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ABSTRACT

Modern microprocessor technology is migrating from simply
increasing clock speeds on a single processor to placing mul-
tiple processors on a die to increase throughput and power
performance in every generation. To utilize the potential of
such a system, signal processing algorithms have to be effi-
ciently parallelized so that the load can be distributed evenly
among the multiple processing units. In this paper, we study
several advanced deterministic and stochastic signal process-
ing algorithms and their computation using multiple pro-
cessing units. Specifically, we consider two commonly used
time-frequency signal representations, the short-time Fourier
transform and the Wigner distribution, and we demonstrate
their parallelization with low communication overhead. We
also consider sequential Monte Carlo estimation techniques
such as particle filtering, and we demonstrate that its multiple
processor implementation requires large data exchanges and
thus a high communication overhead. We propose a modified
mapping scheme that reduces this overhead at the expense
of a slight loss in accuracy, and we evaluate the performance
of the scheme for a state estimation problem with respect to
accuracy and scalability.

1. INTRODUCTION

Modern signal processing techniques are extensively used in
diverse fields such as communications, acoustics, radar, sonar,
and biomedical engineering. Some of the main processing
schemes used in these applications include signal transforma-
tion for analysis, filtering, detection, estimation and classifi-
cation. Literature provides numerous advanced algorithmsto
perform this processing, including the Fourier transform to
extract the frequency content of a signal [1], time-frequency
representations to analyze signals with time varying spectra,
[2, 3, 4], filtering techniques to extract information from noisy
data and sequential Monte Carlo algorithms to estimate state
parameters [5, 6]. Most of these algorithms have high compu-
tational complexity and are used in applications that require
close to real time calculations.
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Recently, the IC industry has been pushing to place mul-
tiple processor cores on a die to increase throughput with-
out significant increase in the power consumption. Examples
of multi-core processors include the Intel Core 2 Duo, the
AMD Opteron, and the Sun Niagra processor. In order to fully
utilize the computational power of the multi-processor archi-
tectures, the algorithms have to be efficiently parallelized as
well. However, the amount of performance enhancement pos-
sible is governed by the extent the algorithm can be paral-
lelized.

The main objective of this paper is to parallelize some
advanced signal processing algorithms and map them onto
multi-processor architectures. Such an implementation re-
quires partitioning the computational load between the multi-
ple processors to minimize the overhead . In order to achieve
this in some cases, algorithmic modifications are required.
We focus our study on the following algorithms.

• Time-frequency signal processing techniques: short-
time Fourier transform (STFT) and Wigner distribution
(WD) time-frequency representations (TFRs).

• Sequential Monte Carlo techniques: particle filtering
(PF).

This paper is organized as follows. In Section 2, we provide
the implementation steps for the WD and the STFT TFRs on
a multi-processor platform, and we show how these TFRs can
be parallelized without modifying their algorithms. In Sec-
tion 3, we develop modifications to the PF algorithm to min-
imize its communication overhead, and we discuss the effect
of these modifications to estimation accuracy. In Section 4,
we conclude the paper.

2. TIME-FREQUENCY SIGNAL PROCESSING

Although there has been an increasing demand in using TFRs
such as the STFT and the WD to analyze time-varying signals
in real applications, the TFR implementation can be compu-
tationally intensive. Here we provide a short description of
these TFR algorithms, followed by their mapping onto multi-
processor architectures.



2.1. Short-time Fourier Transform

The short-time Fourier Transform (STFT) is a linear TFR. It
preserves time and frequency shifts on the analysis signal.
Thus, it is a popular tool in speech processing, image pro-
cessing, and filter bank decoding applications [2]. The STFT
of a signalx(t) is defined as:

Sx(t, f ; h) =

∫

x(τ)h∗(τ − t)e−j2πfτdτ (1)

wheret andf represent time and frequency respectively,τ
is the variable of integration, andh(t) is a lowpass window
of durationM Ts, whereTs is the sampling period. For any
given time,t, the signal is multiplied by a shifted version of
h∗(t), and the Fourier transform of the windowed signal is
computed. This approximates the frequency components at
time t by assuming that the frequencies present in this win-
dow do not change with time. The shorter the duration of
this window, the better the frequency resolution in the signal
analysis. However, this implies that more Fourier transforms
need to be computed and thus the computational complexity
and implementation time increases.

2.1.1. STFT Multi-processor implementation

The STFT can be computed in a multiple processor architec-
ture with no loss of accuracy in the algorithm. The processors
can communicate with each other through a global shared bus
or through dedicated interprocessor links. For instance, pro-
cessori can communicate to processori − 1 and processor
i + 1 through these links. Assuming that we haveN signal
samples,M window samples andP processors, the data can
be divided in a preprocessing stage intoP sets. Each proces-
sor m computesN/P consecutive outputs, frommN/P to
(m + 1)[N/P − 1]. To compute these outputs, the processor
needsmN/P to (m+1)N/P+M−1. There are two options.
In the first option, each processor must have the data samples
mN/P to (m + 1)N/P + M − 1. The extraM − 1 samples
are sent to each processor so that it can complete its calcula-
tions without needing to request samples from its neighboring
processor. The second option is that after each DFT is com-
puted, processorm sends its latest data samples to processor
m − 1. While this takes only 1 cycle for an architecture with
dedicated links, it takesP cycles for the shared bus archi-
tecture. However, if the computations in each processor are
staggered, then the computations and the communication can
be overlapped and the communication overhead is negligible.

Each processor computes theN/P outputs in the follow-
ing way. It computes the first output from scratch and the sub-
sequentN/P − 1 outputs using the moving window discrete
Fourier transform (DFT). Specifically, it uses the outputs of
window i to compute the outputs of windowi + 1. Let Yi[k]
be thekth output of windowi, 0 ≤ k < M . ThenYi+1[k] is

Fig. 1. STFT: Total number of complex multiplications

given by:

Yi+1[k] = (Yi[k] + x[i + n] − x[i])e−
j2πk

N (2)

Thus, theM DFT outputs can be computed usingM com-
plex multiplications and additions using the moving window
method.

The calculation of the STFT on a single core processor
takesM2 + (N − 1)M complex multiplications. However, if
the calculation is spread acrossP processors, the number of
complex multiplications increases to[M2 +(N/P −1)M ]P .

Example:Consider a signal for speech coding that isN =
256 samples long. If the window length,M = 10 samples,
a uni-processor architecture takes 2650 complex multiplica-
tions to complete the STFT of this data segment. Now if
we have 4 processors, each processor computes 530 multi-
plications and the total number of complex multiplications
increases to 2920. However, if we continue to increase the
number of processors to 8, the total number of complex mul-
tiplications increases to 3280. This is because the processor
spends most of its time on the first DFT computation and can-
not utilize the savings obtained by using the moving window
DFT.

Figure 1 shows the total number of complex multiplica-
tions as the number of processors increases from 1 to 16.
While the total number of multiplications increases, the num-
ber of complex multiplications that each processor performs
decreases asP increases. Assuming that each complex multi-
plication takes one cycle, Figure 2 plots the number of cycles
needed to complete all the multiplications. We see that the
time to completion reduces as the number of processors in-
creases. While the decrease is fairly sharp whenP increases
from 1 to 4, the decrease is quite modest whenP increases
from 4 to 16.

2.2. Wigner Distribution

The Wigner distribution (WD) is a quadratic TFR that sat-
isfies many desirable properties such as time and frequency
shift covariance and energy preservation. It has been used
in communications, signal classification, sound synthesisand



Fig. 2. STFT: Time to completion for a multi-processor ar-
chitecture

laser frequency analysis to name a few applications. The WD
is defined as:

WDx(t, f) =

∫

x(t +
τ

2
)x∗(t −

τ

2
)e−j2πτfdτ (3)

wheret andf are time and frequency,τ is the shift variable.
For eacht, the DFT is computed alongτ .

There are two main steps for each time valuet.
Step 1: Multiply the signal shifted byτ/2 with itself

shifted by−τ/2; for different values ofτ , and after dis-
cretization we obtain anN × N array indexed byn = t/Ts

andm = τ/Ts.
Step 2: Compute the Fourier transform of the product.

2.2.1. Multi-processor implementation

If the number of processors isP , the discrete signal with
N samples is first divided intoP sets. Each processor has
data values indexed frommN/P to (m + 1)N/P − 1 in
register bank one (R1) and the corresponding conjugate val-
ues in register bank two (R2). Each processorm calculates
the array entries forN/P time values fromt = mN/P to
t = (m + 1)N/P − 1.

In order to calculate the set of values forτ = 1, processor
m transfers the data valuex[(m + 1)N/P − 1] to processor
m + 1. It shifts all the values it has in its first register bank
over one allowing room for the incoming value fromm − 1.
If there is no incoming value, a zero is simply written to this
register. The opposite shift occurs for the conjugate values of
the data in R2. Processorm transfers the valuex∗[mN/P ] to
processorm−1 and the new value is shifted in from processor
m + 1.

In each step, the products of the values in R1 and R2 are
computed and stored followed by the data shift. This step is
repeated until both signals have been shifted byN/2. Fig-
ure 3 shows a snap shot of the values in the two register sets
as the steps are completed. We notice we must only calcu-
late the values up toτ equalsN/2 because the values for
τ = −1, . . . ,−N/2 andτ = 1, . . . , N/2 will be equivalent at

Fig. 3. Snapshot of Wigner-Ville computations in a 4 proces-
sor architecture

a given time. We complete the matrix of data by duplicating
these values about the rowτ = N/2. In this procedure, in
each step2P data are reassigned to the different processors.
While this requires only 2 cycles for a multiprocessor archi-
tecture with dedicated interprocessor links, the overheadis a
lot more for the shared bus architecture.

Step 2 is done in parallel in each processor. Specifically,
each processor computes an N point DFT forN/P sets of
data. This does not require any interprocessor communica-
tion.

Example:We consider a speech signal with 256 samples.
ForP = 4, the number of complex multiplications for Step 1
is 64. As the number of processors increases to 4, the num-
ber of complex multiplications in each processor reduces by
a factor of 4. Thus there is no computational overhead due
to parallelization. There is communications overhead in the
shared bus architecture as described earlier.

3. PARTICLE FILTERING ALGORITHM

3.1. Background

Particle filtering is a sequential Monte-Carlo approach used to
solve non-linear filtering problems. It involves sequential es-
timation of the states of a dynamic system based on received
noisy measurements. Such problems are frequently encoun-
tered in applications such as sensing and target tracking, com-
munications, navigation and neural network training [6].

Consider a filtering problem that estimates the unknown
state vectorxk at discrete time instantk, based on a discrete
time stochastic model given by,

xk = fk−1(xk−1, vk−1) (4)

wherefk−1 is a known, non-linear function andvk−1 is the
process vector that represents possible state modeling errors.
The estimation is based on available information that includes
a set of noisy measurementzk, at timek. The measurement



is related to the state by the measurement equation given by,

zk = hk(xk, wk) (5)

wherehk is a known, non-linear function andwk is the mea-
surement noise vector. The filtering problem involves the es-
timation of the probability density functionp(xk|Zk), where,
Zk = {z1, z2, ...., zk} which is achieved by the prediction
and update stages [6, 7]. The prediction stage is a first order
Markov process described by,

p(xk|Zk−1) =

∫

p(xk|xk−1)p(xk−1|Zk−1)dxk−1 (6)

and the update of the prediction is achieved using Bayes’ the-
orem,

p(xk|Zk) =
p(zk|xk)p(xk|Zk−1)

∫

p(zk|xk)p(xk|Zk−1)dxk

. (7)

The PF method estimates the posterior probability den-
sity function by a set of random samples (particles) with as-
sociated weights that can be used to estimate the state. Let
Xk = {x1, x2, ...., xk} represent all the states upto timek.
Let the posterior densityp(xk|Zk) be represented by a set
of N particles{Xi

k, i = 1, . . . , N} and associated weights
{wi

k, i = 1, . . . , N}. From [7], the posterior probability den-
sity function can be approximated as,

p(xk|Zk) ≈

N
∑

i=1

wi
kδ(xk − xi

k). (8)

In the most commonly used PF algorithm, the Sequential Im-
portance Resampling particle filter (SIRPF), the particlesxi

k

are drawn from the transitional priorp(xk|xi
k). The impor-

tance weights are approximated as [7],

wi
k ∝ wi

k−1p(zk|xi
k). (9)

The weights are normalized such that1

N

∑

i wi
k = 1 and the

particles are resampled based on the normalized weights.
The four main steps in the particle filtering algorithm can

thus be summarized as (i) particle generation, (ii) weight eval-
uation, (iii) normalization of the weights and (iv) resampling.
There has been some recent contributions for parallel imple-
mentations of particle filters. These include a parameterized
framework for FPGA implementation [8] that reuses blocks,
and algorithmic modifications to improve the speed of oper-
ation for the Gaussian particle filter [9] and KLD sampling
[10]. New methods of resampling [11] such as the residual-
systematic resampling, partial resampling, and delayed re-
sampling have also been introduced to overcome the hardware
complexity in the resampling stage.

3.2. PF Multi-processor Implementation

The multi-processor platform consists of a control proces-
sor and several processors that communicate with each other

Fig. 4. Block diagram showing the different stages of a SIRPF

through a common bus. In order to implement the SIRPF on
this multi-processor platform, the processing ofN particles
has to be distributed among theP available processors. The
distribution has to be such thatg = N/P particles is pro-
cessed in each processor, at each time step. The operations of
the SIRPF can be divided into different stages; each processor
performs some of these stages concurrently and interacts with
the central processor in other stages. In this section, we first
describe a straightforward mapping that involves significant
communication between the control processor and the other
processing processors. Next we show how the interprocessor
communication can be minimized by algorithm modification.

3.2.1. Direct Mapping

The block diagram of the operations to be accomplished
by each processor in each time stepk is shown in Figure
4. The shaded blocks represent the stages which require
inter-processor communication. The particle generation stage
involves the evolution of the particles based on the state
equation. The importance weights are evaluated based on
the received data using the measurement equation. These
stages can be performed in each processor independently.
The normalization of weights require the information of
the weights of all the particles. Letxi,m represent the
ith particle in themth processor with{i = 1, . . . , g} and
{m = 1, . . . , P} andwi,m be the corresponding normalized
weights. Each processor computes and sends the sum of
the weightsΩm =

∑

i wi,m to the central processor. The
central processor computes and returns the normalization
factor W =

∑

m Ωm to each processor. Each of thewi,m

weights are normalized using thisW to obtain the normalized
weights.

Next, resampling is performed to eliminate the problem
of degeneracy. The technique involves elimination of parti-
cles with low importance weights and repetition of those with
high importance weights. To perform resampling without any
modification, the central processor needs the information of
all the particles and the corresponding weights. This requires
the movement of twog-dimensional vectors, (particle and
weight vectors) from each processor to the central proces-
sor for a1-D state estimation problem. During resampling,
a g-dimensional vector of replication factors is computed for
each of the particles in the central processor. Upon reception
of this vector, the particles are replicated, which may give



rise to imbalance in the number of particles in each processor.
Inter-processor communication would be necessary to main-
tain g particles in each processor. It must be noted that the
amount of data transfer for such an operation varies in each
iteration and also depends on the distribution of the particles.
In a worst case scenario, only one of the processors may have
all the particles that have non-zero weights. In such a case,
particles from that processor need to be distributed among all
other processor. This stage greatly impacts the overhead and
thus the speed of the multi-processor implementation.

3.2.2. Modified Mapping

In order to reduce the interprocessor communication, we
make some algorithm level modifications such that the infor-
mation aboutall the particles and weights is not provided to
the central processor. Rather, a reduced set of informationis
provided to the central processor which now has to use this to
obtain the replication factor for the particles. These modifi-
cations come at the cost of some accuracy. The modifications
are as follows.

Fig. 5. Functional block diagram of multi-processor imple-
mentation

• Step 1:First, in each processor, sort thexi,m particles
in increasing order. The lowest and highest values of
xi,m represented byxlm andxhm are sent to the central
processor. The processor calculatesXL = min(xlm)
andXH = max(xhm) and returns these values to each
processor.

• Step 2: Next, represent the particles and the corre-
sponding weights in a reduced set comprising ofR ≤ g
values. In order to do so, choose a parameterδ which
defines the number of groups into which theg particles
are divided, and obtainRm = C

(

XH−XL
δ

)

where
C (a) is the least integer greater thana. The choice ofδ
is crucial as it impacts the accuracy of the performance.
Represent the information in each group by the aver-
ages of the particles and the corresponding weights.

Thus processorm contains a set of averages and a set
of weights for theRm groups,{µxj,m} and{µwj,m},
respectively.

• Step 3:Each processor sends onlyµwj,m to the central
processor which then evaluates the vector of replica-
tion factor,ρj , for each of theµxj,m. It also ensures
that the replication factor is an integer value by simple
rounding-off operations and that the

∑

j ρj = g.

The above procedure reduces the amount of data communica-
tion significantly. However, there is a trade-off in the perfor-
mance accuracy as the average value in each group (µxj,m) is
replicated instead of eachxi,m. Figure 5 provides the func-
tional block diagram of the multi-processor implementation
usingP processor. Figure 6 shows the sequence of opera-
tions between one processor and the central processor for one
time step.

Fig. 6. Communication between processori and central pro-
cessor in each time step.

3.3. Simulation Results

To evaluate the performance of the above procedure, we sim-
ulated the scalar estimation problem discussed in [12] where
the state sequencex is estimated from noisy measurements.
The process and observation models are given by,

xk+1 = 1 + sin(ωπk) + φ1xk + vk (10)

yk =

{

φ2x
2
k + nk, k ≤ 30

φ3xk − 2 + nk, k > 30
(11)

wherevk is the process noise modeled by a Gamma ran-
dom variable with shape 3 and scale 2 andnk is zero mean
additive white Gaussian noise with variance 0.00001. The
scalar parameters chosen areω = 4 × 10−2, φ1 = 0.5, φ2 =
0.2, andφ3 = 0.5. The estimation for60 time steps was
conducted for SIRPF with1000 particles. Three platforms
are considered withP = 1,4 and8. The computation of the
1000 particles was distributed equally among theP proces-
sors. For the4 and8-processor implementation,δ was chosen
as10. Each algorithm iteration was averaged over 100 Monte-
Carlo simulations on an Intel dual-core Pentium-D 3GHz sys-
tem with 2GB RAM. Random re-initialization were done for



each run. Figure 7 shows the overlaid performance plot for
thexk estimation forP = 1,4 and8 processor system. We
see that the estimation performed using a single processor has
very high accuracy. Infact, the average deviation from the true
value is as low as .1%. For the4-processor and8-processor
case the relative deviation was5% and11.13% respectively.
However, the time taken reduces as expected. Basically, as the
number of processor increases the number of particles pro-
cessed by each processor reduces and so the processing time
in each processor reduces. But, the amount of data sent to the
central processor increases thereby increasing the communi-
cation time.
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Fig. 7. Comparison of scalar estimation performance.

4. CONCLUSION

In this work, we have investigated the mapping of the time-
frequency signal processing techniques, STFT and WD, and
the particle filtering algorithms onto multi-processor architec-
tures. Both the STFT and WD can be parallelized without
any loss of accuracy. In the case of the STFT, as the number
of processor increases, the computational overhead increases.
However, in the case of the WD, the overhead remains con-
stant. For the particle filtering algorithm, we have presented
an implementation with some algorithmic modifications to
overcome the high communication bandwidth requirement.
Application of the modified scheme to a state estimation prob-
lem with 1000 particles divided among4 processors shows a
deviation of5% from the true estimate. However, the savings
in time was greater than50% in the 4-processor implemen-
tation. Also, the the time spent by the central processor for
communication and processing was less than20% of the to-
tal time. In contrast, the direct mapping has high estimation
accuracy with a deviation of only.1% but requires communi-
cation of all the particles to the central processor.
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