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Abstract

With the proliferation of Web 2.0 and social networking sites, peo-
ple can interact with each other easily through various social media.
For instance, popular sites like Del.icio.us, Flickr, and YouTube al-
low users to comment sharing content (bookmark, photos, videos),
and users can tag her own favorite content. Users can also con-
nect to friends, and subscribe to or become a fan of other users.
These diverse individual activities result in a multi-dimensional
network among actors, forming cross-dimension group structures
with group members focusing on similar topics. It is challenging
to effectively integrate the network information of multiple dimen-
sions to find out the cross-dimension group structure. In this work,
we propose a two-phase strategy to identify the hidden structures
shared across dimensions in multi-dimensional networks. We ex-
tract structural features from each dimension of the network via
modularity analysis, and then integrate them to find out a robust
community structure among actors. Experiments on synthetic and
real-world data validate the superiority of our strategy, enabling the
analysis of collective behavior underneath diverse individual activ-
ities in a large scale.

1 Introduction

The prosperity of online social networking sites (e.g.,
Del.icio.us, Flickr, YouTube, Facebook, etc.) facilitates hu-
man beings to interact with each other more conveniently
than ever, and is gaining increasing attentions from a variety
of disciplines to study the modeling and prediction of human
behavior, as well as scaling up social network analysis from
hundreds of people in traditional social science to thousands
of hundreds, and more. One basic task in social network
analysis is to identify the community structure among so-
cial actors [29]. The group information can be utilized for
post-analysis or tasks such as group evolution [2, 27], group
profiling [26], viral marketing [24], visualization [14], find-
ing influential members within communities [1], or detecting
stable clusters across temporal changes [3].

However, most existing works of community detection
are focusing on one dimension of interaction among peo-
ple (i.e., only one single-type network). In reality, human
beings interact with each other in assorted forms of activities
leading to multiple networks among the same set of actors, or
amulti-dimensional networkwith each dimension represent-
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Figure 1: Multi-Dimensional Network

ing one type of interaction. For instance, as in Figure 1, at
popular photo and video sharing sites (Flickr and YouTube),
a user can connect to his friends through email invitation
or the provided “add as contacts” function; users can also
tag/comment on the social contents like photos and videos;
a user in YouTube can upload a video to respond to a video
post by another user; and users can also become a fan of an-
other user’s contribution of social contents by subscription
to the user. Based on each type of activity, a network among
these users could be constructed representing one dimension
of human interactions.

Another example of multi-dimensional networks is
email communication network. In email communications,
people can act in two different roles: senders and receivers.
These two roles are not interchangeable. Spammers in the
network send an overwhelming number of emails to normal
users but seldom receive responses from them. The sender
and receiver roles essentially represent two different interac-
tion patterns.

With a multi-dimensional network, intuitively one can
use richer information to infer more accurate latent commu-
nity structures among actors. However, idiosyncratic person-
alities lead to varied local correlations between dimensions.
Some people interact with other members within the same
group in one form of activity consistently, but may be inac-
tive in another. It thus becomes a challenge to identify groups
in multi-dimensional network as we need to fuse all the in-
formation available from each dimension for joint analysis.

In this work, we propose a two-phase strategy to handle
community detection in multi-dimensional networks. We
first extract potential structural features from each dimension
via modularity analysis. In the second phase, we concatenate
all these features and conduct integration to find the most
representative groups. As a real-world network typically
does not have full information for the ground truth about the
group membership, a cross-dimension validation procedure
is proposed to compare the clustering results obtained from



different approaches. Our experiments on both synthetic
and real-world network data validate the superiority of our
proposed approach. Moreover, our approach can be easily
paralleled and thus applicable for large-scale networks.

2 Modularity for 1-D Networks

Three patterns are frequently observed in large-scale social
networks [6]: 1) small-world phenomenon; 2) scale-free
property, or alternatively, the degree distribution of nodes in
a network follows a power law distribution; and 3) commu-
nity structure. While there have been plenty of clustering
algorithms on graphs, modularity [21] is proposed specifi-
cally to measure the strength of a community structure for
real-world networks by taking into account the degree distri-
bution of nodes. It is shown to be effective in various kinds
of complex networks [30, 20]. Below, we briefly review the
concept of modularity.

Consider dividing an interaction networkA of n vertex
andm edges intok non-overlapping communities. Letsi ∈
{1, · · · , k} denote the community membership of vertexi,
anddi represent the degree of vertexi. The expected number
of edges between two nodes with a uniform random graph
model isdidj/2m. Intuitively, modularity measures how
large the interaction within communities deviates from a
uniform random graph. It is defined as:

Q =
1

2m

∑

ij

[
Aij −

didj

2m

]
δ(si, sj)(2.1)

where2m is a normalization factor,δ(si, sj) = 1 if si = sj

and 0 otherwise. Note thatQ can be negative if the vertexes
are split into bad clusters.Q > 0 indicates the clustering
captures some degree of community structure. In general,
one aims to find a community structure such thatQ is
maximized.

The modularity in Eq. (2.1) can also be represented in
a matrix form. Letd ∈ Zn

+ denote the degree of each node,
S ∈ {0, 1}n×k be a community indicator matrix defined as
follows:

Sij =

{
1 if vertex i belongs to communityj
0 otherwise

and modularity matrix defined as

B = A −
dd

T

2m
(2.2)

The modularity can be reformulated as

Q =
1

2m
Tr(ST BS)(2.3)

The discreteness ofS poses the modularity maximization
problem as NP-hard [5], but with a spectral relaxation to

allow S to be continuous, the optimalS can be computed
as the top-k eigenvectors of the modularity matrixB [20].

Contrast to the sparse interaction matrixA, the modular-
ity matrixB is dense and cannot be computed out and held in
memory ifn is large (which is typically true for real-world
social networks). To calculate the top eigenvectors, power
method or Lanczos method can be applied as it relies only
on the basic matrix-vector multiplication without holdingthe
full matrix. SinceB is the summation of a sparse matrix (A)
and a rank-one matrix (dd

T /2m) , the multiplication of ma-
trix B and a vectorx can be calculated as:

Bx = Ax −
d

T
x

2m
d

The same trick can be applied to any structured matrix
similar to B (a sparse matrix plus low rank update). This
strategy is employed later in our baseline approaches as well.

The degree of freedom ofk clusters isk − 1, so we
can compute the topk − 1 eigenvectors to form a low-
dimensional embedding of the interaction into a Euclidean
space. Then a post-processing optimization step like k-
means can be applied to find out a discrete community
assignment [30].

3 Modularity for M-D Networks

In the previous section, we briefly review the process of mod-
ularity maximization to identify communities. Here, we ex-
tend the modularity analysis to multi-dimensional networks.
A d-dimensional network is represented as

Net = {A1, A2, · · · , Ad}

Ai represents the interactions among social actors in thei-th
dimension satisfying

Ai ∈ Rn×n
+ , Ai = (Ai)T , i = 1, 2, · · · , d

wheren is the total number of actors. Here, we concen-
trate on symmetric networks1. Given a multi-dimensional
network, our goal is tofind out a shared latent community
structure among the social actors. To be specific, we need to
find out a community assignment such thatQi is maximized
for i = 1, · · · , d.

3.1 Average Modularity Maximization (AMM) A sim-
ple strategy to handle a multi-dimensional network is to treat
it as single-dimensional. One straightforward approach isto
calculate the average interaction network among social ac-
tors:

Ā =
1

d

d∑

i=1

Ai(3.4)

1Directed network can be converted into undirected networksas shown
in later parts.



With Ā, this boils down to classical community detection in
a single-dimensional network, and modularity maximization
method as shown in previous section can be applied directly.
In reality, social actors often participate in different dimen-
sions of network with varied intensity. Even within the same
group, the interaction can be very sparse in one dimension
but relatively more observable in another dimension. So if
there is one dimension with intensive interaction, simply av-
eraging all the dimensions would overwhelm the structural
information in other dimensions.

3.2 Total Modularity Maximization (TMM) Another
variant is to maximize the overall modularity among all the
dimensions. That is,

max Q̄ =
1

d

d∑

i=1

Qi(3.5)

whereQi is the modularity in thei-th dimension. To com-
pute the top eigenvectors, the matrix-vector multiplication is
calculated as:

1

d

[
d∑

i=1

Aix−

d∑

i=1

d
T
i x

2mi

di

]

This strategy considers the degree distribution in each di-
mension separately whereas the previous AMM does not dis-
tinguish any degree distribution difference in each dimen-
sion. However, as mentioned in previous subsection, differ-
ent groups participate in different dimensions of the network
in a variety of degrees. It is not clear whether the modular-
ity is directly comparable between dimensions and overall
modularity maximization can work in practice.

4 Principal Modularity Maximization (PMM)

In previous section, we have pictured two baseline strategies
to integrate multiple dimensions of a network. Now we shall
show a two-phase strategy which circumvents the compara-
bility of interactions in different dimensions.

4.1 Phase I: Structural Feature Extraction A concern
with previous AMM and TMM is that they are not robust to
noisy dimensions of a network. This motivates us to con-
sider denoise each dimension of the network first. Recall
that in Section 2, to maximize the modularity, we compute
a low-dimensional embedding using the top eigenvectors of
the modularity matrix. In other words, those selected eigen-
vectors represent possible splittings of community struc-
ture. Thus, the eigenvectors can be treated as the important
structural features extracted from the network. Since those
eigenvectors with negative or small eigenvalues contribute
marginally to the modularity and are very likely to be noise,
they should be abandoned. For a multi-dimensional network,

Algorithm: Principal Modularity Maximization
Input: Net = {A1, A2, · · · , Ad}, k
Output: idx, Si (i = 1, 2, · · · , d)

1. Compute top2k eigenvectors of the modularity matrix
as in Eq (2) for eachAi via Lanczos method;

2. Select the vectors with positive eigenvalues asSi;
3. Compute slim SVD ofX = [S1, S2, · · ·Sd] = UDV T ;
4. Obtain lower-dimensional embedding̃U = U(:, k − 1);
5. Calculate the clusteridx with k-means oñU .

Figure 2: PMM for Multi-Dimensional Networks

we can extract structural features from each dimension. Only
those eigenvectors with a positive eigenvalue should be kept.
We can also retain only top-ranking community indicators to
reduce noise. In our setting, only the top2k eigenvectors are
computed if we aim to find outk communities.

4.2 Phase II: Cross-Dimension Analysis Assume a la-
tent community structure is shared across dimensions in a
multi-dimensional network, a natural thinking is that maybe
we can simply average the structural features to find out a
shared pattern. However, the structural features extracted
from each dimension are not unique. Dissimilar structural
features do not necessarily indicate that the corresponding
community structures are drastically different. LetS be the
top-ℓ eigenvectors that maximizeQ, andV an orthonormal
matrix such that

V ∈ Rℓ×ℓ, V V T = I, V T V = I

It can be verified thatSV also maximizeQ:

1

2m
tr((SV )T B(SV ))

=
1

2m
tr(ST BSV V T )

=
1

2m
tr(ST BS)

= max Q

In other words,SV andS are equivalent under an orthogonal
transformation. In the simplest case,S′ = −S is also a valid
solution. We cannot averageSi directly.

Instead, we expect the structural features of different
dimensions to be highly correlated after transformation. To
capture the correlations between multiple sets of variables,
(generalized) canonical correlation analysis (CCA) [12, 15,
23] is the standard statistical technique. CCA attempts to
find a transformation for each set of variables such that
the pairwise correlations are maximized. Here we briefly
illustrate one scheme of generalized CCA which turns out to
be equivalent to principal component analysis (PCA) in our
specific case.



Let Si ∈ Rn×ℓi denote the structural features extracted
from i-th dimension of the network, andwi ∈ Rℓi be
the linear transformation applied to structural features of
dimensioni. The correlation between two dimensions after
transformation is

R(i, j) = (Siwi)
T (Sjwj) = wT

i (ST
i Sj)wj = wT

i Cijwj

with Cij = ST
i Sj representing the covariance between the

structural features ofi-th andj-th dimensions. Generalized
CCA attempts to maximize the summation of pairwise cor-
relations as in the following form:

max

d∑

i=1

d∑

j=1

wT
i Cijwj(4.6)

s.t.

d∑

i=1

wT
i Ciiwi = 1(4.7)

Using standard Lagrange multiplier and setting the deriva-
tives respect towi to zero, we obtain equation below:




C11 C12 · · · C1d

C21 C22 · · · C2d

...
...

. . .
...

Cd1 Cd2 · · · Cdd







w1

w2

...
wd


(4.8)

= λ




C11 0 · · · 0
0 C22 · · · 0
...

...
. . .

...
0 0 · · · Cdd







w1

w2

...
wd


(4.9)

Recall that our structural features extracted from each
dimension is essentially the top eigenvectors of the mod-
ularity matrix satisfyingST

i Si = I. Thus, the matrix
diag(C11, C22, · · · , Cdd) in Eq. (4.9) becomes an identity
matrix. Hencew = [w1, w2, · · · , wd]

T corresponds the top
eigenvector of the full covariance matrix in Eq. (4.8), which
is equivalent to PCA applied to data of the following form:

X = [S1, S2, · · · , Sd](4.10)

To compute the(k − 1)-dimension embedding, we just need
to project the above data into the top(k − 1) principal
vectors. SupposeX = UDV T is the SVD ofX , it follows
that the top(k − 1) vectors ofU are the lower-dimensional
embedding.

The detailed algorithm is summarized in Figure 2. In
summary, we first extract structural features from each di-
mension of the network via modularity maximization; then
PCA is applied on the concatenated data as in Eq. (4.10)
to select the top eigenvectors. Thus, we name our ap-
proach asPrincipal Modularity Maximization. After pro-
jecting the data into the principal vectors, we obtain a lower-
dimensional embedding which captures the principal pattern
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Figure 3: Example of Synthetic 4-Dimensional Network
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Figure 4: Performance of Various Strategies

across all the dimensions of the network. Then we can per-
form k-means on this embedding to find out the discrete
community assignment.

5 Experiments

In this section, we compare and evaluate different strategies
applied to multi-dimensional networks.

5.1 Experiments on Synthetic Data As a real-world net-
work typically does not provide the ground truth informa-
tion of community membership, we resort to synthetic data
to conduct some controlled experiments. The synthetic data
has 3 clusters, with each having 50, 100, 200 members re-
spectively. There are 4 dimensions of interactions among
these 350 social actors. For each dimension, group mem-
bers connect with each other following a random generated
within-group interaction probability. The interaction prob-
ability differs among groups of different dimensions. After
that, we add some noise to the network by randomly con-
necting any two actors with low probability. The resulting
interaction matrix is boolean with entries being either 0 or
1. Normalized mutual information (NMI) [25] is adopted to
measure the clustering performance in the controlled exper-
iments. NMI is a measure between 0 and 1. NMI=1 when
two clusters are exactly the same.

Figure 3 shows one example of the generated multi-
dimensional network. Clearly, different dimensions demon-



strate different interaction patterns. Figure 4a shows theclus-
tering performance in terms of NMI. The first 3 bars rep-
resent Principal/Total/Average modularity maximization, re-
spectively. The last 4 bars denote the performance of com-
munity structure obtained via a single dimension of the net-
work. Clearly, the first 3 methods which consider all dimen-
sions in the network outperform those on single-dimensional
networks. This could be easily explained by the patterns rep-
resented in Figure 3. The first dimension of the network ac-
tually only shows two groups, and the second dimension in-
volves only one group with the other two hidden behind the
noise. Thus, using a single view is very unlikely to recover
the correct latent community structure. This is indicated by
the low NMI of the first two dimensions (bars 4 and 5). Uti-
lizing all the dimensions helps reduce the noise and uncover
the shared community structure.

Comparing the three community detection strategies to
handle multi-dimensional networks, our proposed principal
modularity maximization outperforms the other two. To
show the possible drawback of TMM and AMM, we insert
some strong noise (with entries values ranging from 0 to
20) to the interaction matrix of the second dimension. Note
that after this change, the performance of using the second
dimension alone is decreasing from 0.5 to 0.1. That is, this
dimension actually does not help identify the latent structure.
With such a dominant dimension, both AMM and TMM fail.
On the contrary, our proposed PMM still achieves reasonable
good performance. This implies that PMM is more robust to
noisy dimensions in multi-dimensional networks.

Figure 4 just shows one example. The average perfor-
mance of each method plus its standard deviation over 100
runs is reported in Table 1. Clearly, multi-dimensional out-
performs single-dimensional community detection method
with lower variance. Due to the randomness of each run,
it is not surprising that single-dimensional method shows
larger variance. Among the three multi-dimensional mod-
ularity maximization strategies, PMM, with lowest variance,
again outperforms the other two and is more stable.

5.2 Experiments on Social Media Data In this section,
we examine our approach on real-world social media. A big
challenge for evaluation is that the community membership
information is often unknown in reality. Asking human sub-
jects to manually verify and label the community member-
ship for each user is acceptable but hardly can it scale to
large online social networks. To address this issue, a cross-
dimension network validation procedure is presented follow-
ing the idea of cross validation in conventional data mining.

5.2.1 Cross-Dimension Network Validation Given a
multi-dimensional networkNet = {Ai|1 ≤ i ≤ d}, we
can used− 1 dimensions for training and the remaining one
as test data. That is, we learn a community structure from

Table 1: Average Performance Over 100 Runs
Strategy Performance

A1 0.7237± 0.1924
Single-Dimensional A2 0.6798± 0.1888

A3 0.6672± 0.1848
A4 0.6906± 0.1976

AMM 0.7946± 0.1623
Multi-Dimensional TMM 0.9157± 0.1137

PMM 0.9351± 0.1059

d − 1 dimensions of the network. Based on the obtained
community structure, we measure the modularity on the test
dimension. It verifies how the learned community structure
from other dimensions matches with the test dimension. A
larger modularity implies more accurate community struc-
ture is discovered using the training data.

5.2.2 YouTube Data Collection YouTube2 is currently
the most popular video sharing web site. It is reported to
“attract 100 million video views per day”3. As of March
17th, 2008, there have been 78.3 million videos uploaded,
with over 200, 000 videos uploaded per day4. This social
networking site allows users to interact with each other
in various forms such as contacts, subscriptions, sharing
favorite videos, etc. We use YouTube Data API5 to crawl the
contacts network, subscription network as well as each user’s
favorite videos. To avoid sample selection bias, we choose
100 authors of recently uploaded videos as the seed set, and
expand the network via their contacts and subscriptions. We
crawled a small portion of the whole network, with30, 522
user profiles reaching in total848, 003 users and1, 299, 642
favorite videos. After removing those users who decline
to share their contact information, we have15, 088 active
user profiles in the network. Figure 5 shows the degree
distribution in contacts network and favorite network. Both
follow power law distribution as expected.

On issue is that the collected subscription network is
directional. For such case, simply ignoring the direction
mixes the two roles of the directional interaction (similar
to the email communication example in the introduction).
Instead, we decompose the asymmetric interactionA into
two undirectional interactions:

A′ = A ∗ AT ;(5.11)

A′′ = AT ∗ A.(5.12)

Essentially, if two social actors both subscribe to the same
set of users, it is likely that they are similar and share the

2http://www.youtube.com/
3http://www.usatoday.com/tech/news/2006-07-16-youtube-views x.htm
4http://ksudigg.wetpaint.com/page/YouTube+Statistics?t=anon
5http://code.google.com/apis/youtube/overview.html
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Figure 5: Power law distribution on Different Dimensions

Table 2: The sparsity of each dimension
Network Dimension Density

A1 contact 6.74 × 10−4

A2 co-contact 7.28 × 10−2

A3 co-subscription 4.90 × 10−2

A4 co-subscribed 1.97 × 10−2

A5 favorite 8.91 × 10−2

same community; On the other hand, if two are referred by
the same set of actors, their similarity tends to be higher
than that of random pairs. This is similar to the two roles
of hub and authority of web pages as mentioned in [16]
and is also adopted for semi-supervised learning on directed
graphs [32].

To utilize all aspects of information in our collected
data, we construct a 5-dimensional network:

A1: contact network: the contact network among those
15, 088 active users;

A2: co-contact network: two active users are connected if
they both add another user as contact; This is con-
structed based on all the reachable 848,003 users in our
collected data.

A3: co-subscription network: the connection between two
users denotes they subscribe to the same user; con-
structed following Eq. (5.11);

A4: co-subscribed network: two users are connected if
they are both subscribed by the same user; constructed
following Eq. (5.12);

A5: favorite network: two users are connected if they share
favorite videos.

The interactions in all dimensions are represented using
boolean values. Table 2 shows the connection density of each
dimension. Contact dimension is the most sparse one, while
the other dimensions, due to the construction, are denser. As
verified in later experiments, the other dimensions do not
have a strong community structure as presented inA1.

Table 3: Performance when k=10
Methods A1 A2 A3 A4 A5

A1 — .0327 .0264 .0412 .0088
A2 .1746 — .0495 .0879 .0238
A3 .1613 .0469 — .0975 .0223
A4 .2475 .0532 .0735 — .0171
A5 .1040 .0426 .0369 .0423 —

AMM .3236 .0728 .0814 .1228 .0333
TMM .3374 .0752 .0689 .1192 .0370
PMM .4714 .0796 .1039 .1526 .0316

Table 4: Performance when k=20
Methods A1 A2 A3 A4 A5

A1 — .0265 .0297 .0438 .0089
A2 .1770 — .0251 .0494 .0132
A3 .1310 .0265 — .0618 .0119
A4 .2025 .0353 .0474 — .0117
A5 .0867 .0289 .0240 .0316 —

AMM .2768 .0424 .0473 .0785 .0232
TMM .3007 .0411 .0486 .0851 .0237
PMM .3985 .0550 .0626 .1004 .0248

5.2.3 Comparative Study AMM, TMM and PMM as
well as single-dimensional modularity maximization are
compared. We cluster the active users involved in the net-
work into different number of communities ranging from 10
to 90. The clustering performance of single-dimensional and
multi-dimensional methods whenk = 10 or20 are presented
in Table 3 and Table 4. We omit the detailed results for
other cases as a similar trend is observed. In both tables,
the rows represent methods and the columns denote the di-
mensions used as test data. The bold face denotes the op-
timal performance in each column. Note that in our cross-
dimension network validation procedure, the test dimension
is not available during training, thus the diagonal entriesfor
single-dimensional methods are not shown.

PMM is clearly the winner most of the time. The other
dimensions exceptA1 are quite noisy due to their construc-
tion process, hence yielding consistently lower modularity.
A closer examination reveals that utilizing information ofall
the dimensions outperforms single-dimensional clustering.
Comparing all the multi-dimensional clustering approaches,
both AMM and TMM are not comparable to our proposed
PMM. Typically, AMM < TMM < PMM. Part of the rea-
son is TMM considers degree distribution in separate dimen-
sions. Our algorithm, by removing noise in each dimension,
achieves the most accurate community structure among all
the methods. This is evident in the contact dimension. Fig-
ure 6 shows the performance of the multi-dimensional clus-
tering methods with respect to number of clusters (k) onA1.
No matter how many clusters we set, PMM outperforms the
other two methods with a significant margin.
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Figure 6: Performance comparison on Contact Dimension

Among all the multi-dimensional methods, AMM is
most efficient as it only requires a single-dimensional clus-
tering procedure on the average interaction matrix. Our pro-
posed PMM needs to extract the important structural fea-
tures from each network dimension, thus the total computa-
tion is more expensive. But this step can be easily paralleled
with a multi-core CPU or clusters. The number of structural
features extracted from each dimension is normally much
smaller than the number of actors, resulting in a narrow data
setX in Eq. (4.10). So the subsequent SVD computation to
find out the shared latent structure is not too expensive. An-
other advantage we want to emphasize is that PMM not only
finds the shared latent community structure, it also allows
community identification in a specific dimension by utiliz-
ing the extracted structural features. This cannot be accom-
plished by AMM and TMM.

6 Related Work

Some works attempt to address unsupervised learning with
many data sources or clustering results, such as cluster en-
semble [25, 28, 9], consensus clustering [19, 13, 22, 10].
Most of the algorithms aim to find a robust clustering based
on multiple clustering results either by sampling or different
clustering algorithms. A similar idea is applied to commu-
nity detection in social networks [11], in which a small por-
tion of connections between nodes are randomly removed
before each run, leading to multiple different clustering re-
sults. Those clusters occurring frequently are considered
more stable reflecting the natural communities in reality.
However, all the cluster ensemble methods concentrate on
either one-dimensional network or attribute based data.

Another related field is multi-view clustering [4, 7, 18].
Bickel and Scheffere [4] propose co-EM and an extension
of k-means and hierarchical clustering to handle data with
two conditional independent views. Sa [8] creates a bipartite
based on the two views and tries to minimize the disagree-
ment. Multi-view clustering is also mentioned in [7] but in
a different fashion: find all non-redundant clustering views
existing in the same data set. Different spectral frameworks
with multiple views are also studied in [31] and [18]. As

for real-world social networks, one striking observation [17]
is that spectral clustering always finds tight and small-scale
but almost trivial communities (say, the community is con-
necting to the remaining network via one edge). Modular-
ity maximization, on the other hand, tends to achieve bet-
ter performance as it considers the highly skewed degree
distribution of nodes [20]. A comparison between spectral
clustering and modularity maximization within a large-scale
multi-dimensional network is interesting and worthy of fu-
ture work.

One concept we want to clarify is multi-mode net-
work [27], which is different multi-dimensional network.
Multi-mode network refers to the network with heteroge-
neous types of actors. Both within-mode and between-mode
interactions can occur in a multi-mode network. But multi-
dimensional network concentrates on networks with multiple
dimensions among the same set of actors. A more general
and complicated case is multi-mode multi-dimensional net-
work, but it is beyond the scope of this work.

7 Conclusions

Multi-dimensional networks commonly exist in many social
networking sites, reflecting diverse individual activities. In
this work, we propose to detect the latent communal struc-
ture in a multi-dimensional network. We formally describe
the community detection problem in multi-dimensional net-
works and discuss two straightforward extensions of mod-
ularity maximization from single-dimensional to multi-
dimensional networks: Average modularity maximization
(AMM) and total modularity maximization (TMM) .We
show that both methods are not robust to handle networks
with noise. We propose principal modularity maximization
(PMM) to overcome this limitation. We extract structural
features from each dimension of the network, which also ef-
fectively removes the noise in that dimension; and then ap-
ply cross-dimension analysis on the constructed data to find
the lower-dimensional embedding such that the features ex-
tracted from all the dimensions are highly correlated to each
other. Principal modularity maximization has been empiri-
cally shown to outperform single-dimensional clustering as
well as AMM and TMM in both synthetic and YouTube data.
Its superiority is most observable when a certain dimension
of the network is rather noisy.

In current work, the network information of each dimen-
sion is assumed to be complete. But in reality, some actors
decline to share their friends information. How to identify
community structure with noisy incomplete network infor-
mation is a challenge. It would be exciting as well to study
the specific group structure of each dimension. Are there
different group structure in each dimension? How are they
correlated? Could we utilize dimension information for more
effective viral marketing? All these questions are quite inter-
esting for further research.
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