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Abstract
Starting from a recursive construction of the natural numbers, a Cartesian sum of 
prime numbers with the elements of the set of powers of 2 is described. Boolean 
and logical matrices generated through recurring Cartesian sums permit the defini-
tion of extended twin primes. That is, primes separated by a gap of a power  2 N, for 
a natural number N are studied. Besides the set of extended twin primes, through 
computational techniques that were inspired by relativistic quantum two-component 
spinor computations, we demonstrate the existence of two other characteristic types 
of primes which we call iso-Boolean and singular primes, respectively. The iso-
Boolean primes possess rows in the Boolean matrix composed of the same elements 
of the canonical basis of a Boolean Hypercube. The singular primes exhibit a zero 
Boolean matrix row, and it is computationally established that there are numerous 
such singular and iso-Boolean primes. All of these novel findings are formulated as 
three new conjectures on extended twin primes.
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1 Introduction

Ever since antiquity, intriguing pursuits for the study of a simple set of numbers, 
N, the set of natural numbers, and in particular, the subset of prime numbers have 
been the cynosure of great mathematicians such as Riemann, Hardy, and Ramanujan 
[1, 2]. They are ubiquitous in that they not only appear in everyday counting but 
sophisticated research within the realm of natural sciences. Several obvious chemi-
cal examples are the sequence of atomic charges in the periodic table of the ele-
ments and the sequences constituted by the number of isomers of alkanes [3] and 
several other sequences from the chemistry literature [4]. Sloane [4] refers to the 
work of Trinajstić et al. [5] on computer generation of certain classes of molecules 
as one of the chemically most interesting sequences. Combinatorial enumeration of 
sequences pertinent to polycyclic aromatics by Trinajstić et al. [5] was inspired by 
a paper published in 1980 by Balasubramanian et al. [6] on the enumeration of pol-
yhexes, cell-growth problem, and their relevance to the carcinogenicity of benzenoid 
hydrocarbons [6]. Following this work, Trinajstić et al. [7, 8] have published a series 
of papers on the enumeration of polycyclic aromatics that culminated in their classic 
book [5] referred to by Sloane [4] as one of the chemically interesting sequences. 
Besides, many experimental and computed numerical discrete sets with an appropri-
ate shift of origin and scaling can be transformed into a set of natural numbers.

Among natural numbers, the most interesting subset is formed by the prime 
numbers, as their distribution and properties have intrigued mathematicians over 
centuries [1, 2]. Consequently, the present paper deals with some interesting 
characteristics of the structure of prime numbers not known hitherto, focusing 
on a novel construction of a new class of primes within the Boolean hypercube 
representation. That is, from the natural sequence of primes generated through a 
recursive summation involving powers of two, we seek to construct a new class of 
extended twin primes.

Relativistic quantum techniques that combine electron correlation effects with 
relativistic effects within the 2-component spinor representations make extensive 
use of Boolean logic and quantum bit (q-bit) manipulation techniques. For example, 
a relativistic two-component spinor representation of a relativistic electronic state 
is a superposition of two Boolean vectors that correspond to spin up and spin down 
electronic configurations. Consequently, efficient packing of relativistic spinor con-
figurations is accomplished through Boolean hypercube representations in relativis-
tic configuration interaction techniques. Thus, the computational goal of seeking a 
new class of extended primes in Boolean hypercube representations is motivated by 
the computational techniques of relativistic quantum spinors thereby demonstrating 
the discovery of a new class of extended primes in mathematics inspired by chemi-
cal techniques employed in relativistic quantum computations. With this goal in 
mind, we computationally pursue the set of primes related to such summations that 
result in the set of extended prime twins. During the process of our computations, 
we have discovered two classes of primes which we call iso-Boolean and singular 
primes both of which are not known today to the best of our knowledge. Three con-
jectures are proposed from the results of this computational venture.
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2  Recursive construction of the set of natural numbers

The natural number set ℕ can be constructed through a recursive algorithm, 
as already described in previous works [9–12]. Let  𝕊ℕ a finite subset of natu-
ral numbers, up to some Mersenne number: N ∈ ℕ ∶ M(N) = 2N − 1 ; that is: 
𝕊ℕ = {0, 1, 2, ...,M(N)} . The subset: �N+1 can be easily constructed by adding 
the power:  2  N to every element of the set 𝕊ℕ . An operation involving all the 
elements of 𝕊ℕ , which can be symbolically written as: �N = 2N ⊕ �N , can be 
used to construct a next natural subset: �N+1 = �N ∪ �N . Further details can be 
found in Appendix 1. The cardinalities of the two sets are readily obtained as 
Card

(
�N

)
= 2N and Card

(
�N

)
= 2(N+1).

2.1  Recursive construction of odd and even natural numbers

The natural number set contains even � and odd � numbers subsets, or 
ℕ = 𝔼 ∪𝕆 ∧ 𝔼 ∩𝕆 = � . The recursive generation algorithm can be also 
applied to the even and odd subsets, because both initial 𝕊ℕ and gener-
ated �N+1 subsets can be decomposed in the same way. That is, for instance: 
𝕊ℕ = 𝔼ℕ ∪𝕆ℕ The recursive algorithm similarly applies to odd sets limited by 
the Mersenne numbers, so one can write for an odd number subset, defined as: 
�N = {1, 3, 5, ...,M(N)} ∧ Card

(
�N

)
= 2N−1 , and also the recursion can be written 

in this case: �N+1 = �N ∪
(
2N ⊕�N

)
 , so the new cardinality is:Card

(
�N+1

)
= 2N.

2.2  Prime numbers in the recursive algorithm

The odd number subsets �N contain prime numbers subsets ℙN ⊂ 𝕆N . In the 
recursive algorithm explained above, the next prime number extended sub-
set: can be constructed from the previous prime subset, ℙN+1 = ℙN ∪ℚN . How-
ever, the extension set: ℚN can only be written as: ℚN ⊂

(
2N ⊕𝕆N

)
 , because 

the extension of prime numbers might come either from a subset of the previ-
ous prime subset ℙN or after a subset of the composite odd natural numbers �N . 
It is interesting to note that some Mersenne numbers are prime, see, for exam-
ple, the list on the web page [12]. Furthermore, the largest Mersenne number 
is also the largest prime number computed so far, although it is under scrutiny. 
Mersenne numbers can be obtained recursively using appropriate powers of 2: 
M(N + 1) = 2N+1 − 1 = 2 × 2N − 1 = 2N + 2N − 1 = 2N +M(N).

In a recent work [11] it has been shown that the cardinalities of the subsets ℙN 
obtained recursively from the sets �N are highly correlated with the associated 
Mersenne numbers M(N), and can be shown there is a bijection between the two 
sets. Moreover, prime subset cardinalities grow with a factor of approximately 
1.9, instead of factor 2 of the whole natural set. When using the recursive gen-
eration of natural numbers as explained above, we obtain two kinds of primes 
when the prime extension ℚN of a natural number set is constructed. New prime 
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numbers are such that they are either a) constructed from a subset of the previous 
primes ℙN or b) they are obtained from a subset of some of the initial odd com-
posite numbers within �N.

3  Role of the set of powers of 2 in front of prime numbers

The role of the powers 2ℕ in the recursive construction of natural numbers inspires 
the possibility to use them in the construction of extended twins of prime numbers. 
Such prime characteristics can be relevant and can transform into a scaffold to find 
out new properties, new highlights, and new lines of research on the prime subset. 
In this section, a simple set of theoretical tools for such an exhaustive construction 
is described.

3.1  The set of powers of 2 and the Cartesian sum of primes

Among the characteristics of prime numbers, one must be also aware of the role 
played by the elements of the set of powers of 2: 2ℕ =

{
21, 22, ...2N , ...

}
 when added 

to the elements of the set of primes: ℙ ⊂ ℕ. One can construct the elements of a 
natural superset, denoted by: 𝔸 = 2ℕ ⊕ ℙ , using the Cartesian sum, of every power 
of two with each element of the whole set of prime numbers. Thus, set � is con-
structed as a matrix: A =

{
ApN = p + 2N|∀p ∈ ℙ ∧ ∀N ∈ ℕ

}
 , where the elements 

of each row correspond to the sum of a given prime number p with all the elements 
of the set 2ℕ , and the columns are the result of summing a given power  2 N the whole 
set of primes. In practice though, one shall use an upper maximal power 2Nmax and a 
finite cardinality subset of prime numbers.

3.2  Boolean and logical matrices connecting primes and  2N powers

One can envisage the construction of a Boolean matrix B or a logical matrix L, of 
the same dimensions as the matrix A, where each element is: 0 or 1, F or T, depend-
ing on whether the sum of the corresponding primes with the 2N powers yield a 
prime number or not, that is:

where δ[Expression] is a Boolean Kronecker’s delta yielding 0 if the Expression is 
false or 1 if it is true, and λ[Expression] is a logical Kronecker’s delta yielding F 
or T, for the same events. In this manner, choosing a prime number, p in the cor-
responding row of the Boolean or logical matrices, a powerful tool is constructed 
to discover the existence of larger primes than p, generated via the structure of the 
matrix A elements. The information contained in the rows of matrices A, B, and 
L, provides information on larger primes from a given prime. However, the matri-
ces do not tell if the chosen prime which generates a row of these matrices could 
itself be the result of summing a power  2 N to the precedent primes. To obtain such 

� =
{
BpN = �

[
ApN ∈ ℙ

]}
∧ � =

{
LpN = �

[
ApN ∈ ℙ

]}
;
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information then, a different procedure must be followed. We consider that this 
might be the subject of further research.

4  Computations

4.1  Relativistic quantum computing

Relativistic quantum computing techniques that seek to find optimized correlated 
many-electron two-component spinor wave functions employ products of many-
electron spinor wave functions where individual electronic states are represented by 
a superposition of relativistic two-component spinor states. For example, the (1/2)g,u 
spinors originating from the seventh row 7p-dimers are shown below:

where: � =

(
1

0

)
, � =

(
0

1

)
.

As the number of such possible spinors combinatorially explodes into billions of 
two-component spinor configurations in relativistic configuration interaction com-
putations of molecules containing very heavy atoms, each multi-electron spinor 
configuration is represented by a Boolean string where the symbol α corresponds 
to spin up and β spin down. Consequently, in relativistic quantum computations, 
a pack/unpack algorithm is employed for efficient storage and processing of these 
Boolean strings of spinors and the computations of various relativistic configuration 
interaction Hamiltonian matrix elements [16, 17]. Spin–orbit electronic configura-
tions are packed into Boolean strings, thus allowing the processing of billions of 
relativistic electronic spinor configurations [17]. The same technique is used here, 
where each Boolean string of length 30 for a prime is packed into an integer of 4 
bytes by mapping T(α) to 1 and F(β) to 0. Thus, the required storage is dramatically 
reduced in our algorithm, as we store a packed integer of 4 bytes that represents 
the Boolean string for each prime number. Such integral labels are written out to a 
sequential binary file for further processing in the subsequent steps of our algorithm. 
A similar algorithm was employed previously [18] for the combinatorial construc-
tion and manipulation of Hadamard matrices which are orthogonal matrices with 
elements constructed by the set: {1, − 1}. Consequently, our search for a new class 
of extended twin primes is stimulated by relativistic quantum computations which in 
this case have resulted in the discovery of two new classes of extended twin primes, 
namely iso-Boolean and singular primes.

Any computation involving comparing two primes and comparisons of Boolean 
hypercube representations of all primes is constrained by the available dynamical 
access RAM than the CPU power. We have employed efficient pack/unpack algo-
rithms and sequential read/write techniques to overcome any such DRAM con-
straints. Consequently, for an exhaustive generation, we have chosen: Nmax = 30, 
and the number of primes was chosen around the maximal prime number contained 

(
1

2

) 1

2

g
=

(
�g
�+
g

)
,

(
1

2

)−
1

2

g
=

(
�−
g

−�g

)
,

(
1

2

) 1

2

u
=

(
�u
�+
u

)
,

(
1

2

)−
1

2

u
=

(
�−
u

−�u

)
,
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in the M(31) interval, although an exhaustive listing of all such primes in any 
form of printed output takes too much space to accommodate in a single tractable 
printed form. Still, such primes can be printed in chunks. Moreover, in a 32-bit OS, 
there are limits to the file sizes which are determined by the Mersenne number: 
M(31) = 2147483647. However, this is readily overcome in a 64-bit OS. Some of 
the above-mentioned constraints can be overcome with a 64-bit FORTRAN or other 
programming languages, like Python, and a 64-bit OS.

4.2  Computational details

All of the computations described herein were carried out using FORTRAN’95 
codes. The generation of all prime numbers contained in the M(31) interval is 
accomplished through an efficient traditional Sieve formula of Eratosthenes. How-
ever, to optimize the memory usage at the prime generation stage, we do not store 
the integral primes, as they would need: 4 × M(31) bytes of memory, making fur-
ther memory-demanding computations intractable. Instead, we store them within 
Boolean arrays defined as Logical*1 in FORTRAN’95. Thus, reducing the needed 
memory by a factor of 4. Moreover, the entire logical array is written in a sequential 
binary file for further read and processing, to generate the Boolean strings within the 
interval  2 N. Also, for comparisons of various Boolean strings through bit manipula-
tion techniques, and the generation of extended twin primes and singular primes. 
Each prime is thus stored in a Logical*1 array wherein the truth value T represents 
the number is a prime and F represents that it is not a prime. Thus, a logical array of 
M(31) bytes would contain all primes less than M(31). The next section of our algo-
rithm deals with the generation of a Boolean string of length N (for up to N = 30), 
where for a given prime number: p, in case that q = p +  2 N is also prime, then the 
Boolean value of T is assigned to the Nth entry; otherwise, it is assigned the value 
of F. Thus, for each prime p in the array of all prime numbers within the Mersenne 
interval M(31), we generate a Boolean array of length 30. However, explicit stor-
age of the entire Boolean string of length 30 for each prime number in the array of 
integers in the M(31) interval would take up approximately  231 ×  230 bytes, that is  261 
bytes of memory. This does not include the memory taken up by the binary array of 
numbers up to  231, which would require additional 4 ×  231 bytes of DRAM. Hence, 
explicit storage of each binary string of length 30 for each prime number in the array 
of length  231, makes it computationally nearly impossible, if other numerical com-
parisons in nested loops have to be carried out.

The next step of our computations involves comparisons of the packed integers 
generated for each prime, which contains nested loops, and thus for Np prime num-

bers, the algorithm includes a set of 
(
Np

2

)
 comparisons. Two primes with the same 

packed nonzero binary integer are then identified as extended twin primes. Any 
prime with a zero-packed binary integer is identified by our code as a singular 
prime. The code then writes out in sequential binary files both extended twin primes 
and singular primes.
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4.3  Conjecture concerning extended twin primes

One must notice the so-called twin primes, that is, prime numbers obtained by sum-
ming the first power of 2 to a prime. The first column of matrix A will hold this kind 
of well-studied primes [13, 14]. The first column of matrices B or L will tell if a 
given prime is accompanied by a twin or not. Yet, the remnant columns of the corre-
sponding matrices convey if some prime number p has an extended twin of the form 
p + 2 N. Results show that there is a large number of such extended twins among the 
list of primes that we tested. Thus, one can formulate:

Conjecture 1 There exists an infinite number of extended twin primes, including 
the twin primes themselves.

The dimension of each row might produce a variable number of extended twins. 
To describe the results of our computations, one can refer to the row dimension as 
the precision of calculations. Our computational precision has been thus of N = 30 
when arrays of all primes and their Boolean strings are explicitly considered. How-
ever, when a specific prime number needs to be computationally tested, either for 
a twin prime or a singular prime, our computational arithmetic precision can be 
extended to a quadruple precision which permits computations up to N = 112 for a 
given prime p.

4.4  Further remarkable results

Apart from the possible existence of infinite extended twin primes, there are two 
other remarkable results found deserving further attention, when perusing the matri-
ces: A, B, and L.

4.4.1  Existence of non‑trivial Isoboolean extended twin primes and the supporting 
computational results

First, in the process of our computations, we discovered the appearance of pairs 
of primes, which can be named non-trivial iso-Boolean twins. They correspond to 
equal Boolean rows in matrix B, with an added characteristic: all the elements of 
the row are nil except in a coincident position that bears 1. These rows could be 
associated with vertices of a Boolean hypercube of the appropriate dimension, H, 
describing the so-called canonical basis: 

�
⟨�I�� =

�
�IJ

�
�I, J = 1,H

�
 , see for exam-

ple [15]. Table  1 shows the results of our computations of some extended iso-
Boolean twin pairs together with their binary strings. As can be seen from Table 1, 
the pairs of primes: {(2411,2423), (49993,49999), (58573,58579), (78691,78697), 
… (593851,593863), … (50019061,50019091), … (536872811,536872823)} are 
such non-trivial extended iso-Boolean prime twins. A character has been found 
concerning the above-mentioned twins, consisting in that the gap between the non-
trivial extended twin pairs is a multiple of 6 (see Table 1). The observation that the 
gap between any non-trivial extended twin pair is expressible as 6 × m, for a natu-
ral number m follows from the fact that any prime larger than 3 can be expressed 
as 6n ± 1 for some natural number n. Note that the converse is not true as a large 
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subset of natural numbers that are not primes can be written as 6n ± 1 for some natu-
ral number n; for example, the sequence: 115, 175, 11999995, … 1199999995, … 
Furthermore, any given twin pair is either (6p + 1;6q + 1) or (6p-1;6q-1) and never 
(6p-1;6q + 1), for natural numbers p and q, with p ≠ q. Hence, it directly follows that 
the gap between any nontrivial extended twin pair is 6|p-q|, which is always a multi-
ple of 6. Consequently, for such non-trivial twins it can be written:

To the best of the authors’ knowledge, this kind of non-trivial iso-Boolean primes 
has not been discovered previously in the literature.

4.4.2  Existence of equivalence classes of non‑trivial isoboolean extended twin 
primes

As can be seen from Table  1, each pair of the non-trivial extended twin primes 
contains only a singular 1 and all other entries are zeroes in the corresponding row 
of the Boolean matrix. Consequently, this suggests the possibility of equivalence 
classes of twin primes of this kind, wherein all members of the class have the same 
Boolean string. Consider the last two rows of Table 1, which correspond to the twin 
pair: � = (536872811, 536872823) . These two twin primes have the same Boolean 
string: � = (000000000000000000100000000000) . In the process of exhaus-
tive computational search for such twins, we found yet another twin pair, namely: 
� = (400011461, 400011473) , which also exhibits the same Boolean string β as 
the non-trivial extended twin pair λ, suggesting that all four primes are equivalent 
under the computed hypercube Boolean string representation put forward in the pre-
sent paper. Consequently, this feature exhibited by this kind of twin primes suggests 
the existence of equivalence classes of primes, such that all members in any given 
equivalence class have the same Boolean string. In our opinion, such a discovery of 

∃p, q ∈ ℙ ∧ ∃I ∈ ℕ ∧
�
Bp

��� =
�
Bq

��� = ⟨eI�� → �p − q� = m × 6 ∧ m ∈ ℕ.

Table 1  Enumeration of extended isoboolean twin primes with identical nontrivial binary strings
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the existence of equivalence classes of iso-Boolean primes can result in the possibil-
ity of further research on the applications of group theory to the theory of primes 
through the hypercube Boolean representations that we have considered here. More-
over, all of the twin primes that we have searched for, exhibited a singular 1 in their 
Boolean string, confirming the existence of equivalence classes of primes under the 
hypercube Boolean representations.

4.4.3  Singular primes

It is also noteworthy that at the given computational precision, there are primes with 
rows completely made of zeroes. Some tests to obtain better precision in this spe-
cial case have augmented it up to Nmax = 112 and the zero-row property persisted 
in quadruple precision. There are prime numbers, via the sums of  2 N, that do not 
match larger extended twin primes within a great precision, analogous to the row 
associated with the unique even prime 2, as a trivial example. One can call these 
primes behaving in this way singular. Thus, singular primes have their Boolean 
rows in the following way: ∃s ∈ ℙ ∶ ⟨Bs

�� = ⟨0� . More sophisticated zero row primes 
were computed and are shown below in the set:

{2, 773, 1307, 1433, 1553, 1627, 1811, 1913, … 5348237, 5348333, 5348381, 
5348423, … 18906827, 18906961, 18907103, 18907201, …}

where are written the first and some of the following singular primes holding this 
characteristic, obtained in this computation, showing just some limited intermedi-
ate elements. A longer list of such singular primes is shown in Table 2. The pre-
sent computations show, for example, there are 428924475 of such singular primes 
lying within the natural number interval [1, 453000000], suggesting almost every 
prime is singular (around 95%), a result that was not known up to now. The zero 
Boolean string continues beyond N = 30, for example, up to Nmax = 112. As demon-
strated for the singular prime p = 1307 in Table 3, for which all the generated num-
bers: q = p +  2 N up to Nmax = 112 are not primes, thus yielding a zero Boolean string 
in the corresponding row of matrix B. It is interesting to discuss the possibility that, 
besides the prime number 2, there are other singular primes, which have not been 
previously generated by summing a power of two to a lesser prime. If such a prime 

Table 2  List of some of the members of the singular prime set (primes with all-zero Boolean string)
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appears to exist, then one can call it isolated. Isolated primes must be necessarily 
obtained summing some powers  2 N to composite odd numbers.

From the computational results thus obtained we have displayed below a pair of 
extra conjectures regarding iso-Boolean and singular primes:

Conjecture 2 There exists an infinite number of equivalence classes of iso-
boolean extended twin primes such as the ones displayed in Table 1 starting with 
{5,191…}, {17,137,5477,29387,53147,76367, 79397,….518057,549257,577937}, 
{19,229,9739,10099, 32359, …}, {23,2843,8963, 13163,15263,29753,…}, {31, 
1201,4441,5281,8431,9661,10651,12253,17011,21751,24181,28591,30661, 
32491, 52951,54331,78691,78697…}, {61,1951,3823,6571,7351,7621,768
1,11551,13711,16231,17551,18541,18691,19471, 21481,23203, 25741, …}, 
{2411,2423,4463,4493,4973, 6323, …}, {49993,49999,52183, 52543…}, 
{6709,8329,10639, 11059, …58573, 58579,59809, 60169, …}, {3061, 4231, 6451, 
8311,… 50221,51481,…106543, 106591…} and so forth. Furthermore, the separa-
tion between any two isoboolean extended twin primes is always 6q, for some natu-
ral number q.

Conjecture 3 There exists an infinite number of extended singular primes, such 
as the ones displayed in Table 2 starting with {2, 773, 1307, 1433, 1553, 1627, 1811, 
1913, 2131, 2297, 2371, 2417, 2477,2719, 2777, 2837, 2897, 3023, 3181,3347, 
3797, 3863, 3889, 4283, 4591, 5011, 5101, 5297, 5507, 5821, 5897,6397, 6781,… 
17293,….32003,…}.

There are chemical parallels between isoboolean primes and the related hyper-
cube representations. First and foremost the discovery of isoboolean as well as sin-
gular primes were stimulated by relativistic quantum computing in that the spinor 
representations of relativistic quantum states are Boolean in nature, and thus any 

Table 3  Computed numbers q = p +  2N for the prime, p = 1307, resulting in the 112-dimensional binary 
string (0, 0, …0, 0)
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relativistic electronic configuration is readily represented in Boolean space. As the 
vertices of an n-dimensional hypercube provide representations of Boolean strings, 
they also represent the possible spinor products for n-dimensional relativistic quan-
tum states. The n-dimensional hypercubes also provide representations of water 
clusters,  (H2O)n, taking into account of their fluxional nature. Thus the related 
n-dimensional hyperoctahedral groups of the Boolean hypercubes, which are wreath 
products, find applications in the representations of the rovibronic levels of nonrigid 
water clusters [19, 20]. In mathematical sciences, graph theoretical representations 
and the interconnectivity of such prime numbers could provide significant insights 
into extremely difficult problems of primes such as the Chowla conjecture concern-
ing prime numbers [21–23]. It is hoped that the present study would stimulate such 
interdisciplinary explorations into unravelling connections between graph theory, 
number theory and topological indices. Finally isoboolean twin primes are reminis-
cent of molecular isomers in that the isoboolean twin primes are different primes 
that have the same Boolean representation. The analog of molecular chirality is yet 
to be discovered in the context of isoboolean twin primes as we are yet to find two’s 
complement of a Boolean representation of a prime that would also correspond to a 
Boolean string of another prime. Such topics could be the subject matter of future 
studies.

5  Conclusions

Inspired by relativistic quantum computing, we have formulated a recursive tech-
nique for representing prime numbers in the Boolean hypercube space through 
Boolean and logical matrices. We have also developed computational techniques 
that employed elegant pack/unpack and sequential read/write algorithms for an 
exhaustive generation of such Boolean matrices for prime numbers. During our 
computational generation, we have discovered a new set of extended twin primes 
which exhibit the same Boolean string in the hypercube Boolean representation of 
powers of 2. Furthermore, we have demonstrated the possibility of the existence of 
equivalence classes of such extended twin primes, where all members in any equiv-
alence class contain the same computed Boolean string. Owing to these results it 
is plausible to formulate a conjecture about the existence of an infinite number of 
extended twin primes. We have also shown the existence of singular primes which 
exhibit a completely zero Boolean string for even large Nmax = 112. The existence 
of both equivalence classes of twin primes and singular primes suggests the pos-
sibility of future group theoretical applications that may make use of hyperoctahe-
dral groups to these special classes of primes, for partitioning them into equivalence 
classes. We have established that about 95% of the primes are singular under the 
Boolean hypercube classification.
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Appendix 1: the Cartesian sum of two number sets

Suppose two numerical sets are known, in our case natural num-
ber sets: � =

{
uI|I = 1,U

}
 and � =

{
vJ|J = 1,V

}
 . The Cartesian sum 

� = �⊕ �  of such sets defines a new set X, whose elements are simply con-
structed by all the possible sums of the sets entering the Cartesian sum: 
� =

{
xIJ = uI + vJ|I = 1,U;J = 1,V

}
 . The recursive algorithm to construct natu-

ral numbers, as defined earlier [9–12], and in this paper, can be seen as a par-
ticular case of the Cartesian sum of two sets, where one of the involved sets has 
cardinality one.

The Cartesian sum of two sets is commutative: � = �⊕ � = � ⊕ � . The Car-
tesian sum of two sets can be extended to any number of sets.
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