT ATT2A AL cos? (8) + AT cos? (8)

< AATH (14 (04p)+ -+ (1+p) 2+ (14p) ") cos® (6) + A" cos” (6)
_ lglr_l%cosz (6) 4" cos? ()
< lgl’_l(lﬂ;.#—i-lrcosz(é)

_

When original data is perturbed by noise, feature scores will change accordingly. The

two theorems tell that, before and after the perturbation, the difference of the feature scores
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is bounded by &, & and the eigen gap of L. Among these factors, €f, corresponds to the
matrix perturbation, & corresponds to the feature vector perturbation and the eigen-gap of
L corresponds to matrix stability [15], which measures how robust the matrix is to noise.
We have the following points for the robustness of the feature ranking functions:

a.) Discarding the tail eigenpairs in feature evaluation helps increase robustness. It is
known that for a graph with well separable cluster structures, its tail eigenvalues are usually
packed in a small range, thus have small eigen-gaps [60]. Eq. (2.14) suggests including
eigenpairs with small eigen-gaps causes increasing sensitivity on noise. Also it is known
that for a graph, its tail eigenvectors usually correspond to the subtle structures formed due
to noise [95]. Therefore removing them helps improve robustness.

b.) Among the three feature ranking functions, @3(-) is more robust than ¢;(-) and
¢>(+), since it discards the less robustness tail eigenpairs in evaluation. @;(-) and @(-)
are equally robust, since A; and &; are constants. Note, although ¢3(-) is more robust in
theory, to performs well, it needs a proper threshold to determine which tail eigenpairs
should be discarded. Discarding either too many or too few eigenpairs may cause either
losing information or including unnecessary noise. In [60] the authors proposed to use
spectrum gap (the eigen-gap that divides eigenvalues to two well separable groups) or the
known number of clusters to determine the threshold. In this work we adopt the later one,
as the benchmark data sets used in our experiment do not have clear spectrum gap.

¢.) Theorem 6 suggests that if only leading eigenpairs are used for computing feature
scores, a high order rational function will increase robustness, since the leading eigenvalues
are usually smaller than one. But, if all eigenpairs are used the robustness may decrease,
since in this case we usually have Z?L} >YA ;- However, in our experiments, we found
that even all eigenpairs are involved, a high order rational function still helps improve per-
formance. Two points may support our observation: first Y’ A ]r actually does not increase

much comparing with ¥ A;, for example, in our experiments, we found Z),J?’ usually causes
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an increases of the value by no more than 25 percents. Second, with a high order rational
function, @;(-)s penalize the high frequency components in a more harsh way, and effec-
tively increase the gap between the scores of relevant and irrelevant features, which makes
the algorithm more robust to perturbations. In our experiments, we found the effect of gap
increasement is usually more observable. Therefore, in reality, it is reasonable to use high
order rational functions to improve performance. In the following, we empirically evaluate

the performance of SPEC with both synthetic and real date.
2.5 Study on Synthetic Data

We provide evidences supporting our analysis in Section 2.4 with a synthetic test case. We
will mainly focus on the effect of matrix perturbation, since the effect of feature perturba-
tion is relatively straightforward®. To exam the effect of matrix perturbation, we construct
the test case in the following way: (1) we generate a mixture of three gaussians in a 3D
space as the target concept. The center of the three gaussians are (2,0,0), (0,2,0) and
(0,0,2), and they all have unit variance. The three dimensions containing the gaussians are
denoted as Fi, F>, and F3 and forms the set of relevant features. (2) Beside the 3 relevant
features, we also generate 3 irrelevant features © which have uniform distribution and are
denoted as Fy, F5 and Fg. (3) We randomly sample 30 samples from each gaussian. (4)
We generate the original Laplacian matrix IL based on Fi, F>, and F3, and the perturbation
matrix g based on Fy, F5 and Fg. The similarity among samples are calculated using RBF
kernel functions, see Equation 1.1. (5) The perturbed Laplacian matrix is generated by

L=(1-a)l+alg, where 0 < or < 0.5 and is used to control the scale of the perturba-

tion.

SFeature perturbation may also cause matrix perturbation. As the Laplacian matrix can be formed in
many different way, to simply the analysis, we decouple the two types of perturbations.

6 Although only three irrelevant features are used for constructing the perturbation matrix, the obtained
observations are valid for high dimensional case. This is because, our experiment is based on the scale of the
perturbation matrix, which makes the effect of the irrelevant features less dependent on the feature number.
Also as most filter algorithms, SPEC evaluates features individually.
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Figure 2.3: Empirical study of the effect of perturbation on SPEC.



28

Figure 2.3 shows the effect of perturbations with different scales. In the figure, the
charts in the first row show the original and perturbed data (obtained by plotting the 2nd
and the 3rd eigenvectors of IL and IL.+ L) and the eigenvalues of I, respectively. The charts
in the second row depict the changes of the eigenvalues, the eigenvectors and the feature
score, respectively. The remaining charts plot the feature score (Y axis) vs. different noise
scale (X axis) with different feature ranking functions. Among the 6 features, Fi, F>, F3 are
relevant, and the others are irrelevant. For @;(-) and @,(+), a smaller feature score indicates
more relevant. While for ¢3(-), a bigger feature score indicates more relevant. Below we
use chart-i- j to denote the chart at the ith row and jth column of the figure.

Chart-1-1 shows the distribution of the unperturbed data in the transformed space’. In
the transformed space, samples form three well separable cluster structures. Chart-1-2,
plots the distribution of the samples when the original data is perturbed using a = 0.5, that
is the perturbation has similar scale as the original matrix. The chart shows that with a big
perturbation, the cluster structures become blur. Chart-1-3 shows the distribution of the
eigenvalues of the original data. We can observe that the tail eigenvalues are packed in a
small range. Comparing with them, the leading eigenvalues do have bigger eigen-gaps.

Chart-2-1 plots the values of the Ay, A3, A19, A15, A25 and A3 under perturbations of
different scales. The chart shows that when more noise is added, the leading eigenvalues
of L become bigger and the gap between leading and tail eigenvalues become smaller.
This corresponds to the fact that when more noise is added, the cluster structures of the
perturbed data become blur. Chart-2-2 plots the values of sin(6¢) when the scale of the
perturbation varies, where 6 is the angle between & and E . The chart shows that the
leading eigenvectors are more robust to noise, since they have bigger eigen-gap, which

is consistent with the results presented in Theorem 4. Chart-2-3 plots the relative feature

7Since the dimensionality of the original data is greater than two, the data is plotted by using its the 2nd
and the 3rd eigenvectors of IL, which forms the Laplacian embedding [55] of the original data.
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score differences related to different ranking functions for feature F3, when the scale of

c—C

the perturbation varies. The relative feature score differences is define as: ¢erarive = <5,

where c is the feature score corresponding to the original data, and ¢ is the feature score
corresponding to the perturbed data. We use relative feature score differences, since the
scores returned by @;(-) and ¢, (-) have different scale with @3(-). In the chart, f;; denotes
using @;(+) to rank features and using y(-) = A/ to rescale eigenvalues. From chart-2-3,
it can be observed that @3(+) is more robust to noise, while ¢;(-) and @,(+) are of similar
robustness, which is coherent to our analysis. From the chart it can also be observed that
by using high order rational function to rescale the eigenvalues, the robustness for @ (-)
and ¢, (-) decreases when the scale of the perturbation become bigger, while the robustness
of ¢3(-) increases. Similar trends can also be observed on other features.

The chart-3-1 to chart-4-3 plot feature scores returned by different feature ranking func-
tions when the scale of the perturbation varies. In the plots, “func i” denotes ¢;(-) and
“exp i”” denotes y(-) = A’. For ¢;(-) and @,(-), a smaller feature score means more rele-
vant, while for @3(-), a bigger feature score means more relevant. From the charts, three
observations can be obtained. First, among the three feature ranking functions, @3(-) is
the most robust one to perturbations. As we can observe that when o = 0.5, both @;(+)
and ¢, (-) mix up relevant features with irrelevant ones, while @3(-) can still separate them.
Second, comparing with @;(-), @2(-) is more robust due to the fact that the scores returned
by ¢, (-) offer bigger gaps between the relevant and the irrelevant features. We also notice
that the feature scores returned by ¢;(-) and @,(-) actually change in similar trend as the
scale of the perturbation varies. It can be verified that the different behavior of ¢ (-) and
@(+) is caused by the mechanism of removing the trivial egienpair, (1;,&;) = (O,D%l),
from consideration. Recall @»(-)=f L, (1 - (ET§1)2> 71, it turns out that the relevant features

are usually far from 518, therefore have denominators near to 1. While, in contrast, the

81In terms of the angle between the two vectors.
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irrelevant ones are often relatively closer to &; and have smaller denominators. This dif-
ference effectively increase the score gaps between the relevant and the irrelevant features.
Third, a high order rational functions helps to increase the score gap too. From the chart
we can observe that, although ¢;(A) mixes up the relevant with irrelevant features when
a =~ 0.13, with the help of ¥(-) = A3, ¢;(A) does not mixes up the relevant with irrelevant
ones until o ~ 0.3. Similar effect can also be observed on the other two feature ranking
functions. In the next section we exam the efficacy of the feature selection methods derived

from the proposed framework on real data for both supervised and unsupervised learning.
2.6 Study on Real Data

We compared the algorithms specified in Table 2.1 with two representative unsupervised
feature selection algorithms: Laplacian Score and SEPER [13]; and three representative
supervised feature selection algorithms: Fisher Score, ReliefF [80] and AROM-SVM [96].
Among the five baseline algorithms, AROM-SVM is of embedded model and the others are
of filter model. All five algorithms provide weights for features to evaluate their relevance,
and are feature weighting algorithms. The baseline algorithms used for comparison are all
state-of-the-art feature selection algorithms, comparing with them enables us to examine
the efficacy of the algorithms derived from SPEC. All algorithms are implemented with
the spider toolbox” under the MATLAB environment. We apply 1-nearest-neighbor (1NN)
classifier on data sets with selected features, and use its accuracy to measure the quality
of feature sets. All results reported in the paper are obtained by averaging the accuracy
from 10 trials of experiments. In the experiments, for @3, we set k equal to the number
of different classes of the corresponding data set. The strategy is also commonly used for

evaluating spectral clustering approaches [60].

“http://www.kyb.tuebingen.mpg.de/bs/people/spider/
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Six benchmark data sets are used for experiments: HOCKBASE, RELATHE!?, PIE10P!! ,
P1x10p!2, DATABASEC!? and COLON'*. HOCKBASE & RELATHE are text data sets gen-
erated from the 20-new-group data: BASEBALL vs. HOCKEY (HOCKBASE) and RELIGION
vs. ATHEISM (RELATHE). PIE10P & PIX10P are face image data sets containing 10 per-
sons in each. DATABASEC and COLON are both gene expression data sets. All benchmark

datasets are of very high dimensionality. A summary of the datasets is listed in Table 2.2.

Table 2.2: Summary of six benchmark data sets used in the experiment.

Data Set ‘ Sample ‘ Feature Classes
HOCKBASE 1993 4862 2
RELATHE 1427 4322 2
PIE10P 210 10000 10
PIX10P 100 10000 10
DATABASEC 60 7129 2
COLON 62 2000 2

2.6.1 Study of Unsupervised Cases

In the experiment, we use weighted 10-nearest neighborhood graph to represent the sim-
ilarity among samples. Figure 2.4 contains 12 plots of accuracy vs. different numbers of
selected features, different ranking functions, different y(-) and different similarity mea-
sures. As shown in the plots, in most cases, the majority of the algorithms proposed in Ta-
ble 1 work better than the benchmark algorithms. Working with the Dijkstra function [94],
SPEC achieves much better accuracy than using RBF kernel function on HOCKBASE and
RELATHE data. While with RBF kernel, SPEC works better on PTE10P data. In general, the

more features we select, the better accuracy we can achieve. However, in many cases, this

Ohttp://people.csail.mit.edu/jrennie/20Newsgroups/
Uhttp://www.ri.cmu.edu/projects/project 418 html
Zhttp://peipa.essex.ac.uk/ipa/pix/faces/manchester/
Bhttp://www.broad.mit.edu/mpr/publications/projects/CNS/
4http://microarray.princeton.edu/oncology/affydata/index.html
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trend is less pronounced when more than 40 features are selected. Using @,(+), y(IL) = LL
and the RBF kernel function, SPEC works exactly the same as Laplacian Score, show-
ing the potential equivalence between this special case of SPEC and the Laplacian Score,
which will be confirmed in Section 3. Table 2.3 shows the averaged accuracy when 10, 20,
30, 40, 50 features are selected. In the table, the accuracy with bold face is the highest or
the second highest one without significant difference with the highest determined by t-test
(p-val>0.1). From the results we can observe that the differences between Laplacian Score
and the algorithms performing best on each data set are: 0.17 for HOCKBASE, 0.07 for
RELATHE, 0.15 for PIE10P, 0.18 for P1X10P, 0.09 for DATABASEC and 0.09 for COLON.
And the differences for SEPER are: 0.19 for HOCKBASE, 0.07 for RELATHE, 0.24 for
Pi1E10P, 0.17 for P1x10P, 0.16 for DATABASEC and 0.11 for COLON. A trend can be
observed in the table is that @;(-) performs well on the two text data sets, which contain
binary classes; @3(+) performances well on the two gene expression data sets and one im-
age data set P1x10P, while ¢, (-) works robustly on most data sets. We also observed that
comparing with using I, using I.> never downgrades performance significantly, while in
certain cases, applying it can improve the performance by a big margin. For example on
P1x10P with RBF kernel, by using ¢», 7>, we are able to achieve an improvement of 0.16
comparing with using ¢,,r. This observation shows that the high order spectral matrix
function is helpful on improving learning performance by reducing noise.

According to the table, most of the highest accuracies are achieved when 3 is used, this
fact further justified the use of high order spectral matrix function to adjust the eigenvalues
for the Laplacian matrix. From the experiment results, we can also observe that the high
order spectral matrix function, >, provides better performance than truncating the spectrum
of the Laplacian matrix, @3. For @3 to perform well, one need to determine a proper
threshold for discarding tail eigenpairs. In the experiments, we use the first k eigenpairs

for calculating feature score, where k is equal to the number of different classes in the
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Figure 2.4: Study of unsupervised cases: accuracy (y axis) vs. different numbers of selected
features (x axis). In the legend, F; stands for @;(-).
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Table 2.3: Study of unsupervised cases: averaged accuracy. DIJ stands for Dijkstra kernel,
and LPSR for Laplacian Score. Accuracy with bold face is the highest or the second highest
one without significant difference with the highest.

Kernel | LPSR | SEPER | @1,r | @1, | @r | &7 | @3r | 93,7
RELATHE
RBF | 0528 [ 0530 | 0579 | 0.539 [ 0528 | 0.528 | 0.518 | 0.519
DIJ 0.528 | 0.530 | 0.582 | 0.601 | 0.598 | 0.600 | 0.571 | 0.570
HOCKBASE
RBF | 0533 [ 0513 | 0565 | 0.550 [ 0.533 [ 0538 | 0.524 | 0.525
DIJ 0.533 | 0513 | 0.640 | 0.652 | 0.703 | 0.701 | 0.697 | 0.696
PIE10P
RBF | 0.636 [ 0542 | 0581 | 0.656 [ 0.636 | 0.643 | 0.73 | 0.786
DIJ 0.636 | 0.542 | 0.661 | 0583 | 0.639 | 0.636 | 0.673 | 0.681
PIX10P
RBF | 0745 | 0758 | 0.69 | 0.841 | 0.745 | 0903 | 0.84 [ 0.828
DIJ 0.745 | 0.758 | 0702 | 0.763 | 0.923 | 0.929 | 0.902 | 0.847
COLON
RBF | 0.694 [ 0.615 | 0580 | 0.641 [ 0.694 [ 0.779 | 0.746 | 0.735
DIJ 0.694 | 0.615 | 0509 | 0.513 | 0.688 | 0.679 | 0.734 | 0.697
DATASETC
RBF | 0568 [ 055 | 0529 | 0518 [ 0.568 [ 0.565 | 0.657 | 0.622
DIJ 0.568 | 0.55 | 0523 | 0507 | 0.548 | 0.547 | 0.615 | 0.598

corresponding data set. Since a data set may have subtle structures in each its cluster, we

conjecture that using only the first k eigenpairs may cause losing useful information. In

fact, in our experiment we did obtain better performance by manually tuning the threshold

for discarding tail eigenpairs, which says that determining a proper threshold for spectrum

truncation is crucial for ¢3. We will conduct analysis on this issue in the next chapter.

2.6.2  Study of Supervised Cases

The similarity matrix defined in Eq. ( 3.13) is used with SPEC for supervised feature

selection. It can be verified that this similarity matrix is a block matrix with rank k. And

in this case the first k eigenvalues of I are 0 and the others are 1. Hence, varying ¥(-)

will not affect the values of the three feature ranking functions, therefore we skip y(-) =
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73 for supervised feature selection. Figure 2.5 shows the six plots for supervised feature
selection. Table 2.4 shows the averaged accuracy when 10, 20, 30, 40 and 50 features are
selected. In the table, accuracy with bold face is the highest or the second highest without
significant difference with the highest determined by t-test (p-val>0.1). From the results
we can observe (1) generally supervised feature selection algorithms perform better than
unsupervised feature selection algorithms, as they use label information; (2) generally, with
the the similarity matrix defined in Equation 3.13, @, (-) works the best, followed by @s(-)
and @;(-)"; and (3) with the the similarity matrix defined in Equation 3.13, @,(-) works
exactly the same as Fisher Score, showing the potential equivalence between this special
case of SPEC and the Fisher Score, which will be confirmed in Section 3. We averaged
the accuracy over different numbers of selected features and different data sets. Results
show that SPEC((,) and Fisher Score perform the best with an averaged accuracy of 0.78,
followed by ReliefF whose accuracy is 0.76. The accuracy of SPEC(¢3), SPEC(¢;) and
AROM-SVM are 0.73, 0.71 and 0.67, respectively.

Table 2.4: Study of supervised cases: averaged accuracy. Accuracy with bold face is the
highest or the second highest without significant difference with the highest.

Data Set ReliefF | Fisher | AROM-SVM o) ) 03

RELATHE 0.648 0.649 0.532 0.588 0.649 0.589
HOCKBASE 0.759 0.815 0.503 0.688 0.815 0.660
PIE10P 0.916 0.924 0.855 0.892 0.924 0.907
PIX10P 0.902 0.908 0.936 0.930 0.908 0.958
COLON 0.753 0.807 0.640 0.580 0.807 0.694
DATABASEC 0.553 0.577 0.467 0.507 0.577 0.537

2.7 Discussions

Feature selection algorithms can be either supervised or unsupervised [50]. We propose a

general spectral feature selection framework, SPEC, for both supervised and unsupervised

SThere is an exception on PIx10P data, where SPEC((s) performs the best.
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Figure 2.5: Study of supervised cases: accuracy (y axis) vs. different numbers of features
(x axis). In the legend, F; stands for ¢;(-). Y stands for the similarity matrix specified in
Eq. (3.13), and LO stands for AROM-SVM.

learning, which facilitates the joint study of supervised and unsupervised feature selection.
We showed that families of effective algorithms can be derived from the framework. We
conducted robustness analysis based on perturbation theory. The analysis enabled us to ob-
tain better understanding about the behavior of the SPEC in a noisy learning environment.
Extensive experiments exhibited the generality and usability of SPEC. One piece of work
related to SPEC is [97], in which an unsupervised feature selection algorithm is proposed
based on iteratively calculating the soft cluster indicator matrix and feature weight vector.
The algorithm can be extended to handling data with labels. However the input of the algo-
rithm restricts to covariance matrix, it does not handle general similarity matrix and cannot
be extended to a general framework as the SPEC does.

The proposed framework consists of several components, the similarity matrix S, the

ranking function @(-) and the spectral function y(-). A proper configuration of the frame-
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work ensures good performance. Based on our experimental results and observations, we
offer the following guidelines for configuring SPEC. (1) The similarity matrix depicts the
relationship among samples. A matrix which reflects the eccentrical relationships among
samples is important for SPEC to select good features. An example is the HOCKBASE
data, by using Dijkstra kernel, we achieved an improvement of 23% comparing with using
the RBF kernel. (2) In noisy learning environment, either @3(-) or an high order rational
function y(-) is helpful for removing noise. (3) For data with clear spectrum gap, @s(-) may
be very effective. Otherwise @, (+) could be a better way, since comparing with @3(-), @ (+)
is less aggressive, and usually provide robust performance. (4) SPEC generates feature
weighting algorithms. As most feature weighting algorithms, it does not consider feature
redundancy, which may hurt the learning performance [102]. To address the problem, we
will propose a multivariate formulation for spectral feature selection in Section 4.

SPEC works with general similarity matrices. It is natural to extend the framework for
various applications. One interesting extension is the semi-supervised feature selection.
In many real applications, such as text mining and image processing, data are abundant,
but labeled data are costly to obtain. It is common to have a high dimensional data with
large amount of unlabeled samples but only a few labeled samples. The data sets of this
kind present a serious challenge, the so-called “small labeled-sample problem” [36], to su-
pervised feature selection. That is, when the labeled sample size is too small to provide
sufficient information about the target concept, supervised feature selection algorithms fail
with either unintentionally removing many relevant features or selecting irrelevant features,
which seems to be significant only on the small labeled data. Unsupervised feature selec-
tion algorithms can be an alternative in this case, as they are able to use the large amount
of unlabeled data. However, as these algorithms ignore label information, important hints
from labeled data are left out and this will generally downgrades the performance of un-

supervised feature selection algorithms. Under the assumption that labeled and unlabeled
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data are sampled from the same population generated by the target concept, using both
labeled and unlabeled data is expected to better estimate feature relevance. The task of
learning from mixed labeled and unlabeled data is of semi-supervised learning [11]. Spec-
tral feature selection SPEC, can be naturally extended to achieve semi-supervised feature
selection through a regularization framework, in which a feature’s relevance is evaluated

by its consistency with both labeled and unlabeled data. The idea is formulated in [110] as:
AP (F)+(1—-A)(1—NMI(F,y)). (2.16)

In Eq. (2.16), NMI(F;,y) is the normalized mutual information [102] between feature F;
and y. The first term of Eq. (2.16) calculates the consistency of feature F; on X using one of
the feature ranking function proposed in Section 2.2. The second term estimates the con-
sistency of feature F; with the labeled data. To be identified as relevant, a feature must be
consistent according to the distribution of both the large amount of unlabeled data and the
small amount of labeled data, which is illustrated in Figure 2.6. In the figure features assign
similar values to samples that are in the same cluster, which is denoted by the ellipses. As
we can see, since the cluster structure of the unlabeled data is ambiguous, feature F' and
feature F’ are equally consistent to the distribution of unlabeled data(smooth). However,
feature F is more consistent to labeled data, which suggests that F' is more relevant.

The idea formulated in Eq. (2.16) forms one of the first semi-supervised feature se-
lection algorithm, which is called sSelect [110]. Table 2.5 shows the averaged accuracy'®
improvements (in percent) of the 1nn classifier on the features selected by sSelect com-
pared to the case when Fisher Score (supervised) and Laplacian Score (unsupervised) is
used. The result suggest that using both labeled and unlabeled data does help feature se-
lection. We refer readers to [106] for more detailed theoretical analysis and experimental

results on semi-supervised feature selection algorithm sSelect.

16The averaged accuracy is obtained by averaging the accuracy achieved by the 1nn classifier when dif-
ferent number of features are selected by the feature selection algorithms



39

Feature vector f Feature vector f’

Figure 2.6: An exemplification of the idea behind semi-supervised feature selection.

Table 2.5: Average accuracy improvements of the 1nn classifier on the features selected by
sSelect on the BASEHOCK data set. L is for number of labeled data.

L Fisher Score Laplacian Score
2 5.60% 13.89%
6 8.36% 17.75%
10 11.50% 19.97%

On issue related to the framework formulated in Eq. (2.16) is that the regularization
parameter A is data dependent. That is for different data, the best value for the regulariza-
tion parameter may vary. Therefore to find a proper value for the regularization parameter
A is crucial to ensure the performance of sSelect. In [106], a parameter tuning mechanism
is developed based on studying the cut-value!” achieved on the data that only contains
the selected features. We find the mechanism is often effective, but very time consuming.
Therefore developing an efficient and effective technique for determine the value for the

regularization parameter A is an important work for future study.

7Given a data X, the cut-value can be calculated by: first, constructing the adjacent matrix A from X
then, forming the normalized Laplacian matrix IL using A; at the last, obtaining the cut-value by calculating
the second smallest eigenvalue of IL.



Chapter 3

CONNECTIONS TO EXISTING ALGORITHMS
The proposed spectral feature selection framework, SPEC, is a general framework. It
can systematically generate family of new feature selection algorithms, and it also unifies
many existing feature selection algorithms as its special cases. In this chapter, we connect
the proposed spectral feature selection framework to existing feature selection algorithms,
which includes Laplacian Score [31], Fisher Score [19], ReliefF [80], Trace Ratio [62], and
HSIC [85]. To achieve this, we first reformulate the relevance evaluation criteria proposed

in the SPEC framework to a more general form:
_ T &P a X
I]IFlSaMZ(ZFGFsub o(F)= I]?SZ(ZFGFW f' ' St, feR", SeR"™ (3.1)

where, Iy, is the set of selected features, f and S are the normalized feature vector and
normalized sample similarity matrix obtained from f and S according to certain normal-
ization rules, respectively. We then show that the algorithms mentioned above can all be
formulated in the form of Eq. (3.1). The only difference of these algorithms is that they
use different rules to normalize f and S, which results in different fandS.

It is shown in [77], that solving the following problem:
maxgxotrace (KS) st. trace(K) <1, (3.2)

will results in a kernel matrix K, which well preserves the sample similarity specified in

S. Since maxY pey, , f'St= max) pcy,, trace (f’ f’TS) = max trace { (ZFeIFmbffT) S}.
sub

sub sub

Also we have Y} pcpp tf = XITFM,JXIF here Xy, is the data containing only the features

sub?’

in [F'g,;. Thus rl{?lax Y FeF,, 'St equals to select a set of features Iy, such that the linear

sub

kernel on Xy , can preserve the pairwise sample similarity specified in K well. Therefore

we can see that features maximize the value of Eq. (3.1), should have strong capability on
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preserving the pairwise sample similarity specified in S. This can also be shown in a more
intuitively way, since f' S f= Y Yi8i fif j» under the assumption that features are normal-
ized || £ || = 1, to obtain a large value of Eq. (3.1), a feature must assign similar values
to the samples that are similar to each other according to S. And this ensures the feature
have strong capability on preserving the sample similarity specified in S. In the following
sections, we will show that many existing successful feature selection algorithms can be
formulated in the form of Eq. (3.1), therefore, although these algorithms are different in

many ways, they are all special cases of the proposed spectral feature selection framework.
3.1 Reformulation for SPEC

We first study the case when the spectral matrix function is not applied. Given S, the simil-
iarity matrix, with the following theorem, we show that the three feature ranking function
®1(:), ¢2(-), @3 (-) can be formulated in the common form of maxYrcp,, f7 S, with
different definitions of f and S. Here f and S are the normalized f z:fd S.

Theorem 7 Let S be the similarity matrix, using SPEC to select k features can be achieved

by maximizing the following objective function:

k
argmaxg, ,...F, Z 3 S flj (3.3)
j=1
When @, () is applied, £ and S are defined by:
1
n D2f N
f=— §=D:SD. (3.4)
[D2A]|

When @, (+) is applied, let &, be the first eigenvector of L, which is equal to HD’% IHEID’% 1.
fand S are defined by:

= . S=D2SD:. (3.5)
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When @3 (-) is applied, let I. = ULU', where U = (&,...,&,) and £ = diag (A1,. .., A,) be
the eigen decomposition of L. £ and S are defined by:

1
D:f ,
:Hle\!’ S=U,21-X%) U/. Up=(&,....&), Lk =diag(A,..., 4)  (3.6)
2

—rn>

Proof: We start from @ (-). It is easy to verify that @; (F) =f' (I- S) f. In SPEC, fea-
tures are evaluated independently, therefore using @ () to select k features can be achieved
by picking the top k features, which have the smallest ¢; (-) values. This process can be

formulated as the following optimization problem,

argming; .

'\..
-
e

Note, in the above equation, features are actually evaluated independently. Also we have,

i, St

HM»

k
arg min,vi1 Z fi, = arg maxg, ..

This is true, since features have been normalized and fl,...,f’m all have unit norm. We
prove the case when ¢ (+) is applied in SPEC for feature selection.

When ¢, (-) is applied, first we can show that ||f|| = 1. Second, since the first eigenvalue
of I is equal to zero, A; = 0, we have 51T]i x = 0 for any x € R"*!. By noticing the above
fact, we can prove the equivalence for the cases when ¢, (+) is applied.

Also it is easy to verify the following equation:
k
U, (21-%;) Ul f= Z = @3(F).
This allow us to prove the equivalence for the cases when @3 () is used in SPEC.

Theorem 8 shows that when ¢, () and ¢, (+) are used in SPEC, it tries to preserve the

sample similarity specified by D*%SD*%, which is the normalized sample similarity. And
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when @3 (+) is used, it tries to preserve the sample similarity specified by Uy (21— X;) U, ,
which is derived from L by adjusting the leading eigenvalues and discarding the tail eigen-
pairs It is known that the tail eigen-pairs of correspond to noise. In ¢ (-) and ¢;3(-),
features are normalized by D%f, which form the density reweighted features [31]. And
they are normalized to have unit norm. This step emphasizes positions in a feature, which
correspond to samples from neighborhoods with dense sample distribution. In ¢; (-), there
is a second normalization step: features are first made to be orthogonal to &;, and then
normalized to have unit norm. This step removes &; from consideration. As mentioned
above that by aligning closely to &, a feature can achieve a big ¢, (-) value, however, &;
only capture the density information of the data. The second normalization step ensures
that we will not assign high relevance scores to features being aligned closely to &;.
Similarly, when the spectral matrix function y(-) is used in SPEC. By the following
theorem, we show that the three feature ranking function @; (), @2 (-), ¢3(+) can also be

formulated in the form of max} pep 7 S t, with different definition of £ and S.

sub

Theorem 8 Let S be the similarity matrix and Y(+), using SPEC to select k features can be

achieved by maximizing the following objective function:

Lj

k
argmaxg; .. r, Zi £ S fij. (3.7)
]:

Let .=UXU', where U= (§1,...,&,) and ¥ = diag (A1,..., )
When ¢, () is applied, £ and S are defined by:

1
D s _va—y@)uT. (3.8)
D2

f =

When @, (+) is applied, let &, be the first eigenvector of 1, which is equal to HD_% 1 Hz_]D_% 1
t and S are defined by:

it . P&
L

f= :
D21 1- (&)’

, S=UI-yx@)Uu'. (3.9)
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When @3 (-) is applied, £ and S are defined by:

ol —

D2f

f= :
D]

S = Ui (’}/(21) - ’}/(Zk» Ul—cr U = (§27' . '7§k)7 Y= dl(lg (2’27' .. 7/116)
(3.10)

NI—

3.2 Reformulation for Laplacian Score

Laplacian Score [31] is a unsupervised feature weighting algorithms with filter model.
Given an affinity matrix S, its corresponding degree matrix D and laplacian matrix L, the

Laplacian Score of a feature f is calculated via:

f'Lf . f'D1
(pL(f) :ﬁ, where f=f— ml (311)
With the following theorem, we show that ¢, (f) = ¢ (f), Here ¢ (-) is the second

feature ranking function defined in SPEC without using the matrix spectral function y ().

Theorem 9 The unsupervised feature selection algorithm Laplacian Score [31] is a spe-

cial case of SPEC, by setting ¢(-) = @»(-) in SPEC.

Proof: The ranking function of Laplacian score is:

fTLf ~ D1
, Where 17D1

= - 1.
fTDf

oL (F)

Substituting f in ¢ (F) and applying Proposition 1, we have:

(F) = filLf (D2£) TL(D2f)
L N fTDf (f'p1)2 1 1\?2
1Dl | . ((DZf)T(DH))
(D2f) " (D2f) — ~—F— 77
(D21)7(D21)
- 1
As & = PZL and = P2 we have:
|D21]| D2
fTLt
?L (F) = N 5 = ( )
1—(t7¢)



45
Theorem 9 shows that Laplacian Score is a special case of SPEC, which explains our

observation in Section 2.6.1 that when @,(-) is used, and y(IL) = L, SPEC works exactly

the same as Laplacian Score. Based on this theorem, we claim:

Theorem 10 Let S be the similarity matrix, using Laplacian Score to select k features can

be achieved by maximizing the following objective function:
k AT A
argmaxg, . ..F, Z:l fij S fij.
]:

Let &) be the first eigenvector of 1, tand S are defined as:

5 =T A
N S161 . S=D:8D:.
f 1-(f7&)°

=

f =

3.3 Reformulation for Fisher Score

Fisher Score [19] is a supervised feature weighting algorithms with filter model. Given the
class label y = {y1,...,yn}, Fisher Score select features, that assign similar values to the
samples from the same class, and assign different values to samples from different classes.
The evaluation criterion used in Fisher Score can be formulated as:

. 2
(e

qu(Fi)zz”lcj (1, 2“) (3.12)
j=1"0;

In the equation, u is the mean of the feature f;, n; is the number of samples in the jth class,
and u; and o; is the mean and the variance of f; on class j, respectively.

As shown in [31], when the similarity matrix S is derived from the class label as:

1
P Yz:)’]:l
SiS=4 " (3.13)

0, otherwise

Laplacian Score and Fisher Score are equivalent, and have the following relationship:

1

= 3.14
1+ ¢ (F) G-19

oL (F)
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Therefore we have the following theorem:

Theorem 11 Let S be the similarity matrix defined in Eq. (3.13), using Fisher Score to

select k features can be achieved by maximizing the following objective function:
k AT an
ipsee 7 Zl flijlj
j:

arg maxg.

Let & be the first eigenvector of 1L, which is derived from S, fandS are defined as:

. . f—f" R
f=—— = S161 . S§=D2SD2.
D=1 1- (&)’

3.4 Reformulation of ReliefF

Relief [41] and its multiclass extension ReliefF [42] are supervised feature weighting algo-
rithms with filter model. Assume M instances are randomly sampled from data, the feature

evaluation criterion of Relief is define as:
1M
= 5 Z ([foer,i = NM (X )il| — |1xei — NH (X, )il]) -

In the equation, x; ; denotes the value of instance x; on feature f;, NH(x) and NM(x) denote
the nearest points to x in the data with the same and different label respectively, and || - |
is a distance measurement. To handle multiclass problems, the above evaluation metric is

extended and has the following form:

1

Z ||Xt,i -

TONE
t=1 M, CL(x:) x; JENH (x;)
P(C) 1

—+ X X
c #gf(m 1—P(CL(x,)) ~ M

Y bl g (3.15)

X;ENM(x;,C)
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Here, CL(x;) returns the class label of the instance x, and P(C) is the probability of a
instances being from the class C. x; ; is the value of the feature f; on instance x;; NH (x) or
NM(x,C) denote a set of nearest points to x with the same class of x, or a different class
(the class C), respectively. M; cp(x,) 1s the size of the set NH (x), and M, ¢ is the size of
the set NM(x,C). Usually, the size of both NH(x) and NM(x,C), ¥V C # CL(x), is set to a
pre-specified constant 4. Eq. (3.15) forms the relevance evaluation criterion of ReliefF. The
relevance evaluation criteria of Relief and ReliefF tell that the two algorithms seek features
contribute the separation of samples from different classes.

Assume the training data has ¢ classes with / instances in each class, there are 4 in-
stances in both NH(x) and NM(x) and all features have been normalized to have unit
norm. As show in [108], under the specified assumptions, the feature relevance evaluation

criterion of ReliefF can be formulated using the following equation:
k

n kg L (fi = fame ;)
Y| X Vi)=Y = CE (3.16)

i=11 j=1 CHyi

In the equation, f; is the value of feature f on the ith instance, x;; NH; denotes the jth
nearest hit of x;; and NMc ; denotes the jth nearest miss of x; in class C. Here we use the
Euclidean distance to calculate the difference between two values and use all training data
to train ReliefF. When the similarity matrix S is defined as:
1 i=j

SFEb=¢ 1 x;eNH(x) , (3.17)
(C_+)k xj € NM (x;,CL(x;))
Assuming that if x; € NH (x;), we also have x; € NH (X;); and if x; € NM (x;,CL(x;)), we
also have x; € NM (X i, CL(x j)), which ensures S*EL is symmetric. By applying Proposi-
tion 1, it is easy to verify that D =1, and @g (F;) = —1 +f' SRELf is equivalent to the evalua-

tion criterion defined in Eq. (3.16) up to a constant. By the fact that @; (F;) = —1 +f SREL,
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where @ (-) is the first feature ranking function defined in SPEC without using spectral ma-
trix function, we can see that under the assumptions, ReliefF also forms a special case of

SPEC. Based on the above observation we have the following theorem:

Theorem 12 Let S be the similarity matrix defined in Eq. (3.17), using ReliefF to select k

features can be achieved by maximizing the following objective function:
k AT an
argmaxg ... F, Z fij S fl-j.
j=1

Here, t and S are defined by:

1
DI .
= §=DISD (3.18)

po D
D3|

3.5 Reformulation for Trace Ratio Criterion

The trace ratio criterion for subset-level feature selection is proposed in [62]. It defines two
affinity matrices S,, and S;,. S,, represents the within-class or local affinity relationship of
instances, whereas S;, represents the between-class or the global counterpart. Two graphs
Gy, and G, can be constructed and their corresponding graph Laplacian matrices are L,,
and Ly, respectively. Assume we want to select k, W = [w; ,W;,, -+, W; | € Rk is the
selection matrix, where the column vector Wi, has one and only one “1” at its i ;-th element,
and {iy,ip, -+ it} € {1,2,--- ,n}. The Trace Ratio Criterion seeks the best selection matrix

W by maximizing the following objective function:

t TXTL,X
W* — argmax — race(W »XW)

. 3.19
W trace(WTXTL, XW) (3-19)

As shown in [62], the optimal solution of the problem can be obtained by iteratively solving

the following two subproblems. First, when A; is mixed, we solve the problem (P1):

(P1): Wiy = argmax rrace <WTXT(Lb - )LiLw)XW) . (3.20)
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Second, when W; is fixed, we solve the problem (P2):

trace(W/, X L,XW,)

P2): A1 = )
(B2): iy trace(W], | X TL,XW,,)

(3.21)

Since rrace (W' X" (Ly — ALy )XW) = Yic (i, i, it £ (L — ALy) £, it is easy to see
that when A is fixed, the subproblem (P1) can be solved by picking the top k features with
large f (L, — AL,,) f; values. Therefore, although the Trace Ratio Criterion is proposed
for subset feature selection, in feature selection process, which corresponds to solving the
subproblem (P1), features are actually evaluated independently.

Based on the above analysis, we have the following theorem to built the connection

between the Trace Ratio Criterion and the SPEC framework.

Theorem 13 Assume A* is the optimal A for the problem defined in Eq. (3.19), using the
Trace Ratio Criterion to select k features can be achieved by maximizing the following

objective function:

k
AT ad
argmaxg, . .F, Z fij S flj.
j=1

Here, t and S are defined by:
f=f S=(L,—A'Ly) (3.22)

The theorem suggests that to maximize f' (L, — AL,,) f, a feature needs to simulta-
neously maximize f' L, f, which requires it to assign different values to samples that are
from different classes, and minimize fTLW f, which requires it to assign similar values to
samples that are from the same class. And the A is the regularization parameter to balance
the two components in the criterion. It can be seen that the Trace Ratio Criterion selects
features in a similar way as the Fisher Score. Actually, it is shown in [62], that with specific

definitions for L, and L, the Trace Ratio Criterion is equivalent to Fisher Score.
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3.6 Reformulation for HSIC Criterion

HSIC is first proposed in [27] for measuring the dependence between two kernels. In [85],
HSIC is applied for feature selection, and the basic idea is to select a subset of features,
such that the kernel constructed using the feature subset maximize the HSIC criterion when

compared to a given kernel K. In [85] an unbiased estimator of HSIC is given as:

1"Kgll'K1 2

-
(n—l)(n—2)n—21 KpK1| . (3.23)

oy (F) = ﬁ Trace (KpK) +

In the equation, F is a subset of the original features and Ky is the kernel obtained from
F. To achieve unbiased estimation, HSIC criterion requires the diagonal elements of K and
Kp are set to 0. Based on the HSIC criterion, features can be selected via either backward
elimination or forward selection. To do feature selection with the HSIC criterion using a
general kernel can be very time consuming due to the complexity of the kernel calculation
step in each iteration. Therefore linear kernel is usually used in the HSIC criterion for
feature selection. It is shown in [84] that when linear kernel is used for constructing K,

using the HSIC criterion to select k features can be formulated as solving the problem:
‘ T
argmaxFil’._.’Fik Z’I fij SHSIC fi_,--
j:

17K1 2
(n—1)(n—2)n—-2

Sysic = K+ (117 1) <K11T _ diag (K1))1 (3.24)

1
n(n—3)
Itis clear that in the case the HSIC criterion forms a special case of SPEC, which is formally

stated in the following theorem:

Theorem 14 When the linear kernel is applied, using the HSIC to select k features can be

achieved by maximizing the following objective function:

k
AT as o &
argmaxﬁ.l,_”,pik Z i S f,'j, f —f, S —SHSIC
J=1
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3.7 Discussion

In this chapter, we show that five existing successful feature selection algorithms, includ-
ing Laplacian Score, Fisher Score, ReliefF, Trace Ratio, and HSIC fit into the framework
formulated in Eq. (3.1). In Table 3.1, we summarized the sample similarity matrix and
the corresponding feature normalization criteria used in the algorithms. It turns out that
although these algorithms are originally designed to achieve different goals, they actually
select features via estimating their capability on preserving sample similarity, which is de-
fined in certain ways.. One limitation of all these algorithms is that they evaluate features
independently, causing them unable to handle redundant features, which forms a common
drawback of these algorithms. To address this limitation, in the next chapter, we propose
a multivariate formulation for spectral feature selection. The formulation can effectively
remove redundant features and can be efficiently solved. We will also empirically evalu-
ate the performance of the above algorithms in comparison to the proposed multivariate

formulation for spectral feature selection.

Table 3.1: The normalized similarity matrix and feature vector used in different algorithms.

Algorithm Sample Similarity Matrix ‘ Feature Normalization
1
SPEC - ¢1(-) S=U@-yx)u’ f = Dt
D21
T N ——
SPEC - ¢ (+) S=u{d-yx@)Uu’ f= D f_ t—£7&& .
D2 1-(f7¢1)
T
SPEC - ¢3(-) S =U(y(2D) —v(%)) U] f =2
[D2f]]
T R —
Laplacian Score D :SD 3 f=Df f— Llflz
D21 1-(f7¢1)
Fisher Score SFIS f = D%f = f-£78& i
D2 1-(f7¢))
I
ReliefF SREL f = D2f
[D2f]|
Trace Ratio Criterion L,—A"L, f =
HSIC Susic f =




Chapter 4

A MULTIVARIATE FORMULATION FOR SPECTRAL FEATURE SELECTION
Given m features, and a similarity matrix S of the samples, the idea of spectral feature selec-
tion is to select features that align well with the leading eigenvectors of S. Since the leading
eigenvectors of S contain structure information of sample distribution and group similar
samples into compact clusters [95], features aligning better to them will have stronger ca-
pability on preserving sample similarity. As shown in the previous chapter, many spectral
feature selection algorithms exist, including Laplacian Score [31], Fisher Score [19], Trace
Ratio [62], Relief and ReliefF [80], and HSIC [85]. These algorithms demonstrated ex-
cellent performance in both supervised and unsupervised learning. However, since they
evaluate features individually, they cannot handle redundant features. Redundant features
increase dimensionality unnecessarily [39], and worsen learning performance when facing
shortage of data. It is also shown empirically that removing redundant features can result
in significant performance improvement [29, 16, 23, 100, 2, 18]. Note that none of these
redundancy removal algorithms are based on spectral analysis.

In this chapter, we address the limitation of existing spectral feature selection algo-
rithms in handling redundant features, and propose a novel spectral feature selection algo-
rithm of an embedded model, which evaluates the utility of a set of features jointly and can
efficiently remove redundant features. The algorithm is derived from a formulation based
on multi-output regression [30], and feature selection is achieved by enforcing sparsity
through applying L, j-norm constraint on the solutions [63, 4]. We analyze its capabil-
ity on redundancy removal and study the properties of its optimal solutions, which paves
the way for an efficient path-following solver. By exploiting the necessary and sufficient

conditions for the optimal solutions, the solver can automatically adjust its parameters to
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generate a solution path for selecting a specific number of features efficiently. We conduct
extensive empirical study on the proposed algorithm in both supervised and unsupervised

learning to demonstrate that it can select relevant features with low redundancy.
4.1 Spectral Feature Selection with Sparse Multi-output Regression

Let X € R™*™ be the data matrix, where n and m are the number of samples and features,
respectively. Given a sample similarity matrix S specifying the similarity among samples,
spectral feature selection aims to select features that preserve the sample similarity spec-
ified by S. Given a feature F, as shown in Chapter 3, different spectral feature selection
criteria can be formulated in a common form:
n 5 1 2
o(F, S)=1"8§t=Y X (fTéi) = (iﬁAT&) . 4.1
i=1 i=1
In the equation, f and S are the normalized feature vector f and similarity matrix S obtained
by applying certain normalization rules. ii and éi are the i-th eigenvalue and eigenvector
of the S, respectively. Different spectral feature selection algorithms adopt different ways
to define S and use different rules to normalize f and S to achieve the certain effect, such
as noise removal. Eq. (4.1) shows that existing spectral feature selection algorithms eval-
uate features individually. Therefore they cannot identify redundant features, which is a
common drawback of these algorithms and needs to be addressed.
To identify redundant features, features must be evaluated jointly. To this end, given
yi = /ll.l/ 2 &i, where A; and &; are the i-th eigenvalue and eigenvector of S, instead of looking
for one feature which closely aligns to y;, as formulated in Eq. (4.1), we propose to find a

set of [ features, such that their linear span is close to y;. The idea can be formulated as:

arg min HYZ'_XAWi,AH%'
A',wi,A

In the equation, A = {iy,...,i;} C {l,...,m}, Xa = (f;,...,f;) and w; € R"*!. Note,

to facilitate the subsequent formulations, in the above equation, we use L, norm on the



54

difference of two vectors to measure the closeness among vectors. When all A; and &; are
considered, their joint optimization can be formulated as:
n
arg %?Ai_ziny,-—xwi’ﬁngz Y —XaWa |7 (4.2)
In the equation, Y=(y1,...,¥n), WA:(wlA, . 7WnA)- Assume S = UXU" is the SVD of
S, we have Y=Ux!/2, Note, when A contains only one feature, the formulation reduces to
searching for features that maximize the Eq. (4.1).
Given Y and X4, Wy can be obtained in a closed form. However, feature selection

needs to find the optimal A, which is a combinatorial problem of NP-hard. To efficiently

solve the problem, we propose the following formulation:

argrvr%]ir}HY—XWHIz; (4.3)

skt ||W

21 St

A={i:||w,>0}, Card(A) =1
Here w' denotes the ith row of W, and |W|,,, is the Ly ;-norm which is defined as:

W

1 .
21 = Zl W], (4.4)
&

When applied in regression, the L, j-norm constraint is equivalent to applying Laplace
prior [76] on w!, which tends to force many rows in W to be 07, resulting sparse solution.
The advantages of the formulation presented in Eq. (4.3) are three folds.

First, it can find a set of features jointly preserving the sample similarity specified by S.

Theorem 15 LetS=UXU', Y = UXY2 and Q = Y — XW. We have:

|xwwxT—s| <201¥ll+ 2l I,
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Proof: Since S =YY, and |A +B||r < ||A||r + ||B| . we have:

IXWW'XT —YYT || = QY +YQ" +QQ7|F

IN

1Y |7+ YR [|F +[1QQ"IF

< 20Y[rlQlF + 127

= CIYlr+lIQl#)lr
In the derivation, we use the fact: ||AB||r < ||A||r||B||F-
|

In the theorem, XW is a new representation of samples obtained by linearly combining

the selected features!

. And XWW X returns the pairwise similarity among samples
measured by their inner product under the new representation. The theorem shows that

r, which ensures the selected

by minimizing ||Q||r, we also minimize |[XWW'X™ —§|

features can jointly preserve the sample similarity specified by S.

Second, by jointly evaluating a set of features, it tends to select non-redundant features.
Assume two features f, and f; satisfy the following conditions: (1) they are equally cor-
related to Y, i.e. ) Y=f] Y; (2) f, is highly correlated to fy, i.e. £]f; — 1. And f, is less
correlated to £, i.e. f;fd > qufd. Without loss of generality, we assume both f,, and £, are
positively correlated to f;; (3) they are equally correlated to other features, i.e. f;fl:f;f,-,

Vie{l,...,m}, i # d. Based on the assumptions, we have the following theorem:

Theorem 16 Given the above assumptions, assume f; is selected by an optimal solution

of Eq. (4.3), then £, has higher priority than £, to be selected in the optimal solution.

Proof: Let Y = (yi,- - ,yx) be the n X k response matrix and W be the m x k weight matrix.

The i-th row and j-th column of W are denoted by W;. and W.; respectively. Recall that

"Note that although W € R”*¥, many of its rows are 0. Therefore, the representation is generated by
using only a small set of selected features
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| - || is the Frobenius norm and |[W|j2.; = Y7 | [[W;||2. Let W be the current solution in
which two strongly correlated feature f; and f, are selected, i.e. |[Wg.||F > 0,[|W:||r > 0.
By using the technique developed in [70], it can be shown that in the optimal solution of
Eq. (4.3), (Wd;7Wp;) > 0 when f;fp — 1. Assume the three conditions specified before
the theorem hold. Below, we show that as long as f; has a sufficiently small py, = f;f ,
selecting f,, rather than f,, can always decrease the objective function. To this end, we define
another weight matrix Was: W. =W,;., Vi = p,q and V~Vq; = Wp;, V~Vp; = 0. Note that
(1) [W/|l2.1 = |[W]||2.1; and (2) W and W have no difference except the p-th and g-th rows.
Since ||Y —XW||7 = X/, lyi —XW,j[3, we can show that:

1Y = XWI[7 —IY = XWI[z = 2W,, Y (£, —£,) +2(Wa, Wp) (Pap — Pag) -

where, p;; = fin ;. In the derivation, we use the fact that:

/ /
Z ijY;!— = Wp:YTa Z deij = <W :7W[)2>‘
j=1 j=1
Based on the equation, we have the following inequality:
—_ ~ — _— 71 —_
”Y - XWHI%" - ”Y - XWH%’ >0< (pdp - pdq) > ((Wdzawp:>> Wp:YT (fp - fq) .

Since ||Y 'f, — Y f,||> = 0, according to the assumption. We have that as far as pgy < Pp,

selecting f, rather than f,, can always decrease the objective function.
|

The theorem shows that the formulation in Eq. (4.3) tends to select features that are less
correlated, which ensures the selection of non-redundant features.

Third, it is tractable. Given a value for ¢, the problem:

argn&inHY—XWH% st |W|,, <t (4.5)
7C ’
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can be solved by applying a general solver [63, 4, 53]. And given [/, a proper ¢ value, which
results in the selection of about / features, can be found by applying either a grid search or
a binary search based on the observation that, a smaller # value usually results in selecting
fewer features. However, for a given [, this approach may require to run a solver many

times for searching the proper ¢ value, which is computationally inefficient.
4.2 MRSF, An Efficient Solver

We propose an efficient path-following solver for solving the problem specified in Eq.
(4.3). It can automatically detect the points when new features enter its “active set”, and
update its parameters accordingly. It can efficiently generate a solution path to select the
specified number of features. We start by deriving the necessary and sufficient conditions
for a feature to be selected in an optimal solution of Eq. (4.5).

The Lagrangian for Eq. (4.5) has the following form:

S(W,2) = Y = XW =2 (1= [|W,,, ) (4.6)
£(W, 1) is convex. According to the convex optimization theorem [7], W, minimizes
£(W,A) if and only if 0 € d,i L (W,A4) |lw=w,, i = 1,...,m. Here, 0, £(W,A) is the
subdifferential of £ (W, 1) corresponding to w’, and has the following form:

0L (W, A) =£! (Y —XW)+ Ay, (4.7)

w! :
vi=——, if w#£0
Cwill
Vi € {u|u e RV J|u|; < 1}, if w=0

Therefore, W, is an optimal solution if and only if:
—Avi =] (Y —XW)|w_w,, Vi€ {L,...,m} 4.8)

Base on this observation, we give the necessary conditions, and the necessary and sufficient

conditions for W to be optimal with the following two propositions.
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Proposition 2 Assume W' is the i-th row of W, the necessary conditions for W to be

optimal are: Vi € {1,...,m}:

W0 = [f' (Y-XW)|[p=21

w=0 = [f'(Y-XW)[p<2 (4.9)

Proposition 3 Assume W' is the i-th row of W, the necessary and sufficient conditions for
W to be optimal are: Vi
wi

w£0 = fT(Y-XW)=-A1—°-
w2

w=0 = [fT(Y-XW)[p<2A (4.10)

Based on the two propositions, we propose an efficient solver for Eq. (4.3), and its
pseudo code can be found in Algorithm 2. In the algorithm, A; is the “active set” in the
i-th run, which contains the features selected in that run. Algorithm 2 contains two major
steps. (1) Lines 4-10, the algorithm determines the direction for updating WU (Line 4),
and the step size (Lines 5-8), by which, it updates the active set and the A (Line 10). (2)
Lines 11-18, the algorithm finds an optimal solution corresponding to the A obtained in
step 1. Given A, it first solves an L, j-norm regularized regression problem using a general
solver based on the Nesterov’s method [53] (Line 11). Note, this problem is of small scale,
since it is only based on the features in the current active set, but not the whole set. W is
used as a starting point to ensure fast convergence of the Nesterov solver. It then checks
whether the obtained solution is also optimal on the whole data (Line 13). If it is true, the
algorithm records the current optimal solution and goes to Line 4 to start next run (Line

14). Otherwise, it adjusts the active set and goes back to Line 11 (Line 17).

Theorem 17 (1) Given WU is the current optimal solution, the W generated in step 1
(Line 9) satisfies the necessary condition for an optimal solution specified in Proposition 2.

(2) And the W in Line 14 of step 2 is an optimal solution corresponding to the current A.
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~1
Proof: To prove the first point, it is sufficient to show that fl-TXAi <X£1XA,»> XTAi =

fl.T, Vi€ A;. And the second point of the theory can be simply verified by applying the

necessary and sufficient conditions for the optimal solutions developed in Proposition 3.

Algorithm 2: MRSF

1

4

5
6

10
11

12
13

21

return W

Input: X, Y, k£

Output: W

W0=0,i=1andR¥ =Y;

2 Compute the initial “active set” A = argmax; [|f] R |2;
3 whilei <kdo

Compute the walking direction y5,;: Ya, = <X1T&,-X Ai> XK,-R[l_lh

for each j ¢ A; and an arbitraryt € A; do
Compute the step size «; in direction ¥4, for f; to enter A;.

I7 (R = aXaa, 7, ) 2 = (1= ) 7 REY o

end
J© = argming, )

T T
W:(<W["”+aj*m,.> ,0) ;

A= AUG Y A= (- o )[R

Solve the smaller optimization problem miny ||Y — X3 W||% + A | W||2,; using
Nesterov’s method, with W as the starting point;

R=Y-X;W;

if Vi¢g A, ||/ R|j2 <A then

14 ‘ i:i—l—l,Ai:A, wii-1] =W, R =R;

15 else

16 A= {i||w]| £ O}U{argmaxj Hf]TRﬂz}

17 Remove W' from W, if ||W/|| =0, W = (WT,O)T, Goto line 11;
18 end

19 end

20 Extend W to W by adding empty rows to W

[K]

b
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Algorithm 2 is very efficient. In each run, in step 1 it increases the size of its active set
and decreases the A accordingly. At the same time, it generates a tentative solution, which
satisfies the necessary conditions for the optimal solution. And in step 2, it generates
an optimal solution corresponding to A for the whole data by working on features in the
active set only. Since the tentative solution is usually very close to a true optimal, step 2
often converges in just a few iterations. It can be shown that when n features are selected,

Algorithm 2 has a time complexity of O(n’k +mn?).
4.3 Experimental Study

We now empirically evaluate the performance of the proposed multivariate formulation for
spectral feature selection in both supervised and unsupervised learning context. We name
it MRSEF, since it is proposed to Minimize the feature Redundancy for Spectral Feature
selection. In the experiments, we choose eight representative feature selection algorithms
for comparison. For supervised learning, six feature selection algorithms are chosen as
baselines: ReliefF, Fisher score, Trace Ratio Criterion, HSIC, mRMR [16] and AROM-
SVM [96]. The first four are existing spectral feature selection algorithms. And the last two
are the-state-of-the-art feature selection algorithms for removing redundant features. For
unsupervised learning, four algorithms are used for comparison: Laplacian Score, SPEC,
Trace Ratio Criterion, and HSIC. They are all spectral feature selection algorithms. For
MRSE, in supervised learning, S is calculated by Eq. (3.13); and in unsupervised learn-
ing, S is calculated by the Gaussian RBF kernel function. Six high dimensional data sets
are used in the experiment. They are four image data: ARI10P2, PIE10P3, PIX10P*, and

ORL10P>. Two Microarray data: TOX and CLL-SUB from the Gene Expression Omnibus

Zhttp://rvll.ecn.purdue.edu/~leix/aleix_face_DB.html. Images are subsampled down to size of 60x40.
3http://peipa.essex.ac.uk/ipa/pix/faces/manchester/. Images are subsampled down to the size of 60x40.
“http://www.ri.cmu.edu/projects/project_418.html. Images are subsampled down to the size of 100x 100.
>http://www.uk.research.att.com/facedatabase.html. Images are subsampled down to size of 100x 100.
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Table 4.1: Summary of the benchmark data sets

Data Set # Features # Instances # Classes
AR10P 2400 130 10
PIE10P 2400 210 10
PIX10P 10000 100 10
ORLI10P 10000 100 10
TOX 5748 171 4
CLL-SUB 11340 111 3

(GEO) gene expression repository® with retrieval IDs: GDS1454 and GDS968. Detailed
information of the benchmark data sets is listed in Table 5.3.

Assume F is the set of selected features, and Xg only containing features in F. In the
supervised learning context, algorithms are compared on (1) classification accuracy and (2)

redundancy rate, the redundancy rate is measured by:

1
= —) Z Pij,

RED (F)
mim=1) 1. (/i

where, p; ; returns the correlation between the i-th and the j-th features. A large value of
RED (F) indicates that many selected features are strongly correlated and thus redundancy

is expected to exist in F. For unsupervised case, two measurements are used: (1) the

redundancy rate as defined above; and (2) the Jaccard score computed by:

1 & NB(i,k,Sy) "NB (i,k,S)
A k)=~
JAC (S¥,S, k) nZNB(szF)UNB(lkS)

where, Sy = XFXII is the similarity matrix computed from the selected features using inner
product; and NB (i,k,S) returns the k nearest neighbors of the i-th sample according to S.
The Jaccard score measures the averaged overlapping of the neighborhoods specified by
Sr and S. A high Jaccard score indicates that sample similarity are well preserved.

For each data set, we randomly sample 50% samples as the training data and the re-

maining are used for test. The process is repeated for 20 times and results in 20 different

®http://www.ncbi.nlm.nih.gov/geo/



62

partitions. Different algorithms are evaluated on each partition. The results are recorded
and averaged to generate the final results. Linear SVM is used for classification. The
parameters in feature selection algorithms and SVM are tuned via cross-validation if nec-

essary. Student’s t-test is used to evaluate the statistical significance with pVal< 0.05.

4.3.1 Study of Supervised Cases

Accuracy: the classification accuracy results are shown in Figure 5.5 and Table 5.4. Fig-
ure 5.5 contains the plots of the accuracy achieved by the SVM classifier when uses the
top 10, 20, ..., 200 features selected by each algorithm. Table 5.4 shows the “aggregated
accuracy” of different algorithms on each data set. The aggregated accuracy is obtained by
averaging the averaged accuracy achieved by SVM using the top 10, 20, ..., 200 features
selected by each algorithm. The value in the parentheses is the p-Val. In Figure 5.5 and
Table 5.4, we can observe that MRSF produces superior classification performance com-
paring to the baseline algorithms. The averaged value for aggregated accuracy achieved by
the baseline algorithms is 0.78, which is 11% lower than that achieved by MRSF.
Redundancy rate: Table 4.3 presents the averaged redundancy rates of the top » features
selected by different algorithms, where n is the number of samples. We choose n, since
when the number of selected features is larger than n, any feature can be expressed by a
linear combination of the remaining ones, which will introduces unnecessary redundancy
in evaluation. In the table, the boldfaced values are the lowest redundancy rates or the ones
without significant difference to the lowest. The results show that MRSF attains very low

redundancy, which suggests that the redundancy removal mechanism in MRSF is effective.

4.3.2  Study of Unsupervised Cases

Jaccard Score: Tables 4.4 present the averaged Jaccard score achieved by different algo-

rithms. Results show that MRSF achieves significant better results on all data sets compar-
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ing to the baseline algorithms, which demonstrates its strong capability on selecting good
features for preserving sample similarity specified in the given similarity matrix.
Redundancy rate: Table 4.5 shows the averaged redundancy rates achieved with the
top n features selected by different algorithms. The results show that the features selected
by MRSF contains much less redundancy comparing with the baseline algorithms. This is

expected, since the latter cannot remove redundant features in feature selection.

4.3.3  Study of Efficiency

Figure 4.1 presents the running time of MRSF and a solver for Eq. (4.5) proposed in [53].
Since that solver is based the Nesterov’s method, we call it Nesterov in this paper. As
shown in [53], Nesterov is one of the fastest solvers for solving Eq. (4.5). The running
time is obtained in the following way. We first run MRSF to select 100 features on each
data set and record the obtained r = |[W||2,; and the time it used. We then run Nesterov on
each data using the ¢ we obtained from MRSF and record its running time. The precision
of the Nesterov is set to 10~°. Note that Nesterov is also used in Line 11 of MRSF, where
its precision is set to 1079, too. The results show that on the six data sets, MRSF achieved
an average running time of 23.33s, which compares to the 37.46s of Nesterov. Note that
if the grid search or binary search is applied to determine ¢, Nesterov may have a running
time which is much longer, even with the warm start strategy [53]. The results demonstrate
the high efficiency of the proposed MRSF algorithm.

The experiment results from both supervised and unsupervised learning cases show
consistently that MRSF can very efficiently select features containing less redundancy and

producing excellent learning performance.
4.4 discussion

In this chapter, we propose a novel spectral feature selection algorithm based on sparse

multi-output regression with L, j-norm constraint. We study the properties of its solutions,
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Figure 4.1: The Running time of MRSF and the Nesterov method on each data set.

and design an efficient solver following our formulation. The algorithm improves existing
spectral feature selection algorithms by overcoming a common drawback in handling fea-
ture redundancy. As illustrated by extensive experimental study, the proposed algorithm
can effectively remove redundant features and achieve superior performance in both super-
vised and unsupervised learning. In our study, we find that our formulation for spectral
feature selection can be linked to a wide range of learning models, such as principle com-
ponent analysis (PCA), support vector machine (SVM), and linear discriminant analysis
(LDA) through their least square formulations [91, 89].

Given a covariance matrix, principle component analysis (PCA) seeks factors to explain
a maximum amount of variance in the given data. Below we show the connection between
MRSF and PCA. Assume m > n and X = ULV is the SVD of X, and U = {uy,...,u,},

V={vy,...,v,},and £ = diag{A;,..., A, }. In [116], it is shown that the principle compo-
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nents generated by PCA can be equally obtained by solving the following problem:

wizargngvaXHyi—sz-Hz
1

yi = Aivi. 4.11)

Based on this observation, in [116], the authors proposed to obtain sparse solutions for PCA

to achieve sparse PCA (SPCA) by solving the following 1-norm regularization problem.

w; = argmax [|y; —Xw||2
l
Iwilly <1,

Y = 7L,'Vl'. (4.12)
The objective of Eq. 4.12 can be written in the form of:

W= arng%XHY—XWHF
W= {Wl,...,Wk},
Iwills <1,

Y =V, %, (4.13)

where Vi = {v1,..., v}, and T = diag{Ay,..., 4 }. Aswecansee that YY ' =V, 22V, ~
XX . Here, ~ is used to denote an approximation, and we have:
n
IXX"-YY'||r= )} A
i=k+1
When k is large enough XX can be very close to YY ', and only a small amount of vari-
ance is lost in the approximation. Comparing Eq. (4.11) and Eq. (4.13) to Eq. (4.3), it
is clear that PCA eccentrically projects samples to a lower dimensionality space, where

the similarity among samples measured by their inner product in the original space are

best preserved. Therefore SPCA formulation specified in Eq. (4.12) can be regarded as a
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special case of MRSF when linear kernel is used to define the similarity among samples.
As compared with SPCA, MRSF is derived from the idea of similarity preserving but not
variance preserving. This eccentrical difference enables MRSF to work with sample sim-
ilarities defined by various metric, besides linear kernel. Also, the usage of L, norm in
MRSF make it more suitable for feature selection. The L; norm used in Eq. 4.12 ensures
sparse pattern on each coordinate. However, for generating different coordinates, different
features are used, when considered all coordinates together, still, many features will be
used in the obtained W. In comparing to the L; norm, the L, 1 norm is able to ensure that
only a small set of the features are used to define all the coordinates.

The least square Linear Discriminant Analysis (LSLDA) and the least square Support
Vector Machine (LSSVM) are proposed in [99] and [91], respectively. The two learning

models can be formulated in a common way:
min IXW - Y|, WeR™ (4.14)

In Eq. (4.14), Y € R"** is the label matrix. Each row of Y corresponds to an instance and

each column corresponds to a class. For LSLDA, the Y is defined as:

no_ i
L] _nj

4.15)
Vi
For LSSVM, the Y is defined as:

otherwise.

1 o
Yi=1]
S
Yi,‘;M - (4.16)
-1 otherwise.

Comparing Eq. (4.14) to Eq. (4.3), it shows that if we plug the Y defined in Eq. (4.15)
and (4.16) in Eq. (4.3), MRSF will select features using the criteria specified in LSLDA
and LSSVM, and generate sparse solution for the two least square models. Also we can

show that let S be the matrix defined as in Eq. (3.13), K;s7pa can also be formulated as:

Krsipa = (YEPAY (YEPA) T = nKFIS — 117, (4.17)
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Since the matrix 117 and n are constant, we can see that Fisher score and LSLDA es-
sentially specify the same simple similarity. Unlike Fisher score, LSLDA is a supervised
feature extraction algorithm, which generates new features by combining original features.

The above analysis connects MRSF to some well known learning models, including
principle component analysis (PCA), linear discriminant analysis (LDA) and support vec-
tor machine (SVM) through their least square formulations. The connections provide in-
sights on these models as well as MRSF, and allow us to use MRSF to generate sparse
(or more sparser) solutions for them. Note, MRSF is for feature selection, while PCA and
LDA are for feature extraction, therefore the analysis essentially build a bridge that con-
nects feature selection and feature extraction. This forms an interesting contribution, which

may be studied in greater detail as one line the future research work.
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Chapter 5

INTEGRATING MULTIPLE KNOWLEDGE SOURCES IN FEATURE SELECTION
Much progress has been made over the last decade in developing effective feature selection
algorithms [49, 28]. Many feature selection algorithms have been developed and proven to
be effective in handling data of single source. One area in which feature selection is inten-
sively used is gene selection based cDNA microarray where high-throughput microarray
techniques generate gene expression data with 30K-50K features (genes or oligonucleotide
probes), but only tens of samples [47, 5, 103, 9]. Given a cDNA microarray data, most ex-
isting feature selection algorithms try to identify genes that are differentially expressed over
the samples. Discriminative genes help classifiers or clustering algorithms to achieve high
accuracy [48, 20, 40]. However, does the better accuracy necessarily indicate higher bio-
logical relevance of genes? We applied a supervised feature selection selection algorithm,
Fisher Score and an unsupervised algorithm, Laplacian Score on the expression profiling
of bone marrow from 18 pediatric patients with acute lymphoblastic leukemia (ALL) [65]
to select genes that may provide insight into the pathogenesis of pediatric ALL. The top
20 genes selected by the two algorithms are examined by our biologist collaborators. Ta-
ble 5.1 contains a list of the biologically relevant genes identified by the biologists, and the
accuracy achieved by the knn classifier on the selected genes. The result shows that a gene
list of higher accuracy does not necessarily contain more relevant genes. Hence, selecting
genes to achieve high accuracy should not be the sole goal of biological discovery.

There could be two sensible explanations. First, a cNDA Microarray data usually con-
tains more than several thousand genes but only fewer than 100 samples. A data set of
this kind usually leads to the small sample problem [69]. With so few samples, many

genes, which are not biologically relevant, can easily gain their statistical relevance due
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Table 5.1: Biologically relevant genes identified by two algorithms for childhood ALL.

Unsupervised (ACC: 0.61, REL: 7)
SFRS5  TMO9SF1 WTAP GPSM3
STAC3 POMP SLC25A6

Supervised (ACC: 0.97, REL: 4)
USP33 IL2RG SIGIRR CHCHD2

to randomness [81]. Second, even genes that are related, may have different importance.
For instance, to understand a specific biological process, the genes acting as the “triggers”
are much more important than the genes acting as the “fire”. Therefore, sometimes, the
genes that act as the “fire” are not considered as relevant in biologists’ study. Addressing
these problems goes beyond what the cDNA Microarray data can offer, and necessitates
the need for additional information to conduct effective gene selection. Recent develop-
ments in bioinformatics have made various knowledge sources available, including the
KEEG pathway repository [37], the Gene Ontology database [8] and the NCI Gene-Cancer
database [75], etc. Recent work has also revealed the existence of a class of small non-
coding RNA species known as microRNAs, which are surprisingly informative for identi-
fying cancerous tissues [54]. The availability of these various knowledge sources presents
unprecedented opportunities to advance research solving previously unsolvable problems.
In this chapter, we study the novel problem of multi-source feature selection based on the
proposed spectral feature selection framework to integrate multiple knowledge sources in
the process of feature selection for improving the reliability of relevance estimation. The
major challenge here is how to address the heterogeneity in different knowledge sources.
In gene selection research, researchers have tried to use various types of knowledge
to assist gene selection. For instance, the authors in [1] propose to use different types of
knowledge about genes to calculate gene similarity, which is then used to identify genes

that are closest to the given example genes. In [88] the authors focus on using gene sets,
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which are groups of genes that share common biological functions, chromosomal loca-
tions, or regulations to interpret the gene selection outputs. In [64], gene annotation are
used for choosing gene ranking criterion. In [3], protein interaction, gene-disease asso-
ciation and gene function annotation are used for choosing cancer related genes. Gene
selection approaches using gene regulatory network and gene ontology are also studied
in [46] and [66, 86], respectively. Since most existing work is designed for specific re-
search purposes, they can only handle one or limited types of knowledge of the same cat-
egory. For instance, the models proposed in [88, 1, 3] can only handle knowledge about
genes (features), but not knowledge about samples. To address this limitation, we propose
a integrative approach to systematically incorporate different types of knowledge in feature
selection. To achieve this, given multiple knowledge sources, we first extract a local sam-
ple distribution pattern from each source, which can be then combined to generate a global
sample distribution pattern to reflect the intrinsic relationships among samples [44]. And
the obtained global pattern can be used in spectral feature selection to achieve multi-source

feature selection. Figure 5.6 presents the major steps in the approach.

Knowledge of Features i  Knowledge of Samples

\ \

Sample Similarity Pattern

Spectral Feature Selection
Global Pattern features

Xy

Figure 5.1: The framework of multi-source spectral feature selection.

Target Data l:> Reduced
Data

Samples
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As shown in Figure 5.6, the proposed spectral feature selection approach contains three
steps: (1) Knowledge Conversion - knowledge understandable for human beings may not
be directly applicable in a learning model. Therefore, the first step is to use different
types of knowledge to extract sample similarity. Assume we have L different knowledge
sources %1, ...,.#7. For the i-th knowledge source, we can apply a conversion operator
ci (+) to extract a local specification of the sample similarity matrix S;, and this allows us to

formalize knowledge conversion with the following equation:
S,‘ZC,‘(%),iIl,...,L (51)

(2) Knowledge Integration - Given multiple local sample similarity matrices, a global

similarity matrix can be obtained by linearly combining local similarity matrices [114].

L
Sglobal = Y, aiSi (5.2)
i=1

In the equation, and ¢; is the combination coefficient, which can be assigned by domain
experts according to their domain knowledge [114], or, if the label information is available,
learned automatically via convex optimization based on a set of kernel matrices carrying
the information about the local geometric patterns. We refer readers to literature for com-
prehensive study on the research issues of kernel combination [44, 99].

(3) Feature Selection - after obtained the Sy, it can be used in the proposed spectral
feature selection framework for feature selection.

Next, we will study how to categorize the external knowledge sources, and how to
define the converting operators c¢ (-) to extract local sample similarity from different types

of knowledge with heterogeneous representations.
5.1 Categorization of Different Types of Knowledge

Different types of knowledge need to be handled properly in multi-source feature selec-

tion. We now study how to categorize different types of knowledge that can be used in



75

feature selection. To assist understanding, gene selection is used as an application context
to illustrate the ideas, in which genes are corresponding to features. We also study how
to efficiently and effectively extract sample similarity information from different types of
knowledge, which are of heterogeneous representations.

Various types of knowledge sources can be used in feature selection. We categorize
them into two groups: the knowledge about features, and the knowledge about samples.
The knowledge about features usually contains information about the properties of fea-
tures or their relationships. Figure 5.2 presents three different types of knowledge about
genes (features) that can be used in gene selection: (a) metabolic pathway, which depicts a
series of biochemical reactions occurring in cells and reflects how genes interact with each
other to accomplish a specific function; (b) gene ontology (GO) annotation [8], which uses
a controlled vocabulary to describe the characteristics of genes; and (c) gene sequence,
which describes the order of the nucleotide bases of genes. The figure shows that the three
types of knowledge have heterogenous representations. The nature of the knowledge deter-

mines how it can be used in feature selection. According to the way knowledge is used in
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Figure 5.2: An example of three different types of knowledge about genes (features): (a)
Metabolic Pathway, (b) Gene Ontology Annotation, and (c) Gene Sequence.



76

feature selection, we further divide different types of knowledge into three categories: (1)
knowledge about feature similarity, %fM, for example, with gene sequence information,
gene similarities can be obtained by applying a sequence alignment algorithm. (2) Knowl-
edge of feature functions, %@N for instance, in a metabolic pathway, a set of genes act
together to accomplish particular biological functions; and in gene ontology annotation,
the functions of genes are also provided. (3) Knowledge of feature interaction, %ST, for
example, in the BioGRID [87], over 198k genetic interactions related to different types of
biological processes are recorded. The knowledge of features is accumulated and cross-
examined by human researchers in their research by generalizing evidences from multiple

experiments, therefore, is more reliable, and independent of any specific experiment.
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Figure 5.3: Different types of knowledge about samples, (a) the class label information, (b)
sample hierarchy, and (c) an example of the auxiliary data.

The knowledge of samples usually is about sample categories, ,/"ffCSAT, or samples’ simi-
larity relationship, Ji/sf - Samples can be categorized with either a flat structure (as shown
in Figure 5.3-(a), which forms the standard class label) or a hierarchical structure, as shown
in Figure 5.3-(b). The similarity among samples, depicted by the pairwise sample similar-

ity matrix, can be derived from a given auxiliary data. Auxiliary data refers to the data
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containing additional information of the same set of samples in the target data. The target
and the auxiliary data depict the same set of samples, while using different measurements.
Auxiliary data may help us get a better understanding of the geometric pattern of the sam-
ples. For example, as shown in Figure 5.3-(c), for gene selection, the microRNA Microar-
ray can serve as auxiliary data, which measures the microRNA expression of samples.
cDNA Microarray and microRNA Microarray are collected from the same set of samples.
Compared to cDNA Microarray, microRNA Microarray contains the expression of only
several hundreds of microRNA and are found to be surprisingly informative in separating
tissues of cancer and noncancer, as well as tissues of different types of cancers [32]. Us-
ing microRNA Microarray as auxiliary data helps improve our understanding about how
cancerous samples cluster together. Comparing with knowledge about features, knowledge

about samples links to individual experiment, therefore is more specific.

Table 5.2: The categories and examples of different types of knowledge.

Jcar - Category | Class Label, Sample Hierarchy
miRNA Expression Profile, mRNA Ex-

pression Profile

Samples
HSim - Similarity

Knowled
nowledge Gene Sequence, Gene Ontology Annota-

tion, Gene Lineage, Gene Locus
Genes Gene Ontology Annotation, Metabolic

Jrun - Function . _y
FUN Pathway, Gene-Disease Association
Metabolic Pathway, Protein-Protein Inter-

action

Jsiyv - Similarity

Jnt - Interaction

Table 5.2 summarizes different categories of knowledge that can be used in feature
selection. We noticed that some types of knowledge fall into more than one categories. For
instance, gene ontology annotation can be used for obtaining the knowledge of both gene
similarities, e.g. by comparing shared annotation terms among genes, and gene functions,
e.g. by finding out the annotation terms related to specific functions of interest. Different

types of knowledge have heterogenous representations and describe feature or samples
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from different perspectives. The categorization of different types of knowledge helps us
identify the common character of the knowledge from the same category, so that a common

approach can be applied on the knowledge in that category for knowledge conversion.
5.2 Knowledge Conversion

We study how to extract sample similarity from different knowledge sources. The conver-
sions of Ji/C*E‘T — Ji’S§M is straightforward. For example, given %‘ZP the category infor-
mation of samples, Eq. (3.13) can be used in to construct sample similarity. When applied
in the spectral feature selection framework SPEC, this leads to the Fisher Score feature
selection algorithm. Below, we show how to perform conversions for: Ji@fM — Ji@fM,
%@N — 4%/5§M and Ji/CFON — JifsfM Figure 5.4 illustrates how to convert %fM and
Ji/F%N to %@5 . The idea is to involve the three types of knowledge in the calculation of

the pairwise similarity among samples.

| |
| |
I Similarity |
: Among Genes | l
| |
: Covariance
|
|
|

|
. |
Gene Function | Among Features
|
|
———————————————— Mahalanobis Distance

«+—— TargetData —» @

y !

Similarity Similarity Similarity
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Filtering >

Feature Selection

Figure 5.4: Calculating sample similarity using different types of knowledge of genes.
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Given similarities among features, feature covariance can be constructed and used in cal-

culating the pairwise sample similarity via Mahalanobis distance [58], which is defined
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as:

Ix=yli = x-y) €' (x~y). (5.3)
In the equation, x,y € R are two samples with m features Fi,...,F,, and C € R"™*"™
is the covariance matrix. In comparison to the standard Euclidian distance, Mahalanobis
distance provides a better way to determine the similarities among samples by considering
the probability distribution of the underlying model, and the ellipsoid best representing the
probability distribution can be estimated from C [30]. In real applications, C is usually

estimated by the following equation:

1
n—1

C=—Y x—%)(x—%)", (5.4)
k=1

where Xxi,...,X, are the n samples of the data, with X being their mean. Although Equa-
tion (5.4) specifies an unbiased estimator of the covariance matrix, when sample size is
small, it may return a poor estimation. Instead of using the data, the covariance matrix can
also be obtained from our knowledge of feature similarities, which may provide another
(more stable and reliable) way for estimating C. By the following theorem, we show how

to construct the covariance matrix from %7/, the knowledge of feature similarity.

Proposition 4 Given S € R™ " with s ;i specifying the similarity between features F; and
Fj. Let D be a diagonal matrix with di; = ¥ sy, then K = (D — W)+ specifies a kernel.

Using its embedding, the covariance matrix can be obtained by:
1
C=K (I — 7U11TUT) K. (5.4)

In the proposition, / is the number of involved features, 1 is the vector with 1 as its only

elements. (-)" denotes the pseudo-inverse and K=UXU7 is the SVD [25] of K.

522 Hyn, Hlon = Him

In applications, some particular functions or certain types of feature interactions may be

of special interests according to the research purpose. For example, in gene selection for
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cancer study, genes with certain types of functions or participate in certain types of biolog-
ical processes (genetic interactions) are especially interesting to biologists. Given ,%/F@N
or Ji/CFON, and IF, a set of feature functions of interests, or I, a set of feature interactions of

interests, data can be filtered by the features associated with .%, or I:
X = g, (X), Xy = Ilg, (X). (5.5

Here F and Fy are the features related to I and I, respectively. And I1(-) is the projection
operator. Using the filtered data Xy or X7, a pairwise sample similarity matrix S can be
obtained through any similarity measure. Since all features in Fp (or Fy) are related to
the feature functions (or feature interactions) of interest, sample similarity matrix S should
reflect the distribution under the influence of the functions (or the interactions). In case
the functions (or the interactions) are closely related to the target concept under study, the
distribution will give us an insight of the target concept, and help us to select relevant
features. Using features which are known to have a particular function (or participate in a
particular interaction) as the seeds can also help us select features that perform the same

function (or participate in the same interaction) but are still unknown.
5.3 MSEFS - The Framework

The above technical discussion has paved way for us to propose a framework for Multi-
Source Fene Selection: MSFS. The detail of the framework can be found in Algorithm
1. It consists of three major steps: (1) obtaining local sample similarity from each data
source (Lines 3-5); (2) combining the local sample similarity to construct a global sample
similarity (Line 6); and (3) using the global sample similarity in spectral feature selection
to select features (Lines 7). Below we give analysis on time complexity for MSFS.

Since the representation of the L data sources are heterogenous, the time complexity
of extracting local sample similarity from knowledge sources can vary greatly. Assuming

for knowledge sources 7 .. Ji/Li ,Ji/lS . ,%/Li , each knowledge sources provides us an
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Algorithm 3: MSFS: Multi-Source Feature Selection
Input: 7, ... %7 and X
Output: Listg - the selected feature list
forall the 7; € (7] ....%;) do
‘ construct S;, the local sample similarity;
end
obtain global sample similarity S from S;s;
feed S in to SPEC to select feature and form Listg;
return Listg;

A U AW N -

affinity matrix depicting feature similarity and involving / features, then constructing Cr
using Equation (4) and calculating its (pseudo) inverse requires O(I%) operations. Comput-
ing Mahalanobis distance among n” pairs of instances and forming a RBF kernel require
O(I?n?) operations. Crossing the Lr knowledge source, the total cost is O ((lzn2 + 13 )LF).
Assuming for Ji/lS . %‘Z , each knowledge source has m features depicting the same set of
n samples, and we use RBF kernel to represent the local sample similarity pattern. The time
complexity of forming a RBF kernel on each knowledge source is O(mn?). And crossing
Lg knowledge sources, the cost is O (Lgnzm). Therefore, the total cost of the first step is
0 ((lzn2 + ) Lg + nszS). Assuming we linearly combine S;s with a set of prespecified
combination coefficients, the cost is O ((Lg + Lg)n*). Using SPEC-, (-) to select fea-
tures', the cost is O(mn?). Therefore the overall time complexity of the proposed MSFS

framework for multi-source feature selection is O ((12n2 +P)Lp + nszS).
5.4 Experimental Study on Human Cancer Data

We empirically evaluate the performance of MSFS for multi-source feature selection se-

lection to identify cancer related genes in cancer study based on cDNA Mciroarray. To

'We do not use MRSF in this application. This is because in gene selection, the research purpose is to
identify genes that are related to the biological process under study. Since the sample size is small removing
redundant features, may increase the risk of missing biologically relevant genes.
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evaluated the quality of selected genes, we choose accuracy? and hit ratio® as performance
measures. In the experiment, label information is only used after selecting genes to calcu-
late accuracy during the testing phase to measure how good selected genes are. In addition,
we also measure robustness of selected genes by varying the number of classes, if class
information is used in gene selection.

Human Cancer Data. It consists of five heterogeneous data sources. Two sets of gene
expression profiles from a mixture of 88 normal and cancerous tissue samples*: a miRNA
expression profile for 151 human miRNAs and a mRNA expression profile for 16,063
human mRNAs [54, 32]. miRNA profile provides relationships among samples and it is
observed in [54] that comparing with mRNA, miRNA expression profiles is of more power
in terms of discriminating cancer from noncancer tissues as well as cancer of different
types of tissues. Three gene information profiles are provided: Gene Function Annotation,
Biological Pathway and Gene Ontology Annotation. The three profiles are generated as
follows. (1) Gene Function Annotation: we used the name of involved tissues (e.g., colon,
lung, ...) as keywords to search in IPA system [34] for cancer related processes, for each
matching process, we add all genes involved in the process to F, which is the set of genes
with relevant function. This resulted in a set containing 535 genes. Fp is used to filter
the data as described in Section 5.2.2. (2) Biological Pathway: with the mRNA expres-
sion profile, we used the IPA system to infer the relevant pathways, which results in about
40 networks of molecules, connected these networks and obtained a graph involving 571
genes. The genes is added to Fy, which is the set of genes with relevant interactions (cor-
responding to certain biological processes). And Fy is used to filter the data as described

in Section 5.2.2. (3) Gene Ontology Annotation: 68 Gene Ontology annotation [8] terms,

2For accuracy, we first filter the data with selected genes and build a classifier on the filtered data, then
obtain its accuracy as performance measure.

3For hit ratio, given a list of genes, we check how many of the genes are cancer related by using the gene
function annotation information provided by Ingenuity Pathways Analysis (IPA) system [34].

4Colon, Pancreas, Kidney, Bladder, Prostate, Ovary, Uterus, Lung, Mesothelioma, Melanoma and Breast.
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related to cell cycle, cell growth, differentiation, apotoposis, cancer development and so on,
were provided by domain experts. According to whether a term is assigned to a gene, we
obtained a matrix with a size of 16063 x 68, which can be used to compute a covariance
matrix among genes. The three profiles provide relationships information among genes.
Using the five profiles, we obtained two sets of data: 2C-DATA and 4C-DATA. 2C-DATA
contains all 88 tissue samples of the original data and class label is assigned to a sample
according to whether the sample is a normal or a tumor tissue. 4C-DATA contains 33 tissue
samples from 4 types cancerous tissues, Mesothelioma, Uterus, Colon and Pancreas, each

has at least 7 samples. A summary of the two data sets is given in Table 5.3.

Table 5.3: A summary of the Human Cancer Data.

Type ‘ Data Sources ‘ Genes Samples
2C DATA
9 mRNA Expression Profile (the target data) | 16063 88
%/IS miRNA Expression Profile 151 88
,%/IF Gene Function Annotation 535 -
v Biological Pathway 571 -
Ji/f Gene Ontology Annotation 4385 -
4C DATA
9 mRNA Expression Profile (the target data) | 16063 33
%/15 miRNA Expression Profile 151 33
,%/IF Gene Function Annotation 535 -
v Biological Pathway 571 -
</“£/3F Gene Ontology Annotation 4385 -

In the experiment, we compare feature selection using single (target) data source with
using multiple data sources. We chose 3 feature selection algorithms for gene selection
using single data sources. They are two unsupervised algorithms, Laplacian Score [31] and
PathSPCA [14], and one supervised algorithms, ReliefF [80]. Experiments are performed
in the Matlab environment. We use RBF kernel to extract the local sample similarity. A

domain expert determined two sets of combination coefficients for linear combination of
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the local geometric patterns: COMB-1, using the combination coefficients (0.0, 0.5, 0.5,
0.0, 0.0) for 2C-DATA and (0, 0.3, 0.4, 0.3, 0) for 4C-DATA; and COMB-2, using (0.1,
0.3, 0.3, 0.2, 0.1) for 2C-DATA and (0.1, 0.2, 0.4, 0.2, 0.1) for 4C-DATA. The usefulness
of each data source can also be determined by checking the quality of the genes selected by
MSFS using the sample similarity extracted from the data source. We also tried to use class
label to learn combination coefficients via a kernel learning approach proposed in [99]. We
apply 1NN classifier with selected genes, and use its accuracy to measure the quality of the
gene set. Reported results are based on averaging the results from 10 trials of experiments.

Experimental results are organized in terms of two sets of multi-source data. When
label information is available, we study how to incorporate it in MSFS and its effects. We

examine the biological relevance of the genes selected by MSFS.

5.4.1 Results on 2C-DATA

Figure 5.5-(a) compares unsupervised baseline gene selection algorithms using mRNA pro-
files with MSFS using five individual profiles as well as the combinations of them. The
results show that by using miRNA profiles, COMB-1 and COMB-2, MSFS selects genes
that provide the best accuracy which are significantly better than those achieved by genes
selected using baseline algorithms. Table 5.4 shows the detailed accuracy results as well
as hit ratio. According to hit ratio, averagely, using COMB-2, the gene list provided by
MSFS containing the most known cancer relevant genes (7), which is following by using
COMB-1 (6.6), miRNA (6.6) and Function Annotation (5). According to hit ratio, Biology
Pathway is also helpful (3.6). The averaged number of selected known cancer related genes
is 5.8 for SPCA and 3.2 for Laplacian score. We notice that the first two genes selected by
MSEFES with miRNA profile, Function Annotation, COMB-1 and COMB-2 are all known to
be cancer relevant. We will provide biological relevance analysis for selected genes later.

The observations suggest that (1) the sample similarity obtained from miRNA profile in-
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deed possesses better discriminative power, which is consistent with the findings in [54],
and (2) given a sample similarity with higher quality, MSFS can select better genes. This
support the use of multiple data sources in gene selection, and show that MSFS is effec-
tive. (3) By combining multiple heterogeneous data sources we are able to achieve better
performance than using any individual data source. This is consistent with the observations
in [44]. Figure 5.5-(c) plots the performance of MSFS-VAR when different combination
coefficients are used to combine local sample similarity obtained from miRNA profile and
Function Annotation. We observe that the highest accuracy is achieved by using the two
data sources together. This indicates the existence of complimentary information, which

helps to improve the estimation of the sample similarity of the underlying model.

5.4.2 Results on 4C-DATA

Figure 5.5-(b) and Table 5.4 contain the results on 4C-DATA. We obtained largely similar
observations as those from using 2C-DATA. Since the number of samples becomes smaller
but the number of classes becomes larger, we observe that the unsupervised baseline algo-
rithms perform worse comparing with on 2C-DATA. However, the performance of MSFS
using miRNA profile, Function Annotation, Biological Pathway, COMB-1 and COMB-2
are consistently good in terms of accuracy and hit ratio. This indicates that MSFS can

effectively select relevant genes given high quality sample similarity.
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5.4.3 Incorporating Label Information

When label information is available, we can incorporate it in MSFS in two ways: (1) using
the label information to construct sample similarity as formulated in Eq. (3.13), and input
the obtained sample similarity into MSFS, which is denoted as MSFS-FIS. It is equivalent
to Fisher Score. (2) Learning the combination coefficient automatically with a supervised
kernel learning algorithm and input the combined pattern into MSFS. In this work we im-
plement MSFS-kerCB: we use the approach proposed in [99] to learn the combination co-
efficients>. For comparison we also include a supervised selection algorithm ReliefF [80]
in the experiment. The upper part of Tabel 5.5 shows the performance of supervised gene
selection algorithms on 2C-DATA. For accuracy, MSES-FIS performs the best (0.92). For
average hit ratio, MSFS-KerCB performs the best (5.6), while we observed that the aver-
aged hit ratio of MSFS with COMB-2 is 7.

Furthermore, we experimented how robust supervised gene selection is by applying the
genes selected on 2C-DATA by supervised algorithms and MSFS to 4C-DATA to check
their discriminative power. The results are shown in the lower part of Table 5.5 and Fig-
ure 5.5-(d). We observe that the genes selected by MSFS using miRNA profile, COMB-1
and COMB-2 can discriminate cancer from different types of tissues, however, those se-
lected by supervised algorithms cannot. This finding suggests that (1) results of supervised
feature selection hinge upon the target concept and the change of class information can
results in the selection of different genes; and (2) the geometric pattern corresponding to
miRNA profiles as well as COMB-1 and COMB-2 is relatively stable - genes selected
by MSFS can discriminate data of different numbers of classes, indicating that it may be
consistent with intrinsic structure of the underlying model and more robust. MSES is an

unsupervised algorithm and obtains intrinsic patterns that do not vary with class definitions

5The learnt coefficients on 2C-DATA is: (0,0.11,0.89,0,0)
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from multiple data sources. This is not so for supervised algorithms: with different class

definitions, different sets of genes will be selected, which is clearly shown in Table 5.5.

Table 5.5: Upper: accuracy and hit ratio by supervised algorithms. MSFS with COMB-
2 is unsupervised and listed for comparison. Lower: accuracy on 4C-DATA with genes
selected by from 2C-DATA.

ALGORITHMS | 2 5 10 20 30 Ave
ON 2C-DATA
RELIEFF 0.83 090 0.92 0.95 0.96 0.91
0 1 3 9 12 5
MSFS 0.93 090 0.92 0.92 0.93 0.92
FIS 0 1 3 5 8 34
MSFS 0.82 081 0.79 0.81 0.84 0.81
KerCB 2 3 5 8 10 5.6
MSFS 069  0.74 0.90 0.90 0.89 0.82
COMB-2 2 4 7 9 13 7
ON 4C-DATA

RELIEFF 031 015 0.33 0.34 0.50 0.32
MSFS-FIS 012 027 0.21 0.27 0.31 0.24
MSFS-kerCB 032 0.65 0.55 0.57 0.82 0.58
LAPLACIAN 021 039 0.40 0.34 0.39 0.34
SPCA 022 025 0.22 0.34 0.33 0.27
mRNA 024 0.5 0.25 0.15 0.12 0.18
miRNA 070  0.79 0.79 0.82 0.88 0.79
Function 042 042 0.51 0.48 0.69 0.51
Pathway 021 0.8 0.21 0.34 0.24 0.24
GO Terms 015 024 0.18 0.24 0.23 0.21
COMB-1 032 079 0.79 0.82 0.88 0.72
COMB-2 070  0.79 0.82 0.85 0.85 0.80

5.4.4 A further Study of Gene Biological Relevance

In the experiments above, we used hit ratio to measure biological relevance of selected
genes. In order to closely examine biological relevance of selected genes, we performed

a further study in which our biologist collaborators examined the top 20 genes selected



90

by MSFS with COMB-2 on 2C-DATA.® It turned out that 17 of the top 20 genes were
experimentally confirmed to be cancer related, except for SMNT, LADI and LMODI.
Detailed information of the selected genes can be found in Table 5.6. Among them, nine
were already annotated to be related to cancer or tumor in the IPA system. The other
genes are found to be differentially expressed in unique or several cancer cell lines and
are supported by literature. Enzymes involved in metabolism, such as FABPI and GPX2
(well-known oxidoreductase responsive to oxidative stress) were selected. FABPI plays an
important role in lipid metabolism and investigations have demonstrated altered systemic
lipid metabolism in cancer patients [24]. GPX2 is one of the major cellular antioxidants as
biomakers for reactive oxygen species (ROS) producing in animal, and plants. Hydrogen
peroxides, one of ROS, has been shown to act as tumor promoters [82]. Several tumor
suppressor genes were also identified, including FHL 1, SPARCL1 and SYNPO?2Z. Interest-
ingly, most of these genes encode transmembrane proteins, implicating their role in signal
transduction during cancer development. Thus, our analyses show that multi-source feature
selection can select genes bearing both statistical significance and biological relevance.
The obtained results on Human Cancer Data confirm the efficacy of multi-source gene

selection algorithm MSFS as well as the potential of multi-source gene selection.

®We chose this list because that the list results in high accuracy on both 2C-DATA and 4C-DATA and its
hit ratio is also high.
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5.5 Discussion

In this chapter, we investigated a novel problem arising from the need to select features on
one data source given multiple sources. We extend the proposed spectral feature selection
framework SPEC to achieve multi-source feature selection based on similarity combina-
tion. We designed and conducted extensive experiments to objectively and systematically
evaluate the proposed extension, MSFS, in comparison with existing representative single
source feature selection methods. The affirmative results demonstrate that using multiple
knowledge sources can help improve feature selection of the target data. As multi-source
data become more common, learning and feature selection using multi-source data will be
in high demand in many real applications.

One limitation of MSFS is that it replies on combining sample similarity, which re-
stricts the model flexibility. To address this limitation, in [112], we propose to develop
a general approach for systematically integrating different types of knowledge to achieve
Knowledge-Oriented multi-source gene selection, which is named KOGS.

Figure 5.6 presents the major steps in the approach: (1) Knowledge Conversion -
knowledge understandable for human beings may not be directly applicable in a learning
model. Therefore, the first step is to covert different types of human or external knowl-
edge to certain types of internal knowledge that can be used by gene selection algorithms.
Assume we have L different external knowledge sources J#*", ..., %", For the ith exter-
nal knowledge, we can apply a conversion operator ¢; () to convert the external knowledge
" to the corresponding internal knowledge ;" , and this allows us to formalize knowl-

edge conversion with the following equation:
KM =i () i=1,...,L (5.6)

(2) Feature Ranking - assume K sets of internal knowledge KNOWj, ..., KNOWk is used to
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Figure 5.6: KOGS, a framework for knowledge-oriented multi-source gene selection.

rank genes, where KNOW, is defined as: KNOW, = {Ji/l li”’ ... Ji{t ””} Let %, be a relevance
criterion, G = {g1,...,gm} be a set of M genes, and Z; (-) be a gene ranking function, the
task of feature ranking is to use the internal knowledge with the given criterion to rank the

relevance of genes in G, and can be formulated as:
R/ — 72 (KNOW;,%;,G) (5.7)

(3) Rank Aggregation - after obtained the K ranking lists, they need to be integrated to
obtain a final ranking to estimate the relevance of the genes. Let <7 () be an aggregating
operator for ranking lists and € be an aggregation criterion, we use .27 (-) to aggregate the

K ranking lists, which can be formulated as:
R — o7 (R{“”k, - ,R;g"k,%) (5.8)

The final gene ranking list can be obtained by considering the ranking lists from all internal

knowledge sets in either a supervised or an unsupervised fashion, depending upon how &
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is specified. The two systems are different in that (1) KOGS explicitly defines the concepts
of external and internal knowledge, and organizes different types of knowledge into well
defined categories, while no knowledge related concept is proposed in MSFS; (2) In the
current work, the coefficient combination can be automatically learned, while this problem
is not addressed in MSFS; and (3) KOGS is based on combining ranking lists, while the
one in MSFS replies on combining sample similarity, which restricts the model flexibility.
Our experimental results demonstrated the methods derived from KOGS is able to provide
superior performance and select biologically relevant genes, which further approves the
benefit of incorporating multiple knowledge source in the process of feature selection to

effectively improve algorithms’ performance of relevance detection.



Chapter 6

CONCLUSION
Feature selection aims to choose a subset of original features by removing irrelevant and
redundant features. It is an important dimension reduction technique that is widely used in
data mining. In my dissertation, I study the novel research problem of spectral feature se-
lection, which select features from the perspective of sample similarity preserving. Spectral
feature selection provides a powerful platform, which allows the unification of many ex-
isting supervised and unsupervised feature selection algorithm under a general framework
to facilitate their joint study. It also provides a template, based on which novel feature
selection algorithms with high effectiveness can be developed for solving difficult research
problems. In this work, I developed three general spectral feature selection frameworks,
including SPEC, MRSF, and MSFS. I analyzed their properties and showed their extrin-
sic nature of similarity preserving. I studied, through theoretical analysis, the connections
among the proposed SPEC framework to many existing feature selection algorithms, such
as Laplacian Score, Fisher Score, ReliefF, Trace Ratio Criterion, and HSIC. Therefore
these algorithms are eccentrically similarity preserving based feature selection algorithms.
I also conducted robustness analysis for SPEC, and studied how to derive new feature se-
lection algorithms based on the framework. The proposed MSFS framework improves the
existing feature selection algorithms based on sample similarity preserving by overcoming
their common drawback in handling redundancy feature, which is harmful in both super-
vised and unsupervised learning. I also theoretically analyzed its connections to certain
supervised and unsupervised learning models, including PCA, LDA, and SVM. And this
provides further insights for all these learning models. I demonstrated that the proposed

spectral feature selection frameworks can be conveniently extended to solve novel research
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problems such as semi-supervised feature selection and multi-source feature selection. As
illustrated by the extensive experimental studies, the proposed spectral feature selection
frameworks achieved superior performance in various learning context, which concretely
demonstrates their efficacy in solving difficult real problems.

I envision that the current development in scientific research will lead to the prevalence
of extremely high dimensional data sets generated from the emerging high-throughput tech-
niques and the availability of many useful knowledge sources resulting from collective
work of state-of-the-art research. Hence my immediate future research work will aim to
invent novel solutions and develop computational theories that will help scientists to keep
up with rapid advance of new technologies. In my current research, I also notice that there
is an obvious chasm between symbolic learning and numerical learning that prevents sci-
entists from taking advantage of data and knowledge in a seamless way. Symbolic learning
works well with knowledge and numerical learning works with data. I propose to study
explanation-based feature selection that promises to bridge the current gap. The impact of
this novel research direction will enable us to use existing knowledge to help narrow down
the search space and explain the learning results by providing reasons why certain features
are relevant. I elaborate below how I will build upon my research strengths in the area
of data mining and bioinformatics to strengthen and expand my current interdisciplinary
research program by investigating these intertwined research topics.

Extremely high dimensional learning: learning in extremely high (>1M) dimensional
space. As high throughput techniques keep developing, many contemporary researches
in scientific discovery generate data with extremely high dimensionality. For instance,
the next-generation sequencing techniques on genetics can generate data with several giga
features. Computation inherent in existing methods makes them hard to directly handle
extremely high dimensional data, which raises the simultaneous challenges of computa-

tional power, statistical accuracy, and algorithmic stability. To address this challenge, I
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will leverage my research experience in feature selection and feature extraction to develop
efficient approaches for fast relevance identification and dimension reduction. Prior knowl-
edge can also play important roles in this study, for instance, by providing effective ways to
partition original feature space to small subspaces, which leads to significant reduction on
search space and highly efficient parallel algorithms. I will apply the developed technique
to assist genetic analysis based on the next-generation sequencing techniques.

Knowledge oriented sparse learning: fitting sparse learning models via utilizing multi-
ple types of know-ledge. This direction extends my research work on multi-source feature
selection. Sparse learning allows joint model fitting and features selection. Given multiple
types of knowledge, I plan to study the novel problem of utilizing them to guide inference
for improving learning performance. For instance, in microarray analysis, given gene reg-
ulatory network and gene ontology annotation, instead of converting them to a common
representation, which may cause information loss, it is interesting to study how to simul-
taneously infer with both types of knowledge, for instance, via network dynamic analysis
or function concordance analysis, to build accurate prediction models based on a compact
gene set. One direct effect of utilizing existing knowledge in inference is that it can sig-
nificantly increase the reliability of the output. Another effect of the technique is that it
can reduce the experimental cost by requiring fewer samples. 1 will extend the developed
technique to achieve low cost genetic analysis with high reliability.

Explanation-based feature selection (EBFS): feature selection via explaining training
samples using concepts generalized from existing features and knowledge. In many real-
world applications, the same phenomenon might be caused by disparate reasons. For ex-
ample, in a cancer study, a certain phenotype may be related to mutations of either genes
A or gene B in the same functional module M. And both gene A and gene B can cause
the defect of M. Existing feature selection algorithm based on checking feature/class cor-

relation may not work in this situation, due to the inconsistent (variable) expression pattern
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of gene A and gene B across the cancerous samples'. The generalization step in EBFS
can effectively screen this variation by forming high-level concepts via using the ontology
information obtained from annotation databases, such as GO. Another advantage of EBFS
is that it can generate sensible explanations to show why the selected features are related.
EBFS is related to the research of explanation-based learning (EBL) and relational learn-
ing. I will utilize the developed technique to develop robust genetic analysis approaches
giving comprehensible outcomes. Besides genetic analysis, the developed technique can

also be applied to policy making in health care, economics, or ecology.

'For a cancerous sample, either gene A or gene B has abnormal expression, but not both.
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