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Abstract—Fuel cell (FC) is a viable alternative power source
for portable applications; it has higher energy density than
traditional Li-ion battery and thus can achieve longer lifetime for
the same weight or volume. However, because of its limited power
density, it can hardly track fast fluctuations in the load current
of digital systems. A hybrid power source, which consists of a FC
and a Li-ion battery, has the advantages of long lifetime and good
load following capabilities. In this work, we consider the problem
of extending the lifetime of a fuel-cell-based hybrid source that
is used to provide power to an embedded system which supports
DVS (dynamic voltage scaling). We propose an energy-based
optimization framework that considers the characteristics of both
the energy consumer (the embedded system) and the energy
provider (the hybrid power source). We use this framework to
develop algorithms that determine the output power level of the
FC and the scaling factor of the DVS processor during task
scheduling. Simulations on task traces based on a real-application
(Path Finder) and a randomized version demonstrate significant
superiority of our algorithms with respect to a conventional
DVS algorithm which only considers energy minimization of the
embedded system.

Index Terms—Dynamic voltage scaling (DVS), embedded sys-
tem, fuel cell (FC), hybrid power, and task scheduling

I. INTRODUCTION

ENERGY minimization is an important design criteria for
embedded systems used in portable applications. In the

past two decades, significant amount of work has been done
in reducing the energy consumption from the system level
all the way to the circuit level. Even though minimizing the
energy consumption of the embedded system can improve the
lifetime of the portable device, the steady increase in the com-
puting/communicating abilities of these devices demand power
sources with higher energy density, and energy management
strategies that actively take into account the characteristics of
the power source.

Among the different alternative energy sources (solar, fuel,
etc.), a fuel cell (FC) is considered to be one of the most stable
and viable sources. Typically, an FC uses hydrogen (H2) and
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oxygen (O2) to generate electrical power, and the by-products
are water and heat. The basic characteristics of an FC are:
• High energy density: compared to widely used Li-ion

batteries, FCs may deliver 4 to 6X more energy for the
same size and weight.

• Slow and limited load following: the power range of
the FC output is limited, and is much lower than the
traditional Li-ion batteries.

While FCs have been extensively used in stationary ap-
plications with high energy density, such as power plants,
and automotive applications, their application in portable
embedded systems is only now being investigated. The two
FC candidates for portable applications are DMFC (the direct
methanol FC) [1] and PEMFC (polymer electrolyte membrane
FC, also referred as proton exchange membrane FC) [2], [3].
An FC alone cannot meet the power demands of an embedded
system because of the large and frequent fluctuations. So a
practical solution is to use a hybrid power source where the
FC provides the average power and a secondary energy source
(which could be a rechargeable battery, or a super-capacitor
[4], or a combination [5]) provides the variance in the power
profile.

Most of the prior work on FC control has been in the con-
text of hybrid automobiles. These include thermal, hydration
and air-supply management polices [6], [7], FC models to
capture the chemical kinetics, and mechanisms to control FC
operations [6], [8], [9]. Control techniques that coordinate the
operations of the FC, battery and super capacitor to achieve
longer battery lifetime and higher system efficiency have also
been proposed in [9], [10], [11], [12], [13]. These include
a PI (Proportional-Integral) control based scheme in [9], an
integrated system approach based on game theory in [10], poli-
cies for power distribution among FC/battery/ultra-capacitor in
[11], and battery charge/discharge switching policies in [12],
[13].

Unfortunately, techniques developed for hybrid automobiles
cannot be directly applied to portable embedded systems.
Automotive systems are reactive, and the required load current
acts as a reference signal that the hybrid power system must
track faithfully. However, in an embedded system, the tasks
can be executed in any manner as long as they meet a specified
performance level. Furthermore, the load current drawn by
the embedded system is a function of parameters such as the
processor supply voltage, the power state of the peripherals -
all of which can be controlled.

In this work, we consider a portable platform where the hy-
brid power source is built with a sodium borohydride (NaBH4)
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PEMFC system and a Li-ion battery. Here the embedded
system consists of a DVS (dynamic voltage scaling) enabled
processor and devices, such as disk, SDRAM memory, flash
memory, etc. An embedded system where the devices are DPM
(dynamic power management) enabled have been considered
in [14], [15]. Our objective is to maximize the operating
lifetime of of the FC, which is equivalent to minimize the
fuel consumption. The fuel cell/battery hybrid power source
introduces additional non-linearities that cannot be addressed
by only considering the energy consumption of the embedded
system.

This paper is an extension of our earlier work presented
in [16], [17]. We first describe an energy-based optimization
framework that considers the energy characteristics of the
hybrid power source as well as the energy demands of the
embedded system. We develop control algorithms based on
the optimization framework for the case when the FC works
at fixed output power level as well as for the case when it
works at multiple power levels. When the FC works at fixed
output power, Algorithm fc scale is used to control the speed
of the DVS processor subject to the deadline and battery
constraints. When the FC works at multiple output levels,
Algorithm fc scale ctrl controls not only the speed of the DVS
processor but also the FC output power level, resulting in a
significant increase in the FC lifetime. This is an extension of
Our contributions are summarized below:
• Introduction of an FC based hybrid power source for

embedded systems.
• Development of an optimization framework to minimize

the energy consumption of the hybrid system.
• Development of FC-efficient voltage scaling algorithms

fc scale and fc scale ctrl based on the optimization
framework.

• Performance validation with real-application based task
traces and synthetic task traces.

The rest of the paper is outlined as follows. Section II
describes the FC operation, FC-battery hybrid power source
and embedded system powered by such a source. Section
III introduces the energy optimization framework for the FC-
battery hybrid system followed by static scheduling algorithms
that enhance the lifetime of the system. The experimental
results for both real-application-based task traces and synthetic
task traces are given in Section IV. Section V concludes the
paper.

II. BACKGROUND

In this section, we first introduce the basics of the fuel
cell/battery hybrid system, including the FC stack operation
(Section II-A), the hybrid power source (Section II-B), and
the FC system efficiency (Section II-C). Then we describe the
energy flow of the embedded system powered by the hybrid
source (Section II-D) followed by the definitions used in our
optimization framework (Section II-E).

A. Fuel cell

FCs have higher energy density (so longer lifetime) and low
environmental side-effect. Their energy densities are typically

> 2000 Wh/Kg compared to that of batteries which is typically
< 200 Wh/Kg [18]. Further more, FCs are clean power
sources and emission free. Even though the chemical energy
to electrical energy conversion efficiency in an FC is about
only half of that of a Li-ion battery, the PEMFC package that
we use here is expected to generate power 4X to 10X longer
than a Li-ion battery package with the same size and weight
[19], [20].

The core of the FC system is the FC stack. The FC uses
H2 and O2 to convert chemical energy to electricity by an
electrochemical process. At the anode, the reaction is given by
H2→ 2H+ +2e−. The H+s move towards the cathode through
the ion conducting electrolyte (membrane). The e−s find a path
to the cathode through the external circuit thus performing
electrical work. At the cathode, the reaction is 2H+ + 2e−+
1
2

O2→ H2O.
The electrical energy produced by the FC is calculated by

the difference between the Gibbs free energy of the product
(H2O) and the inputs (H2 and O2) [21]. According to the

reaction H2 +
1
2

O2 → H2O in a PEMFC, the energy in “per
mole” form is given by

∆g f = (g f )H2O− (g f )H2 −
1
2
(g f )O2 , (1)

where (g f )X is the Gibbs free energy of X per mole. When
there is no loss in the energy conversion, the open circuit
voltage is

Vopen =
−∆g f

2F
, (2)

where F = 96485.3415 C/mol is the Faraday constant, and
the factor 2 is because one mole of H2 produces 2 moles of
electrons. The open circuit voltage of a single cell is typically
around 1.2 V. The real open circuit voltage is less than the
theoretical no loss value calculated by Equation (2). As the
current density increases, the open circuit voltage reduces as
shown in Fig. 1. This reduction is due to activation losses,
fuel crossover and internal current, ohmic losses, and mass
transport or concentration losses [21], [22].
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Fig. 1. Measured I-V-P curves for the BCS 20 W, 20 stack, room-temperature
PEMFC (@2 psig H2 pressure).

The FC output current, I f c, can be increased by increasing
the area of the membrane. The FC output voltage, Vf c, can
be multiplied by stacking multiple cells. Fig. 1 describes the
polarization (I-V and I-P) curves for the BCS 20 W, 20 stack,
room-temperature PEMFC applying 2 psig H2 pressure. The
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power Vf c × I f c first increases corresponding to the region
where the voltage curve has a mild slope, and then decreases
corresponding to the region where the voltage drops rapidly.
The FC output power can be varied in a certain range referred
as the load following range if we control the fuel input flow
rate. If the FC works at fixed output power, the operating point

is set at
2
3

of the maximum power based on stability and cost-
efficiency considerations. Note that FC output power is also
associated with temperature, pressure and humidity [22].

B. Hybrid power source
In general, an FC has “slow” electrodes, i.e., its reaction

does not occur as quickly as the load current varies, and so
the electrodes polarize and the FC loses voltage. As a result,
for applications where the load current fluctuates, the FC has
to be supported by a battery which has “fast” electrodes and
is a much better load follower. A hybrid system consisting of
an FC and a battery provides the high energy density of FCs
and the high power density of batteries [13], [23]. A hybrid
system also results in both components being smaller. Fig. 2
shows the advantage of using a hybrid power source over a
fuel-cell-only source or a battery-only source. When the load
current variance is very large (e.g., the maximum load current
is 3X of the average load current), a fuel-cell-only system has
be over-designed in order to ensure system safety. This would
result in an increase both the size and weight of the FC. The
battery can handle the current variance very well, but it cannot
last as long as an FC with the same size due to its low energy
density. An FC in conjunction with a small size battery is more
efficient with respect to power/energy density and size/weight.

Battery

1X Fuel cell 3X Fuel cell
1X Fuel cell

and battery hybrids

Iave 3Iave I f c

Vf c

Fig. 2. Advantage of using a hybrid power source.

The structure of the proposed FC-battery hybrid power
source is shown in Fig. 3. It consists of the following compo-
nents:
Fuel cell stack: As described in Section II-A, the FC stack is
the core of the FC system. The anode is fed with H2 generated
from the fuel processor, and the cathode is fed with O2 from
the ambient air. The FC stack is capable of self-humidification,
and the stack temperature is maintained at around 45◦C for
high efficiency.
Fuel processor: As H2 is difficult to store and carry for
human-portable applications, on-site H2 generation with safe
chemicals is very important. We choose NaBH4 as the fuel for
the PEMFC because it is stable, can easily be converted to H2
by the catalyst Rutherium[24], and generates wet and warm
H2 that is conducive to efficient FC operation. The chemical
reaction for H2 generation is as follows:

NaBH4 +2H2O Ru→ 4H2 +NaBO2. (3)
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Fig. 3. FC-battery hybrid power source.

The amount of NaBH4 delivered through the fuel pump
determines the amount of H2 generated.
Purge valve: The room-temperature 20 W FC stack requires 2
to 3 psig H2 pressure at the anode end. While this is achieved
by a dead-end configuration, a purge valve (solenoid valve) is
used to make the channel periodically open-end and flush out
the accumulated H2O.
Cathode fan: Since 2 to 3 psig H2 pressure is formed at the
anode side, a similar amount of O2 pressure is required at the
cathode side. This pressure is generated by a blower fan.
Cooling fan: As the efficiency of the FC stack is temperature
dependent, the stack temperature must be maintained at a
particular value for maximum efficiency. We use a cooling fan
for robust operation against the ambient temperature variation.
DC-DC converter: DC-DC converters are mandatory com-
ponents for voltage regulation against load current and input
voltage variation. We use a primary converter along with
secondary converters to make the FC system a stand-alone
power source. The primary DC-DC converter is chosen to
be LTC1625 which is a switching voltage regulator and has
an efficiency of > 85% for currents above 100 mA and
low efficiency otherwise. The secondary DC-DC converters
are selected depending on the voltage requirement of the
embedded system.
Battery: The rechargeable Li-ion battery is used as the
secondary power source. Since frequent switching between
charging and discharging mode reduces the cycle-lifetime of
the battery significantly, we use two batteries where one is in
charging mode and the other is in discharging mode.
Microprocessor: An TI TMS470 microprocessor controls
the operation of the controller components such as the fuel
pump, purge valve, cathode fan, cooling fan, etc. In addition,
it supervises the charge management including the battery
charging/discharging.
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C. Fuel cell system efficiency

The FC system efficiency, ηs, is defined as the FC system
output power, PF , divided by Gibbs free energy per second
(denoted as ∆EGibbs). ∆EGibbs is the product of the fuel flow
rate and ∆g f in Equation (1). Since the fuel flow rate is pro-
portional to the FC stack current, I f c, we have ∆EGibbs ∝ I f c,
and ηs is given by

ηs =
PF

∆EGibbs
∝

PF

I f c
. (4)

The efficiency, ηs, is affected by the PEMFC stack effi-
ciency, the DC-DC converter efficiency and the loss due to
the controller current.

The PEMFC stack efficiency is given by the stack output

power divided by ∆EGibbs, i.e.,
Vf c× I f c

∆EGibbs
∝ Vf c. It follows the

same trend as the stack voltage Vf c (see Fig. 1). The measured
PEMFC stack efficiency is shown in Fig. 4(a).

The loss due to the controller power comes from the cathode
air blow fan, cooling air blow fan, purge valve (solenoid),
microcontroller, etc. The loss is dominated by the cathode
air blow fan (0.4 W) and the cooling air blow fan power
(0.4 W). The purge valve, the microcontroller, and the fuel
pump consume very little power.

Fig. 4 plots ηs as a function of the FC output current. When
the cathode air blow fan and the cooling fan operate at the opti-
mal speed that is determined by the output current, the system
efficiency is shown in Fig. 4(b). A simpler mechanism is to
operate the cathode air blow fan at constant speed (regardless
of the FC current). In such a system, ηs is virtually a constant
within the load following range. In fact, the system efficiency
is around 39% with a variation of ±4% in the operation range
0.3 A - 1.2 A, as shown in Fig. 4(c). To simplify the analytical
analysis, we present the optimization framework for the case
when the system efficiency is a constant. The framework can
be modified to handle the case when the system efficiency is
not a constant, and we include an experimental validation for
this case.

D. System overview

The main blocks of the embedded system powered by
hybrid power source are shown in Fig. 5. The hybrid power
source consists of a PEMFC system with the output power
PF , and a Li-ion battery. The charging and discharging of
the battery is controlled by the charge management system
(CMS). At the consumer end, there is a DVS processor based

embedded system whose load power, PL, can be changed by
DVS. When PF < PL, the Li-ion battery discharges to provide
an additional power amount of PL − PF to the embedded
system; when PF > PL, the Li-ion battery is charged. If the
battery gets fully charged and PF > PL, the excess power is
dissipated through the bleeder circuit. Note that in FC systems
that support load following, PF can be decreased by adjusting
the fuel flow rate, thereby reducing the bleeder current.

Fuel cell
system

Embedded
system

DC-DC
converter

bleeder

Energy provider Energy consumer

CMS

battery

Control system

Embedded system state

Battery state

PF

Fuel
flow rate DVS scaling

Fuel cell state

PL

Fig. 5. The schematic view of the embedded system powered by the hybrid
power source

The control system shown in Fig. 5 is in charge of optimiz-
ing the energy performance of the hybrid system based on the
state information of the embedded system, the battery and the
FC. If the FC works at fixed power level (fixed fuel flow rate,
and thus PF is a constant), the control system only controls
the DVS policy of the embedded system. If the FC supports
load following (with fuel flow rate control), the control system
jointly controls the DVS policy of the embedded system and
the FC system output power.

The energy flow of the hybrid system is shown in Fig. 6.
At the energy provider end, E f c is the energy provided by the

Fuel cell
system

Embedded
system

battery bleeder

Energy provider Energy consumer
E f c Eload

Ebat Ewaste

Fig. 6. The energy flow of the system shown in Fig. 5

FC system, and Ebat is the energy provided by the battery.
The battery works as an energy buffer. If the initial state of
the battery is Bini and the final state is Bend , then the energy
provided by the battery is Ebat = Bini−Bend (if Ebat < 0, the
battery stores energy). At the energy consumer end, Eload is the
energy consumed by the embedded system, and Ewaste is the
energy wasted through the bleeder. Recall that Ewaste occurs
when PF > PL but the battery is fully charged. The energy flow
is summarized by the following equation.

Etotal = E f c +Ebat = Eload +Ewaste. (5)

The operational lifetime of the the hybrid system is de-
termined by the fuel consumption of the FC. Since a given
volume (or weight) of fuel can provide a certain amount
of energy EGibbs, if the amount of EGibbs for completing a
certain number of tasks is less, the lifetime of the FC becomes
longer. So the objective of extending the lifetime of the FC is
transformed to minimizing EGibbs during task execution. Since
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we assume that the FC system efficiency is constant, EGibbs
is proportional to E f c +Ebat . Thus our objective transforms to
minimizing Etotal = E f c +Ebat = Eload +Ewaste.

E. Definitions

We begin with the notations that have been used in the rest
of the paper. The hybrid power source is characterized by the
FC power, PF , that has a value in the range [Pmin

F ,Pmax
F ], and

the energy capacity of the Li-ion battery, Bmax. For a task Tk,
the FC power is PF,k (or simply PF when it is constant), the
battery energy state is Bini

k at the beginning and Bend
k at the

end of the execution of task Tk.
The power model of load power PL is expressed as

PL = C ·V 2
dd · f +Pon +Vdd · Ileakage, (6)

where the first term on the right hand side is the dynamic
power consumption, the second term is the intrinsic power,
and the third term is the leakage power. Both Pon and Ileakage
are assumed to be constant and do not change with voltage
scaling [25], [26]. The relation between frequency and the

supply voltage is f ∝
(Vdd−Vt)γ

Vdd
, where γ has a value between

1 to 2, and Vt is the threshold voltage. Here, we assume γ = 2
and Vdd �Vt , and so f ∝ Vdd .

Let sk be the frequency scaling factor while executing
Tk, and sk ≥ 1. Note that sk = 1 corresponds to the highest
operating frequency. The task execution time is then sk× τk,
where τk is the worst case execution time at the highest
frequency. The total power consumption of Tk when scaled
by sk, PL,k(sk) can be rephrased as

PL,k(sk) = s−3
k α1PL,k(1)+α2PL,k(1)+ s−1

k (1−α1−α2)PL,k(1), (7)

where PL,k(1) is the total power consumption at sk = 1, α1 is
the ratio of dynamic power to total power, and α2 is the ratio
of intrinsic power to the total power at sk = 1.

The metric that is used to measure the performance of
difference policies is the total energy consumption of the
system, Etotal . The scaling factor which minimizes Etotal for
task Tk (FC-battery hybrid system aware DVS) is called the
optimal scaling factor, sopt

k . The scaling factor which only
considers minimizing Eload (conventional DVS) is called sload

k .
Table I provides a comprehensive list of all the parameters.

III. ENERGY OPTIMIZATION OF THE HYBRID SYSTEM

In this section, we present an energy optimization frame-
work for the embedded system powered by an FC-battery
hybrid source. We first introduce a conventional energy mini-
mization algorithm, en scale, which aims at minimizing Eload ,
the energy consumption of the embedded system (Section
III-B). Then we present the algorithm fc scale which min-
imizes the total energy consumption, Etotal , when the FC
has a fixed output level (Section III-C). Next we present
the optimization framework and corresponding algorithm
fc scale ctrl when the FC operates at multiple output levels
(Section III-D).

To simplify the analysis, we make the following assump-
tions: (1) The FC system has constant efficiency as described
in the Section II-C, (2) the battery charge management system
has 100% efficiency, (3) the task sequence is determined

TABLE I
DEFINITION OF THE FC SYSTEM PARAMETERS

EGibbs Gibbs free energy, provided by the fuel consumption
∆EGibbs Gibbs free energy per unit time

Vf c FC stack voltage
I f c FC stack current
ηs FC system efficiency
Tk k− th task in the task profile

PF,k FC system output power for task Tk
PF FC system output power when set to a constant value
Ω Ω = [Pmin

F ,Pmax
F ], the FC load following range

sk voltage/frequency scaling factor of Tk, sk ≥ 1
τk worst case execution time of Tk

PL,k(sk) the load power when task Tk is scaled by sk
α1 ratio of the dynamic power when sk=1
α2 ratio of the intrinsic power when sk=1

Bmax energy capacity of the battery
Bini

k battery energy state when task Tk starts
Bend

k battery energy state when task Tk finishes
Eload energy consumed by the embedded system load
Ewaste energy wasted through bleeder bypass
Etotal total energy consumption, given by Eload +Ewaste

E f c energy provided by the FC system
Ebat energy provided by the battery
sopt

k scaling factor which minimizes Etotal for task Tk
sload

k scaling factor which minimizes Eload for task Tk

apriori, we only consider voltage/frequency assignment, and
(4) the load power and the FC output power do not change
during the execution of a single task.

A. Motivational example

Consider a DVS system whose frequency can be scaled from
1 to 2 in steps of 0.1. The FC load following range is [4 W,
15 W]. The battery capacity is Bmax = 1500 J and the initial

state of the battery is
1
2

Bmax. The task configuration is given
in Table II.

TABLE II
TASK PARAMETERS OF THE MOTIVATIONAL EXAMPLE

Tk τk PL(1) α1 α2 D
T1 2 min 20 W 0.64 0.16 12 min
T2 5 min 15 W 0.60 0.20 12 min
T3 2 min 18 W 0.25 9.55 12 min

Case I – Eload-efficient DVS: We first apply the conventional
energy minimization policy on the embedded system, that is,
minimizing Eload . For the given task specifications, s1 = 1.5,
s2 = 1.4, and s3 = 1. The corresponding load power values
are PL,1 = 9.66 W, PL,2 = 8.42 W and PL,3 = 18 W, and
consequently Eload = 10,316 J. If the FC output power is fixed,
PF = 15 W, there is wasted energy Ewaste = 2,974 J, and then
the total energy consumption is Etotal = 13,290 J. The power
profile is shown in Fig. 7(a).

Case II – Etotal-efficient DVS with fixed PF: When the FC
output power is fixed at PF = 15 W, we may set s1 = 1.4
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Fig. 7. Motivational example: (a) Eload minimization, (b) Etotal minimization
with fixed PF , and (c) Etotal minimization with variable PF .

(PL,1 = 10.72 W) and s2 = s3 = 1. The corresponding power
profile and energy metrics are shown in Fig. 7(b). Now
Eload = 11,341 J which is about 10% higher than that of
Case I. However since Ewaste has dramatically reduced to 0,
Etotal = 11,341 J, which is 15% lower than that of Case I.

Case III – Etotal-efficient DVS with variable PF: Now if
we control both PF and PL, we can get the profile shown in
Fig. 7(c). For task T1, PF is set to 13.83 W, and PL is scaled
to 9.66 W; for task T2, PF is set to 8.42 W, and PL is scaled
to 8.42 W; and for task T3, PF is set to 15 W, and PL is 15 W.
In this particular example, the load energy is only 10,316 J
which is the minimal value according to Case I, and much
lower than that of Case II. Since Ewaste = 0, Etotal reduces to
10,316 J, which is 22.4% lower than that of Case I, and 9.1%
lower than that of Case II. Thus the lifetime of the FC can be
extended significantly if the FC supports load following and
the algorithm has the capability to exploit this feature.

B. Eload-efficient DVS: Algorithm en scale
We first describe an algorithm for minimizing Eload . We

include this for the sake of completeness and also to provide
a baseline algorithm to compare against algorithms that have
been optimized for FC operation.

Eload minimization for a single task: When there is only one
task Tk, the load energy is calculated by

Eload(sk) = PL,k(sk)× sk× τk. (8)

Since PL,k(sk) = s−3
k α1PL,k(1) + α2PL,k(1) + s−1

k (1 − α1 −
α2)PL,k(1) according to Equation (7), the scaling factor which

minimizes Eload is given as sload
k = 3

√
2×α1

α2
if there is no

deadline constraint. If smax
k is the maximum scaling factor

determined by the deadline constraint, then the scaling factor
sload

k has to be bounded by smax
k .

Eload minimization for a sequence of tasks: Let us assume
that there are n tasks, (T1,T2, · · · ,Tn); all tasks arrive at time 0
and share the same deadline D. The load energy minimization
is achieved by

minimize: Eload(s1, · · · ,sn) =
n

∑
k=1

(
PL,k(sk) · skτk

)
, (9)

subject to:
n

∑
k=1

(sk× τk)≤ D. (10)

We can analytically determine {sload
1 ,sload

2 , · · · ,sload
n } that

minimize Eload(s1, · · · ,sn) by the Lagrange multiplier method.
Since the objective function, Eload(s1, · · · ,sn), is a sum of
convex functions, Eload(sk), and the deadline constraint is also
a convex function, we introduce a Lagrange multiplier λ and
construct a function f (s1,s2, · · · ,sn) such that

f (s1, · · · ,sn) = Eload(s1, · · · ,sn)−λ

(
(

n

∑
k=1

skτk)+ x2−D
)
.

(11)
We include x2 in the function because the deadline constraint
is not a equation.

We calculate the partial derivative of f (s1,s2, · · · ,sn) with
respect to each sk, x and λ, and set the partial differential
functions to value zero.

∂ f
∂sk

=
((

α2−2α1s−3
k

)
PL,k(1)−λ

)
τk = 0,∀k ≤ n,(12)

∂ f
∂λ

=
n

∑
k=1

(sk× τk)+ x2−D = 0, (13)

∂ f
∂x

= 2× x×λ = 0. (14)

The solution of Equation (14) can be either λ = 0 or x = 0. If
λ = 0, then the simultaneous equations in Equation (12) have

an unconstrained solution: sk = 3

√
2×α1

α2
= sload

k . If λ 6= 0 and

x = 0, the solution (s1,s2, · · · ,sn,λ) for the n + 1 functions
in Equations (12) and (13) exists, but it is difficult to find
analytically. However, Equation (12) tells us that the value
of (s1,s2, · · · ,sn) that minimizes the objective function should
satisfy

(
PL,k(sk)× sk

)′
sk

=
(
PL, j(s j)× s j

)′
s j
≤ 0,∀ j,k ≤ n. If

α1 : α2 is identical for all tasks, sload
k is also identical for all

tasks and the value can be obtained by evenly distributing the
slack to all tasks. When α1 : α2 is different from each other,
we can find these values numerically. For the load energy
minimization of tasks with individual deadlines, please refer
to the algorithms presented in [27].

C. Etotal-efficient DVS with fixed PF : Algorithm fc scale

As mentioned earlier, in order to extend the lifetime of the
FC, we should minimize Etotal = Eload +Ewaste. The proposed
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fuel-efficient scaling algorithm fc scale minimizes Etotal and
is built on top of Algorithm en scale which minimizes Eload .
In this section, we consider the case when the FC works at
fixed output power level, PF .

For task Tk, if PF > PL,k(sk), ideally the battery can be
charged to Bini

k +
(
PF −PL,k(sk)

)× sk × τk. Since the battery
charge cannot exceed Bmax, we have

Bend
k = min

(
Bmax,Bini

k +
(
PF −PL,k(sk)

)× sk× τk

)
. (15)

The wasted energy occurs after the battery is fully charged,
and is calculated by

Ewaste = max
(

0,Bini
k +

(
PF−PL,k(sk)

)×sk×τk−Bmax
)
. (16)

When PF < PL,k(sk), the battery is discharged to Bini
k −(

PL,k(sk)−PF
)× sk×τk. In order to ensure the feasibility, we

include a battery constraint:

Battery constraint:
(
PL,k(sk)−PF

)× sk× τk ≤ Bini
k . (17)

The above battery constraint will determine the lower bound of
the feasible scaling factor values, smin

k . Note that we have to set
sk ≥ smin

k , otherwise the battery will die before Tk completes.
We determine sopt

k of the tasks one by one, in the order
in which they were scheduled. Specifically, sopt

k is determined
by considering sload

k (the scaling factor that minimizes Eload),
smin

k , and Ewaste. Fig 8 describes the algorithm flow.

Y

Y

N

N

Y

N

Input: {s1
load , · · · ,sn

load},PF ,Bmax,B1
ini

k = 1

k = k +1

Bk
ini = Bk!1

end

Determine sk
min by the battery constraint

Execute task Tk with sk
opt , calculate Bk

end

k = n

End

Determine sk
opt by

minimizing Etotal

sk
opt = sk

load

sk
opt = sk

min

Adjust s j
load for j > k

sk
load < sk

min

Ewaste(sk
load) = 0

Fig. 8. Flow chart of Algorithm fc scale.

• If sload
k < smin

k , we have to set sopt
k = smin

k to satisfy the
battery constraint. Note that Ewaste = 0 because the battery
is in discharge mode. Since now sopt

k > sload
k , it not only

increases the load energy consumption of Tk, but also
requires additional slack time from other tasks. So we
have to adjust the pre-set sload

j for all future tasks Tj where
j 6= k to compensate for the extra slack taken by Tk. The

slack re-distribution can be done by the same method as
Algorithm en scale.

• If Ewaste(sload
k ) > 0 which means PL,k(sload

k ) is too low,
we first set sk = sload

k and then reduce sk until Etotal(sk) is
not decreasing anymore. Since Etotal is a convex function,
there exists such a scaling factor; we refer to it as sopt

k .
It is obvious that the battery constraint is fulfilled in this
case because the battery is charged. There is an extra
slack released from Tk since sopt

k < sload
k , which can be

absorbed by the remaining tasks.
• Otherwise we set sopt

k = sload
k , because in this case sload

k ≥
smin

k and Ewaste(sload
k ) = 0.

The energy state of the battery, Bend
k , is updated and the process

repeated for the next task.

Illustrative example: We illustrate how to calculate sopt
k by

Algorithm fc scale using the motivational example shown in
Fig 7. The scaling factors determined by Algorithm en scale
are sload

1 = 1.5, sload
2 = 1.4 and sload

3 = 1 (sload
1 , sload

2 ≤ sload
k =

3

√
2×α1

α2
due to the deadline constraint). When we set s1 =

sload
1 = 1.5, we have PL = 9.66 W, Eload = 1,738.7 J, Ewaste =

750+(15−9.66)×1.5×2×60−1500 = 211.3 J, and finally
Etotal = 1,950 J.

Since Ewaste is not zero, we try to decrease the scaling factor
to find the minimum value of Etotal . As shown in Table III,
we get sopt

1 = 1.4, PL,1(s
opt
k ) = 10.72 W. The corresponding

energy metrics are Eload = 1,801.3 J, Ewaste = 0 and Etotal =
1,801.3 J. Task T1 finishes at 2.8 min, and Bend

1 = 750+(15−
10.72)×1.4×2×60 = 1,366.32 J. We apply the same method
on T2 and T3 one by one, and finally achieve the profile shown
in Fig 7(b).

TABLE III
DETERMINING THE OPTIMAL SCALING FACTOR FOR TASK T1 IN

ALGORITHM fc scale FOR THE TASK PROFILE SHOWN IN FIG. 7(b)

Scaling factor 1.5 1.4 1.3
PL,1 (W) 9.66 10.72 12.10
Eload (J) 1738.70 1801.30 1888.10
Ewaste (J) 211.30 0.00 0.00
Etotal (J) 1950.00 1801.30 1888.10

D. Etotal-efficient DVS with variable PF : Algorithm
fc scale ctrl

Next consider the case when the FC supports load following.
For such a system, Eload , Ewaste, and the battery constraint are
given by

Eload(sk) = PL,k(sk)skτk, (18)

Ewaste(PF,k,sk) = max
(
0,Bini

k +
(
PF,k−PL,k(sk)

)
skτk−Bmax),

(19)
Battery constraint:

(
PL,k(sk)−PF,k

)
skτk ≤ Bini

k . (20)

Eload is independent of the FC system output power
PF,k, and is minimized by scaling factor sload

k which is
given by Algorithm en scale. If we can find PF,k such that
Ewaste(PF,k,sload

k ) = 0, Etotal(PF,k,sload
k ) can be minimized. To

achieve Ewaste(PF,k,sload
k ) = 0, the value of PF,k has to satisfy(

PF,k−PL,k(sload
k )

)×sload
k ×τk ≤ Bmax−Bini

k . The value of PF,k



IEEE TVLSI SPECIAL SECTION ON LOW POWER ELECTRONICS AND DESIGN 2007 8

should also satisfy the charge constraint in Equation (20). So
the range of PF,k is Φk =

[
Plow

F,k ,Phigh
F,k

]
where

Plow
F,k = PL,k(sload

k )− Bini
k

sload
k × τk

, (21)

Phigh
F,k = PL,k(sload

k )+
Bmax−Bini

k

sload
k × τk

. (22)

The value of PF,k should be chosen by considering both
the range Φk and the load following range Ω. (Recall that
Ω = [Pmin

F ,Pmax
F ]). If Φk overlaps with Ω (Φk

T
Ω 6= /0), PF,k

could be set to any value in the overlapped region Φk
T

Ω.
In our algorithm, we choose the largest value in Φk

T
Ω since

that would allow the battery to charge more and would relax
the battery constraint of Tk+1; When there is no overlap such
that Φk

T
Ω = /0, we set PF,k to Pmin

F when Pmin
F > Phigh

F,k , or
Pmax

F when Pmax
F < Plow

F,k , and re-calculate sopt
k by minimizing

Etotal(PF,k,sk) using the the same flow as that in the case when
the FC output if fixed. The flow of the algorithm fc scale ctrl
is shown in Fig 9.

PF,k = PF
max

PF,k = PF
min

sk
opt = sk

load,
PF,k = min(PF,k

high,PF
max)

Input: {s1
load , · · · ,sn

load},PF
min,PF

max,Bmax,B1
ini

Determine PF,k
low and PF,k

high by the battery
constraint and Ewaste minimization

PF,k
low > PF

max

PF,k
high < PF

min

Determine sk
opt by

Algorithm f c scale

Execute task Tk with sk
opt , calculate Bk

end

k = n

Y

Y

N

N

Y

N

k = k +1
Bk

ini = Bk!1
end

End

k = 1

Fig. 9. Flow chart of Algorithm fc scale ctrl.

Illustrative example: We illustrate how to calculate sopt
k by

Algorithm fc scale ctrl using the motivational example shown
in Fig 7. By Algorithm en scale, sload

1 = 1.5, PL = 9.66 W
and the range of PF,k is set to [5.49 W, 13.83 W] according to
Equations (21) and (22). Since the range is supported by the
load following range [4 W, 15 W], we choose PF = 13.83 W
for T1. Task T1 finishes at 3 min, and Bend

1 = 1,500 J (fully
charged without wasted energy). We apply the same method
on T2 and T3, and finally get the profile shown in Fig 7(c).

IV. EXPERIMENTAL RESULT

In this section, we compare the performance of the proposed
algorithms with respect to the energy metrics, Eload , Ewaste

and Etotal . We first apply the algorithms on task traces based
on a real application, Path Finder, and then apply them on a
randomly generated task trace. The power source setup and
DVS setup are the same as that in the motivational example
(Section III-A) except when specifically noted.

A. Experiment 1: Path Finder

We consider the Path Finder of a land warrior [28]. Its
power consumption is contributed by the processing unit
which is DVS scalable, and the communication unit, which
is always on and not DVS scalable. The power and time
specifications (at the highest frequency) are presented in Table
IV. The processing unit executes three tasks sequentially, i.e.,
T1 (path route processing) followed by T2 (data compression
and decompression) followed by T3 (other processing). We
refer to the sequence of T1 → T2 → T3 as a task cycle. The
task cycle is periodic with a period of 10s.

TABLE IV
POWER AND TIME SPECIFICATIONS OF PATH FINDER

Component1 Pactive (W) Pidle (W) Active time Paverage (W)
PAN 4.42 1.70 11.0% 2.00
GPS 0.77 0.40 81.3% 0.70
HFP 7.00 0.94 1.0% 1.00
DS 3.00 0.27 1.0% 0.30

(a) Communication unit

Task Dynamic power (W) Intrinsic power (W) WCET (sec)
T1 15.0 1.5 5.00
T2 2.0 1.5 0.26
T3 4.0 1.5 1.00

(b) Processing unit

Based on the knowledge of the task trace, we choose con-
stant output power used in en scale and fc scale as PF = 10 W,
and the load following range used in Algorithm fc scale ctrl
as [4 W, 10 W]. The energy metrics for a two-hour task
trace (720 task cycles) simulation are shown in Table V(a).
Here the percentage values are the values of Etotal normalized
by that of Algorithm en scale. We see that since Algorithm
en scale does not consider the characteristics and state of
the power source, a very large portion of energy is wasted:
Ewaste/Etotal = 14.9%. Algorithm fc scale considers the char-
acteristics of the power source and has significant lower Ewaste.
As a result, it has a lower Etotal even though its Eload value
is 7.6% higher than that of Algorithm en scale. Algorithm
fc scale ctrl utilizes the load following capability of the FC
and applies joint optimization of both of the embedded system
and the FC system. In this particular task trace, Algorithm
fc scale ctrl completely eliminates the wasted energy. Its total
energy saving is 8.6% compared to Algorithm fc scale, and
14.9% compared to Algorithm en scale.

Fuel cell over-design: Now assume that the FC output power
is configured to a higher value to ensure a safe and robust
system operation, i.e., avoid system power failure when the
load power increases unexpectedly. In this case, assume that

1PAN stands for Primary Area Network, HFP stands for Handheld Flat
Panel, and DS stands for Data Storage.
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TABLE V
EXPERIMENT 1: PATH FINDER APPLICATION

Energy en scale f c scale f c scale ctrl
Etotal (KJ) (%) 71.19 (100.0%) 66.24 (93.1%) 60.58 (85.1%)

Eload (KJ) 60.58 65.19 60.58
Ewaste (KJ) 10.61 1.05 0.00

(a) PF = 10 W with the load following range of [4 W, 10 W] and 11
discrete voltage levels

Energy en scale f c scale f c scale ctrl
Etotal (KJ) (%) 107.14 (100.0%) 85.89 (80.2%) 60.58 (56.5%)

Eload (KJ) 60.58 77.13 60.58
Ewaste (KJ) 46.56 8.76 0.00

(b) PF = 15 W with the load following range of [4 W, 15 W] and 11
discrete voltage levels

Energy en scale f c scale f c scale ctrl
Etotal (KJ)(%) 104.79 (100.0%) 85.90 (82%) 64.32 (61.4%)

Eload (KJ) 64.32 77.16 64.32
Ewaste (KJ) 40.47 8.74 0.00

(c) PF = 15 W with the load following range of [4 W, 15 W] and 5 discrete
voltage levels

the FC output power is set to PF = 15 W for Algorithms
en scale and fc scale, and the load following range used in
Algorithm fc scale ctrl is [4 W, 15 W]. The corresponding
simulation results are shown in Table V(b). Since Algorithm
en scale does not consider the value of PF at all, its Ewaste
and Etotal increase significantly, compared to the PF = 10 W
case. On the other hand, Algorithm fc scale is aware of the
higher PF , and correspondingly adjusts sk to reduce Etotal ,
resulting in 19.8% saving compared to Algorithm en scale.
While the energy metrics Eload , Ewaste and Etotal of Algorithm
fc scale increase significantly compared to the case when
PF = 10 W, the energy metrics of Algorithm fc scale ctrl
remain the same. This is because fc scale ctrl dynamically
adjusts the FC output power in the load following range, and
a larger load following range ([4 W, 15 W] vs. [4 W, 10 W])
can never deteriorate the performance. The energy saving of
fc scale ctrl is now significantly high, 43.5% compared to
en scale and 29.5% compared to fc scale.

Coarse-grain discrete voltage levels: In the previous experi-
ments, we assumed that the supply voltage can be scaled from
1 to 2 in steps of 0.1. Since most commercial DVS systems
only support coarse-grain frequency levels, we consider the
case when the DVS system supports only five scaling factors:
1, 1.2, 1.5, 1.8, and 2. We set PF = 15 W for the fixed
power source configuration, and set the load following range
to [4 W, 15 W] for the variable power output configuration.
The simulation results are shown in Table V(c). The energy
savings achieved by Algorithms fc scale and fc scale ctrl, are
slightly reduced as expected, but Algorithm fc scale ctrl still
achieves large energy savings (38.6%) compared to en scale.

B. Experiment 2: Random task traces

In Experiment 1, T1 dominates the whole task trace in terms
of both power and time duration. So we create a task trace with
a more evenly distributed load, which is typical of embedded

system applications, and compare the performance of the three
algorithms for this task trace.

We consider periodic task cycles with a period of 20 s.
Each task cycle consists of five tasks. For each task, the task
execution time is randomly chosen from [2 s, 4 s]. The task-
dependent scalable power is chosen in the range of [10 W,
20 W], and an additional task-independent non-scalable power
consumption is chosen as 4 W (as in Experiment 1). For the
scalable power unit, the ratio of the dynamic power to the
total power, α1, is chosen from [0.4, 0.8] and the ratio of the
intrinsic power to the total power, α2, is set to 0.8−α1. All
the random data are generated based on uniform distribution.
The battery configuration is the same as that of Experiment 1,
and the DVS scaling factor is from 1 to 2 with steps of 0.1.

For this randomly generated task trace, when PF = 10 W,
the battery is exhausted during task execution, and the FC
power cannot support the load demands. So, we increase the
FC output power up to PF = 15 W for Algorithms en scale
and fc scale, and choose the load following range [4 W, 15 W]
for Algorithm fc scale ctrl.

We simulate the task trace for four hours, and the results are
shown in Table VI. The energy savings are lower compared
to Experiment 1 but the trends are similar. The total energy
savings achieved by Algorithms fc scale and fc scale ctrl
are 16.1% and 27.5%, respectively, compared to Algorithm
en scale.

TABLE VI
EXPERIMENT 2: RANDOM TASK TRACES

Energy en scale f c scale f c scale ctrl
Etotal (KJ) (%) 214.31 (100.0%) 179.89 (83.9%) 155.31 (72.5%)

Eload (KJ) 155.31 179.25 155.31
Ewaste (KJ) 59.00 0.64 0.00

C. Experiment 3: ηs is not constant

The system efficiency, ηs, is assumed to be a constant (39%
according to Fig. 4(c)) for both Experiments 1 and 2. So
EGibbs, which is directly proportional to the fuel consumption
of the FC, is calculated by EGibbs = Etotal/ηs = Etotal/0.39.
Now we consider the case when ηs is not constant, but a linear
function in the load following range as shown in Fig. 4(b).
For such a system, minimization of the fuel consumption is
no longer equivalent to minimization of Etotal . Instead, it is
equivalent to minimizing EGibbs. The optimization framework
is similar to the flow introduced in Section III except that the
efficiency factor ηs has to be included in every step of the
calculation, and sopt

k is now calculated numerically.
The experiment setting for this case is the same as that of

Experiment 2. The energy metrics of a four-hour task trace
simulation are shown in Table VII. Note that we use EGibbs as
the primary metric to evaluate the performance of the different
algorithms. We also include Etotal values for comparison. We
see that for Algorithm fc scale ctrl, the normalized value of
EGibbs (67.7%) is lower than the normalized value of Etotal
(72.4%). This is because the FC system efficiency ηs increases
as FC output level (PF ) decreases, and Algorithm fc scale ctrl
has the capability to assign a lower FC output power level
corresponding to higher efficiency.
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TABLE VII
EXPERIMENT 3: LINEAR EFFICIENCY MODEL, ηs IS AS IN FIG.4(b)

Energy en scale f c scale f c scale ctrl
EGibbs (KJ) (%) 570.58 (100.0%) 447.50 (78.4%) 386.24 (67.7%)
Etotal (KJ) (%) 213.97 (100.0%) 167.81 (78.4%) 154.97 (72.4%)

Eload (KJ) 154.97 164.04 154.97
Ewaste (KJ) 59.00 3.77 0.00

V. CONCLUSION

In this paper, we addressed the problem of maximizing the
lifetime of a fuel-cell based hybrid system. We showed that
maximizing the lifetime is equivalent to minimizing the total
energy drawn from the hybrid power source. We developed an
energy based optimization framework, and proposed control
algorithms based on this optimization framework for the case
when the FC works at fixed output power level as well as for
the case when it works at multiple power levels. When the FC
works at a fixed output power, we proposed Algorithm fc scale
to control the speed of the DVS processor; when the FC works
at multiple power levels, we proposed Algorithm fc scale ctrl
to jointly control the DVS processor speed and the output
power of the FC system. We validated the performance of
the proposed algorithms on both real-application based task
traces and synthetic task traces, for both constant efficiency
and linear efficiency configurations of the FC system. For our
experimental settings, Algorithm fc scale can achieve up to
∼ 20% fuel savings, and Algorithm fc scale ctrl can achieve
up to ∼ 40% fuel savings compared to the algorithm which is
optimized for energy minimization of the embedded system.
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