
CSE 555 HOMEWORK TWO

DUE 20 FEBRUARY 2020, START OF CLASS

(1) Using the recursion theorem and the ideas from Homework 1 (Questions 3 and 4),
(a) Prove that {〈G〉 : G is an LG that is not palindromic} is not recognizable.
(b) Prove that {〈G〉 : G is an CFG that is not duplicated} is not recognizable.

(2) A set of tiles

{[
ti
bi

]
: 1 ≤ i ≤ `

}
with ti, bi ∈ Σ+ is given, where Σ is a finite

nonempty alphabet. A (finite) tiling is a sequence i1, . . . , im (m ≥ 1) so that
ti1 · · · tim = bi1 · · · bim . A tiling i1, . . . , im is palindromic if ti1 · · · tim = (bi1 · · · bim)rev

(and still ti1 · · · tim = bi1 · · · bim). Prove or disprove: The set {〈T 〉 : T is a set of tiles
admitting a palindromic tiling} is decidable.

(3) We have seen that a Turing machine on a given input may (1) halt and accept, (2)
halt and reject, or (3) run forever. One may run forever by (3a) revisiting an earlier
configuration, or (3b) never repeating a configuration, but never accepting. Let M1

be the set of all TM descriptions, and let M2 be the set of all TM descriptions of
TMs that do not halt and reject on any input, and do not repeat a configuration on
any input.

Is there a Turing computable function φ :M1 7→ M2 so that L(M) = L(φ(〈M〉))
for every M ∈M1? Explain. (Actually, φ : Σ? 7→ Σ?, but we mean that strings that
do not encode TMs have empty languages.)

(4) Define the function ψ : Σ? × Z≥0 7→ Z≥0 so that for every TM M , ψ(〈M〉, n) is the
maximum number of transitions performed by M over all w ∈ L(M) with |w| ≤ n.
(This maximum is (defined to be) 0 when M accepts no strings of length at most n.)
(a) Is ψ(〈M〉, n) a well-defined (total) function?
(b) Is ψ(〈M〉, n) a Turing computable function?
(c) Is ψ(〈M〉, n) Turing computable given an oracle for ATM?

Explain.
(5) We have studied the model (N,+) using the PLUS (+) relation. My friend is uneven,

so his universe is the odd natural numbers O. Because O is not closed under addition,
he considers the relation DPLUS corresponding to the operation � defined by x� y =
2x+ y.
(a) Using the decidability of T h(N,+) (or by another method if you like), show that

the theory T h(O,�) is decidable.
(b) Show that the 2-ary relation LT = {(x, y) : x < y} is definable in the model

(O,�).
(c) Show that the 2-ary relation EQ = {(x, y) : x = y} is definable in the model

(O,�).
(d) Show that the 1-ary relation UNITY = {(x) : x = 1} is definable in the model

(O,�).
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