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ABSTRACT
Pixel-level feature detection from images is an essential but challenging task encountered in
domains such as detecting defects in manufacturing systems and detecting tumors in medical
imaging. Often, the real image contains multiple feature types. The types with higher pixel inten-
sities are termed as positive (extreme) features and the ones with lower pixel intensities as nega-
tive (extreme) features. For example, when planning a medical treatment, it is important to
identify, (a) calcification (a pathological feature which can result in a post-surgical complications)
as positive features, and (b) soft tissues (organ morphology, knowledge of which can support pre-
surgical planning) as negative features, from a preoperative computed tomography image of the
human heart. However, this is not an easy task because (a) conventional segmentation techniques
require manual intervention and post-processing, and (b) existing automatic approaches do not
distinguish positive features from negative. In this work, we propose a novel, automatic image
decomposition-based sparse extreme pixel-level feature detection model to decompose an image
into mean and extreme features. To estimate model parameters, a high-dimensional least squares
regression with regularization and constraints is utilized. An efficient algorithm based on the alter-
nating direction method of multipliers and the proximal gradient method is developed to solve
the large-scale optimization problem. The effectiveness of the proposed model is demonstrated
using synthetic tests and a real-world case study, where the model exhibits superior performance
over existing methods.
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Image segmentation;
feature detection; medical
image analysis; high-
dimensional regression;
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1. Introduction

Image segmentation is an important task in computer vision.
It involves partitioning an image into multiple segments. Each
segment can be regarded as consisting of a group of pixel-level
features (Sanjay-Gopal & Hebert, 1998). Therefore, a segmenta-
tion task can also be regarded as pixel-level feature detection,
which is encountered in domains such as manufacturing and
medicine. For example, (a) in manufacturing systems, an image
of a product is sensed for product inspection; (b) in medicine,
an image of a body part is acquired for disease diagnosis and
treatment planning. Both product inspection and disease diag-
nosis require detecting relevant pixel-level features from the
image. In the manufacturing example, feature detection
involves extracting defects or anomalies (Yan et al., 2017),
whereas in the case of medical imaging, it involves segmenting
pathological structures (Chen et al., 2019). Since images are
high-dimensional and exhibit complex spatial structure, feature
detection is challenging. Moreover, image sensing and acquisi-
tion systems introduce measurement noise that reduces the

contrast between the background and features, thus further
complicating the feature detection task (Yan et al., 2017).

In medicine, image segmentation or feature detection is
of particular importance (Bradshaw et al., 2013; Gaw et al.,
2018; Wang, 2015). Consider aortic stenosis (AS), which is
one of the most common yet severe valvular heart diseases.
Transcatheter aortic valve replacement (TAVR) is a less-
invasive treatment option for AS patients who have a high
risk of open-heart surgery. TAVR procedure involves
implanting a bioprosthetic aortic valve. Major post-proced-
ural complications of TAVR are the paravalvular leakage
(PVL), i.e. the blood flow leakage around the implanted arti-
ficial valve (Qian et al., 2017; Wang et al., 2018), and the
over-stretching in the aortic tissues introduced due to the
implant. For patients undergoing TAVR, computed tomog-
raphy (CT) image (see Figure 1) is usually taken before the
surgery, as an important visualization of the contrast-
enhanced blood pool (i.e. the moderate intensity region in
the CT image), the calcification (i.e. the high-intensity
region), and the soft tissues (i.e. the low-intensity region).
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For the clinical decision making and pre-procedural plan-
ning, the identification of the soft tissues and the calcifica-
tion from the CT image is essential. From the identified soft
tissues, the structure of the aortic valve can be extracted.
The knowledge of the structure of the patient’s aortic valve
then helps in selecting an appropriately-sized artificial aortic
valve. If the artificial valve is not chosen appropriately, post-
TAVR complications may follow. For example, if the
implanted artificial valve is too small, severe PVL may
occur, whereas an oversized artificial valve may introduce
high stress in the aortic tissues. Another clinically important
factor is the calcification present in the aortic annulus
region. If the calcification volume and its distribution are
effectively quantified directly from the CT image, physicians
can better assess the patient’s condition and therefore
patient-specific treatment planning can be conducted to
mitigate the post-TAVR PVL amount.

Furthermore, due to the advancement in 3D-printing
technology (Chen et al., 2018), treatment planning of TAVR
can also be assisted by the 3D-printed, patient-specific vir-
tual aortic valve (Chen et al., 2018; Qian et al., 2017). One
of the crucial steps in this approach is to extract a printable
digital model (containing both the soft tissues and the calci-
fication) from CT image (Chen et al., 2020), which again
requires precise estimation and detection of the aortic valve
region and calcification.

Hence, in order to better plan the TAVR surgery and
reduce post-TAVR complications, a precise segmentation
and extraction of the soft tissues (aortic valve’s structure)
and the calcification should be conducted based on the CT
image. However, this is a challenging task, mainly due to
the complexity involved with the CT data. Currently, the

most common practice is to consult radiologists who iden-
tify the aortic valve and calcification regions, but this can be
both time-consuming and sometimes inaccurate. To reduce
human toil, image segmentation techniques such as global
thresholding and multi-level thresholding are sometimes
used (Tuncay et al., 2015). Since global thresholding simply
performs image binarization using a single threshold, experi-
enced radiologists may be required to extract the desired
region from the image. As for multi-level thresholding, sev-
eral levels of thresholding need to be carried out to partition
the image to finally obtain desired regions. However, thresh-
olding-based segmentation approaches do not consider spa-
tial correlation among image pixels. As a result, the selected
features may not form connected regions and have patho-
logical meaning. Moreover, due to a large variation in the
pathological condition, different patients often have com-
pletely different contrast agent concentrations and distribu-
tions of pixel intensity in the CT image. As a result, every
patient requires a dedicated analysis.

In this work, we propose a novel, automatic sparse
extreme pixel-level feature detection (PFD) model to identify
the soft tissues and the calcification. Our model decomposes
an image into four components: mean, positive extreme fea-
tures, negative extreme features, and noise. The mean part is
assumed to be smooth (differentiable), containing only the
overall tone of the CT image and can be approximated using
a basis. The extreme features which refer to both the calcifi-
cation (i.e. a high-intensity region, above the mean) and the
soft tissues (i.e. a low-intensity region, below the mean), are
assumed to be sparse or can be sparsely represented. Their
spatial structures can be modeled using different bases.
Moreover, appropriate constraints on basis coefficients of

Figure 1. An example of a 2-dimensional computed tomographic image, showing the soft tissues (blue), the calcification (bright yellow), and the blood pool (bluish
yellow).

2 G. LAHOTI ET AL.



features are imposed to keep positive and negative features
separate, thereby overcoming identifiability issues. To esti-
mate the parameters in the PFD model with both sparsity
regularization and constraints on bases coefficients, a convex
optimization problem is framed, which can be efficiently
solved using alternating direction method of multipliers
(ADMM) with proximal gradient method (PGM). Using the
proposed PFD model, both the calcification and the soft tis-
sues can be identified with high accuracy, thereby permitting
the follow-up diagnosis procedure and the treatment plan-
ning of TAVR. Moreover, it is worth emphasizing that the
PFD model and the associated algorithm can be applicable
for other cases as well, where pixel-level feature/anomaly
detection from images is required.

The structure of the paper is as follows. The relevant lit-
erature is reviewed in section 2. The proposed modeling and
estimation framework is illustrated in section 3. The simula-
tion study to evaluate the proposed framework is presented
in section 4. In addition, a real data set is used to evaluate
the performance of the proposed framework in section 5.
Finally, conclusions and scope for future work are discussed
in section 6.

2. Literature review

Considerable research has been conducted in the area of
medical image segmentation. The most commonly used
methods are thresholding, edge detection, and region grow-
ing. Thresholding methods are further classified into two
categories – global and local (multi-level). In global thresh-
olding, an image is divided into two regions: one having
pixel intensities less than a threshold and another having
intensities greater than the threshold (Otsu, 1979). The
threshold can be manually or automatically selected. Using
only a single threshold value, finding precise delineation of
region boundaries remains a difficult task. In local (multi-
level) thresholding, an image can be segmented into differ-
ent regions using multiple thresholds (Sahoo et al., 1988).
The major drawback of thresholding techniques is that these
do not consider the spatial relationships among features pre-
sent in an image. Due to this, these techniques are very sen-
sitive to noise.

Edge detection methods utilize the gradient information
to identify edges in the image. Several edge detection opera-
tors such as Sobel, Laplacian, and Canny operators are com-
monly used (Sharma & Aggarwal, 2010). However, edge
detection methods are not robust to noise. Moreover, the
these methods often output discontinuous pixels which may
not form a continuous curve or a connected region. As a
result, most of these methods require a post-processing step.

Region-growing methods start with a single seed point or
a set of seed pixels and continue exploring neighboring pix-
els recursively. Based on certain criteria such as uniformity
and connectivity, it is determined whether the neighboring
pixels should be added to the region (Adams & Bischof,
1994). However, these methods typically require a set of ini-
tial seed pixels, where the (sparse) extreme regions can be
grown from.

Active contours, which are also commonly called snakes,
are used extensively for image segmentation (Leymarie &
Levine, 1993). Snake is an energy-minimizing curve that can
move through the spatial domain of an image under the
guidance of internal forces designed to hold the curve
together and keep it from bending too much, and external
forces designed to draw curves toward the desired features
(Kass et al., 1988; Xu & Prince, 1998). Researchers have
developed a semi-automatic segmentation algorithm to
extract aortic valve and calcification based on a thresholding
technique and snake algorithm (Tuncay et al., 2015). Their
algorithm involves multiple steps: (a) the Sinus of Valsalva
on the multiplanar reconstruction image is manually
detected and cropped off; (b) the cropped region is binar-
ized by global thresholding; (c) the manual intervention is
again required to place the initial seed points and create an
initial contour on which gradient vector flow snake (Xu &
Prince, 1998) algorithm is applied to extract aortic valve
area. To detect calcification, a heuristic-based thresholding
approach utilizing a histogram of image pixel intensity is
used. The major drawback of this approach is that it
requires manual intervention and is too case-specific.

Atlas-based segmentation techniques have also been used
for medical image segmentation. In this type of technique, an
atlas or a lookup table containing information on different fea-
tures is compiled with the help of experts who label a set of
existing images (Sharma & Aggarwal, 2010). Atlas template
and target image are registered so that atlas labels can be
propagated to the target image. Deformable subdivision surface
fitting is another segmentation technique in which a subdiv-
ision surface, a smooth boundary surface controlled by a coarse
mesh with local support, is fitted to the image data (Kitslaar
et al., 2015). Researchers have proposed a multi-step approach
combining atlas-based segmentation and deformable subdiv-
ision surface fitting to extract aortic root (Gao et al., 2016).
However, atlas-based segmentation has high computational
cost, while in deformable subdivision surface fitting, the initial
model greatly impacts the result.

Statistical shape model (SSM) is another segmentation
technique that involves learning the shape of the region of
interest using prior knowledge in the form of a training data
set (Cootes et al., 1995). The major limitation of this
method is that it requires many uniform training samples.
Moreover, if the test sample strongly deviates from the
training data set, the method is prone to failure. In patho-
logical settings, such a scenario is highly likely.

In optimization-based segmentation techniques, the task of
image partitioning is formulated as an energy minimization
problem where the objective function mainly consists of two
terms: a data term and a regularization term. While the data
term reflects the strength of association between a pixel and its
label, the regularization term includes priors on the space of
feasible solutions and deviations from the priors (Nieuwenhuis
et al., 2013; Wang et al., 2013). For more information on opti-
mization-based are referred to (Nosrati and Hamarneh, 2016).

Recently, an image decomposition-based model, known
as smooth-sparse decomposition (SSD), has been developed
to detect anomalies in noisy images with smooth
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backgrounds (Yan et al., 2017). The SSD model decomposes
an image into a smooth mean, sparse anomalies, and noise.
It is cast as a penalized high-dimensional regression prob-
lem, which is solved using large-scale optimization techni-
ques. Despite being effective in separating anomalies from a
smooth background, it doesn’t explicitly allow separating
positive features from negative ones. Post-processing SSD
results may help in separating positive features from nega-
tive ones, but it is not guaranteed that both types of features
can be clearly separated. Since SSD uses a single basis for
anomalies, the desired separation of positive and negative
features may sometimes not be achieved due to identifiabil-
ity issues faced by the optimization problem. Although it is
possible to extend SSD so that different bases for positive
and negative anomalies can be used, setting different bases
for positive and negative features without considering appro-
priate constraints on the coefficients of the bases may result
into identifiability issues and if applied to our case, the
resulting features may not have pathological meaning.

Therefore, in this work, we propose an approach which
ensures both positive and negative extreme features, while
approximated by the same basis, are clearly identifiable by
imposing constraints on the coefficients of the bases.
Furthermore, we show how to incorporate different bases for
positive and negative extreme features to detect them precisely.

3. Pixel-level feature detection

In this section, we present the proposed PFD model and the
optimization algorithm for parameter estimation. The pro-
posed model is flexible in the sense that it can be used to
extract either positive or negative extreme features or both
from a high-dimensional image. Although in this work we
focus on the CT image, the proposed model is generic
enough to be applicable for other image types occurring in
different domains such as medical imaging and manufactur-
ing systems. Also, the proposed framework can be extended
to higher dimensions (e.g. 3-D images).

3.1. Proposed model

Let us consider a 2-D image denoted by Y 2 R
n1�n2 , where

n1 and n2 represent dimensions of the image. Since we are
interested in detecting the positive and negative features, the
following PFD model is proposed to decompose an image
into four components:

Y ¼ M þ Ap þ An þ E, (1)

where M is the mean, Ap are the positive features, An are
the negative features, and E is the error (there is no distribu-
tional assumption required). The mean and features can be
further expanded using different bases such as B-splines and
wavelets. Therefore, the model can be re-written as:

~y ¼ Bhþ Bphp þ Bnhn þ E, (2)

where ~y ¼ vecðYÞ and vecð�Þ is an operator that converts a
matrix to a column vector; B, Bp, and Bn are the bases for
the mean, the positive extreme features, and the negative

extreme features, respectively; and h, hp, and hn are the cor-
responding coefficients. Furthermore, we impose constraints
in the form of: hp > 0 and hn < 0: The model presented in
(2) is more flexible than the SSD model that decomposes an
image in the following fashion: Y ¼ Bhþ Baha þ E, where
Ba is the basis for anomalies and ha are the corresponding
coefficients with no explicit constraints. In addition, if the
SSD model is naively extended to allow different bases to be
utilized for modeling the positive and negative features, the
extended SSD model would look like: Y ¼ Bhþ Bphp þ
Bnhn þ E: There is a possibility that the different bases
may interfere with each other and end up modeling each
other’s features. Therefore, the extended SSD model may
not be able to identify both the positive and negative fea-
tures clearly, resulting in identifiability issues. The pro-
posed PFD model ensures identifiability of the positive
and negative features by imposing the necessary con-
straints on the coefficients.

3.2. Optimization algorithm for parameter estimation

To estimate the model parameters, h, hp, and hn, a least
squares regression is used. The least squares regression is
augmented with L1 and L2 penalties to ensure the sparsity of
the detected features and smoothness of the estimated mean,
respectively. It is also augmented with constraints on the
coefficients of the bases. Consequently, the PFD model
parameters can be estimated by solving the following opti-
mization problem:

argmin
h, hp, hn

k~ek2 þ khTRhþ cpkhpjj1 þ cnkhnjj1
subject to ~y ¼ Bhþ Bphp þ Bnhn þ ~e

hp > 0

hn < 0,

(3)

where k � jj1 and k � k are L1 and L2 norm operators, respect-
ively; k, cp, and cn are parameters to be tuned by the user;
R is the roughness matrix; and ~y ¼ vecðYÞ,B ¼ B2 �
B1,Bp ¼ Bp, 2 � Bp, 1,Bn ¼ Bn, 2 � Bn, 1,~e ¼ vecðEÞ, and � is
the tensor product. Here, Bi, Bp, i and Bn, i are the bases
along i-th direction (i¼ 1 and i¼ 2 correspond to x and y
directions, respectively). It should be noted that the size of
the B is determined by its constituting bases – B2 and B1.
Suppose the size of the Bi is ni � kli , in which kli is the
number of basis in the i-th direction, then the size of the B
is given by n1n2 � kl1kl2 : Similarly, suppose that the Bp, i is
of size ni � kpi , then the size of the Bp is n1n2 � kp1kp2 :

3.2.1. Optimization Algorithm for PFD
To solve the PFD problem in (3), we can use general convex
optimization solvers such as the interior point method
(Nesterov & Nemirovskii, 1994) since the loss function is
convex. However, the interior point method is often slow
for high-dimensional data problems and hence cannot be
used for cases such as medical images which can be large
due to higher resolutions that are today achieved by
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advanced medical imaging technology. In this section, we
propose an efficient algorithm to solve the PFD problem.

First, we show that the PFD problem in (3) can be
reduced to a constrained weighted least absolute shrinkage
and selection operator (LASSO) (Gaines et al., 2018; Zou,
2006), as shown in Appendix A. The PFD problem is
equivalent to a constrained weighted LASSO problem in the
form of:

argmin
hp, hn

ð~y � Bphp � BnhnÞTðI � HÞð~y � Bphp � BnhnÞ
þcpkhpjj1 þ cnkhnjj1

subject to hp > 0
hn < 0,

(4)

where H ¼ BðBTBþ kRÞ�1BT :
The constrained weighted LASSO problem in (4) can be

solved using quadratic programming (Gaines et al., 2018).
However, that may not be efficient in the high-dimensional
data setting (Yan et al., 2017). Therefore, an efficient algo-
rithm needs to be developed to solve this problem. We util-
ize the alternating direction method of multipliers (ADMM)
algorithm, which has garnered renewed popularity in statis-
tics and machine learning applications recently (Boyd et al.,
2010). This algorithm is easy to implement and suitable for
distributed computing setting as well.

To solve the constrained weighted LASSO problem in (4)
using the ADMM, it is re-written as follows:

argmin
hp, hn

f ðhp, hnÞ þ gðzp, znÞ

subject to hp � zp ¼ 0

hn � zn ¼ 0,

(5)

where f ðhp,hnÞ¼ð~y�Bphp�BnhnÞTðI�HÞð~y�Bphp�BnhnÞþ
cpkhpjj1þcnkhnjj1 and gðzp,znÞ¼ 0 if ðzp,znÞ2C

1 if ðzp,znÞ 62C ,
�

with C¼
fðzp,znÞ :zp>0,zn<0g: The functions f ðhp,hnÞ and gðzp,znÞ
are found to be closed, proper, and convex, as required by
the ADMM. Next, the augmented Lagrangian function is
formed as shown below:

Lqðhp,hn,zp,zn,yp,ynÞ ¼ f ðhp,hnÞþgðzp,znÞ
þyTp ðhp�zpÞþyTn ðhn�znÞ
þq
2
ðkhp�zpk2þkhn�znk2Þ,

(6)

where q>0: The ADMM algorithm employs block coordin-
ate descent to the augmented Lagrangian followed by an
update of the dual variables as shown below:

h kð Þ
p ,h kð Þ

n

� �
 argmin

hp,hn
Lq hp,hn,z

k�1ð Þ
p ,z k�1ð Þ

n ,y k�1ð Þ
p ,y k�1ð Þ

n

� �

z kð Þ
p ,z kð Þ

n

� �
 argmin

zp,zn
Lq h kð Þ

p ,h kð Þ
n ,zp,zn,y

k�1ð Þ
p ,y k�1ð Þ

n

� �
y kð Þ
p  y k�1ð Þ

p þq h kð Þ
p �z kð Þ

p

� �
y kð Þ
n  y k�1ð Þ

n þq h kð Þ
n �z kð Þ

n

� �
,

(7)

where super-indices (k) and ðk�1Þ denote iteration num-
bers. Using (6) and letting up¼yp=q and un¼yn=q, the
updates in (7) can be re-written as follows:

h kð Þ
p ,h kð Þ

n

� �
 argmin

hp,hn
f hp,hn
� �þq

2

�
khp�z k�1ð Þ

p þu k�1ð Þ
p k2

þkhn�z k�1ð Þ
n þu k�1ð Þ

n k2
�

z kð Þ
p ,z kð Þ

n

� �
 argmin

zp,zn
g zp,znð Þþq2

�
kh kð Þ

p �zpþu k�1ð Þ
p k2

þkh kð Þ
n �znþu k�1ð Þ

n k2
�

u kð Þ
p  u k�1ð Þ

p þh kð Þ
p �z kð Þ

p

u kð Þ
n  u k�1ð Þ

n þh kð Þ
n �z kð Þ

n :

(8)

Next, we find the solutions for ðhðkÞp , hðkÞn Þ and ðzðkÞp , zðkÞn Þ
update problems. First, consider the ðhðkÞp , hðkÞn Þ update prob-

lem. Substituting for f ðhp, hnÞ and re-arranging, the problem
reduces to the following weighted LASSO problem:

argmin
hp, hn

ð~y � Bphp � BnhnÞTðI � HÞð~y � Bphp � BnhnÞ

þ q
2
ðkhp � zðk�1Þp þ uðk�1Þp k2

þkhn � zðk�1Þn þ uðk�1Þn k2Þ þ cpkhpjj1 þ cnkhnjj1:
(9)

The weighted LASSO problem in (9) is first solved for hp
while keeping hn ¼ hðk�1Þn : Therefore, the weighted LASSO
problem in (9) simplifies into following:

argmin
hp

ð~y � Bphp � Bnh
ðk�1Þ
n ÞTðI � HÞð~y � Bphp

�Bnh
ðk�1Þ
n Þ þ q

2
khp � zðk�1Þp þ uðk�1Þp k2 þ cpkhpjj1:

(10)

The LASSO in 10 can be solved using least angle regres-
sion (LARS) (Efron et al., 2004) and quadratic programming
(Tibshirani, 1996). However, these methods are inefficient in
the high-dimensional setting (Yan et al., 2017; Yue et al.,
2017). Therefore, an efficient algorithm based on the prox-
imal gradient (PG) method (Parikh & Boyd, 2013; Tseng,
2008) is developed.

The PG method is a popular optimization algorithm
which can be used to solve a class of optimization problems
that involves a sum of a group of convex, possibly non-
differentiable functions, in the objective function. In our
case, the problem in (10) has an objective function

which consists of FðhpÞ ¼ ð~y � Bphp � Bnh
ðk�1Þ
n ÞTðI �HÞð~y �

Bphp � Bnh
ðk�1Þ
n Þ þ q

2 khp � zðk�1Þp þ uðk�1Þp k2 and GðhpÞ ¼
cpkhpjj1: It can be easily seen that FðhpÞ is convex-differenti-

able. Since GðhpÞ is an L1 norm, it is convex but non-differen-
tiable. The PG method also assumes that the convex
differentiable function FðhpÞ has an L-Lipschitz continuous
gradient. We prove in Proposition 1 that FðhpÞ is indeed
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Lipschitz continuous, which then ensures the convergence of
PG method.

Proposition 1. Fð�Þ is Lipschitz continuous, i.e. there is a

constant L ¼ 2kBpjj22 þ q, where k � jj22 represents square of
matrix spectral norm, such that the gradient rFð�Þ satis-
fies krFðaÞ � rFðbÞk � Lka� bk,8a, b 2 R:

Proof of the Proposition 1 can be found in Appendix B.

Consequently, the PG method optimizes the weighted
LASSO problem in (10) via an iterative algorithm given by:

argmin
hp

F
�
hðk�1Þp

�
þ
D
hp � hðk�1Þp ,rF

�
hðk�1Þp

�E
þ L
2
khp � hðk�1Þp k2 þ cpkhpjj1,

(11)

where super-indices (k) and ðk� 1Þ denote iteration num-
bers and h�, �i refers to the inner product operator. We
prove in Proposition 2 that the PG algorithm has a closed-
form solution in each iteration k.

Proposition 2. The proximal gradient algorithm for the problem

in (10), given by hðkÞp ¼ argminhp Fðhðk�1Þp Þ þ hhp � hðk�1Þp ,
n

rFðhðk�1Þp Þiþ L
2 khp � hðk�1Þp k2þ cpkhpjj1g, has a closed-form

solution in each iteration k, in the form of a soft-thresholding
function as given below:

hðkÞp ¼ Scp
L

�
hðk�1Þp þ 2

L
BT
p

�
~y � Bhðt�1Þ � Bph

ðk�1Þ
p

� Bnh
ðk�1Þ
n

�
� qðhðk�1Þp � zðk�1Þp þ uðk�1Þp

��
:

(12)

Proof of the Proposition 2 is available in Appendix C.

Similarly, hn can be updated using the following:

hðkÞn ¼ Scn
L

�
hðk�1Þn þ 2

L
BT
n

�
~y � Bhðt�1Þ � Bph

ðk�1Þ
p

� Bnh
ðk�1Þ
n

�
� q

�
hðk�1Þn � zðk�1Þn þ uðk�1Þn

��
:

(13)

Now, a solution to ðzðkÞp , zðkÞn Þ update problem is dis-
cussed. The following problem needs to be solved:

argmin
zp, zn

gðzp, znÞ þ q
2

�
khðkÞp � zp þ uðk�1Þp k2

þkhðkÞn � zn þ uðk�1Þn k2
�
:

(14)

It is easy to see that the solution to the problem in (14)
is given by:

ðzðkÞp , zðkÞn Þ  projCðhðkÞp þ uðk�1Þp , hðkÞn þ uðk�1Þn Þ (15)

To compute the matrix, H ¼ BðBTBþ kRÞ�1BT , a matrix
inversion operation is required, which can be computation-
ally expensive as the size of the image increases. Following
(Xiao et al., 2013; Yan et al., 2017), the matrix R is defined
as R ¼ BT

2B2 � DT
1D1 þ DT

2D2 � BT
1 B1 þ kDT

2D2 � DT
1D1,

where Di is the first order difference matrix in the i – th dir-
ection. This results in a decomposable projection matrix,

H ¼ H2 �H1, where Hi ¼ BiðBT
i Bi þ kRÞ�1BT

i : With this,
the algorithm becomes efficient for images because the
matrix inversion operator is only applied to lower-dimen-
sional matrices. Hence, the computational complexity of the
matrix inversion operation is reduced from Oððkl1kl2Þ3Þ
to Oðk3l1 þ k3l2Þ:

3.2.2. Tuning Parameters Selection – k, cp, cn, q:
Choosing the right values of tuning parameters is important
in optimization. There are three tuning parameters, k, cp,
and cn, associated with the PFD model. The other tuning
parameter q is associated with the ADMM algorithm.

The optimal k is selected based on the generalized cross-
validation (GCV) criterion (Eilers & Marx, 1996), as given
below:

koptimal ¼ argmin
k

GCVðkÞ (16)

where GCVðkÞ ¼ kY�H1ðkÞðY�Ap�AnÞH2ðkÞ�Ap�Ank2=n
ð1�n�1trðHðkÞÞÞ2 , Ap ¼

Bp, 1XpBT
p, 2, and An ¼ Bn, 1XnBT

n, 2: The HiðkÞ involves matrix

inversion and it needs to be calculated for multiple values of
k. This can be computationally expensive. Following
(Ruppert, 2002; Yan et al., 2017), a series of transformations
and operations is used to speed up the computations. First,
Cholesky decomposition of BT

i Bi is calculated giving square
matrix Zi. Next, the eigenvalues and eigenvectors of matrix
Z�1i DT

i DiZ�1i are calculated as follows: Z�1i DT
i DiZ�1i ¼

UidiagðsiÞUT
i : If we compute Vi ¼ BiZ�1i Ui prior to the opti-

mization, then in each iteration, HiðkÞ can be calculated
using HiðkÞ ¼ ViðI þ kdiagðsiÞÞ�1VT

i and trðHiðkÞÞ ¼Pn
j¼1

1
ð1þksijÞ (Yan et al., 2017). It can be easily spotted that

computing HiðkÞ doesn’t involve matrix inversion anymore
and this device makes the calculation much more efficient.

Instead of choosing optimal cp, cn, and q using a cross-
validation method, we adopt an iterative procedure which
dynamically tunes these parameters in each iteration of the
ADMM algorithm. The optimal cp and cn can also be
selected using the GCV criterion. However, the GCV leads
to a higher false positive rate by selecting more pixels
because it can be seen from (16) that the GCV minimizes a
residual sum of squares (RSS). However, in anomaly detection/
feature detection, the objective is to extract the features and
not to achieve a smaller RSS (Yan et al., 2017). Hence, Otsu’s
method (Otsu, 1979) is utilized to select ckp and ckn individually,

as suggested in (Yan et al., 2017). In our algorithm, we utilize
the notation otsu(x) to represent the function which outputs
cðkÞ by applying Otsu’s method on x.

As far as q is concerned, it could be set at a fixed value
pre-determined by simulation experiments or based on
experience. Another option is to use different parameters

qðkÞ for each iteration. Let primal residual be defined as rk ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kHðkÞp � ZðkÞp k2 þ kHðkÞn � ZðkÞn k2

q
and dual residual as sk ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kZðkÞp � Zðk�1Þp k2 þ kZðkÞn � Zðk�1Þn k2
q

: The parameter update

scheme used is as follows:
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qðkÞ ¼
jincrqðk�1Þ if rk > lsk

qðk�1Þ=jdecr if rk < l�1sk

qðkÞ otherwise,

8<
: (17)

where l > 1, jincr > 1, and jdecr > 1 are parameters. We
use l¼ 10 and jincr ¼ jdecr ¼ 1:025: This scheme helps in
keeping primal and dual residuals close to one another as
they both converge to zero. Note that the ADMM conver-
gence theory is applicable only when q is kept constant.
Therefore, when using the aforementioned scheme, q should
be fixed after a certain number of iterations.

To solve the PFD problem, the detailed optimization
algorithm is given in Algorithm 1. Since the optimization
problem is convex, from the property of the ADMM and
the PG method, it can easily be shown that the proposed
algorithm converges to the global optimum (Boyd et al.,
2010; Tseng, 2008). To tune the parameter k, this algorithm
is run for different values of k and the GCV criterion is cal-
culated for each different value. Whichever value of k maxi-
mizes the GCV criterion is selected as koptimal.

Algorithm 1: Optimization algorithm for solving PFD

initialization:
B1, B2 # mean bases
Bp, 1,Bp, 2 # positive features bases
Bn, 1,Bn, 2 # negative features bases

Zi ¼ ðBT
i BiÞ1=2, i¼ 1, 2 # Cholesky decomposition

UidiagðsiÞUT
i ¼ Z�1i DT

i DiZ�1i , i¼ 1, 2 # eigenvalues &
eigenvectors
Vi ¼ BiZ�1i Ui, i¼ 1, 2

HiðkÞ ¼ ViðI þ kdiagðsiÞÞ�1VT
i , i¼ 1, 2

Lp ¼ 2kBpjj22 þ q, Ln ¼ 2kBnjj22 þ q # Lipschitz constant

Xð0Þp ¼ 0,Xð0Þn ¼ 0, t¼ 1, � ¼ 10�6

while kXðtÞp � Xðt�1Þp k þ kXðtÞn � Xðt�1Þn k > � do

# update positive and negative features

Aðt�1Þp ¼ Bp, 1X
ðt�1Þ
p BT

p, 2

Aðt�1Þn ¼ Bn, 1X
ðt�1Þ
n BT

n, 2

# update mean

MðtÞ ¼ H1ðY � Aðt�1Þp � Aðt�1Þn ÞH2

initialization:

Hð0Þp ¼ Xðt�1Þp , Hð0Þn ¼ Xðt�1Þn , Zð0Þp ¼ 0, Zð0Þn ¼ 0, Uð0Þp ¼
0, Uð0Þn ¼ 0, k¼ 1

while kHðk�1Þp � Zðk�1Þp k þ kHðk�1Þn � Zðk�1Þn k > � OR kZðkÞp �
Zðk�1Þp k þ kZðkÞn � Zðk�1Þn k > � do

# update positive and negative features

Aðk�1Þp ¼ Bp, 1H
ðk�1Þ
p BT

p, 2

Aðk�1Þn ¼ Bn, 1H
ðk�1Þ
n BT

n, 2

# update coefficients

HðkÞpe ¼ Hðk�1Þp þ 2
Lp

BT
p, 1ðY �MðkÞ � Aðk�1Þp � Aðk�1Þn ÞBp, 2

� qðHðk�1Þp � ZðkÞp þ UðkÞp Þ

HðkÞne ¼ Hðk�1Þn þ 2
Ln

BT
n, 1ðY �MðkÞ � Aðk�1Þp � Aðk�1Þn ÞBn, 2

� qðHðk�1Þn � ZðkÞn þ UðkÞn Þ
cp=Lp ¼ OtsuðHðkÞpe Þ; cn=Ln ¼ OtsuðHðkÞne Þ

HðkÞp ¼ Scp=LpðHðkÞpe Þ;HðkÞn ¼ Scn=LnðHðkÞne Þ

ZðkÞp ¼ projCðHðkÞp Þ;Zk
n ¼ projCðHðkÞn Þ

# update dual variables

UðkÞp ¼ Uðk�1Þp þHðkÞp � ZðkÞp

UðkÞn ¼ Uðk�1Þn þHðkÞn � ZðkÞn

end

XðtÞp ¼ HðkÞp ;XðtÞn ¼ HðkÞn

End

3.2.3. Basis Selection
Selecting the appropriate bases for the mean and the features
is also important in the implementation of the PFD model.

For the smooth mean, a spline or kernel basis can be consid-
ered. Hyper-parameters associated with the splines (e.g. number
of knots) and kernels (e.g. scale parameter) can be tuned using
a criterion such as GCV (Yan et al., 2017).

As far as features are concerned, having some prior infor-
mation on the shape of features is preferable. Some ideas for
selecting basis are as follows: (a) if the features are in the
form of small regions scattered over the mean or are thin
lines, then one can use identity basis, Ba ¼ I; (b) if the fea-
tures are regions with sharp corners, then linear B-splines
are recommended; (c) if the features are regions with curved
boundaries, higher order splines such as quadratic and
cubic, can be utilized (Yan et al., 2018; Yan et al., 2017).
Also, knowing an estimate of the size of the feature can help
in selecting the optimal number of knots for a spline basis.

4. Simulation study

In this section, we demonstrate the effectiveness of the pro-
posed PFD model and estimation procedure for feature detec-
tion in image data. The main objective here is to show, (a)
how the proposed model overcomes identifiability issues often
faced by the SSD and (b) the flexibility of the proposed model
in terms of allowing different bases to be used for positive and
negative extreme regions. The performance of the proposed
PFD model and its comparison with the SSD is evaluated
using data simulated under different conditions. Two other
benchmarks, Nick local thresholding (Khurshid et al., 2009)
and global thresholding (Otsu, 1979), are also used for
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comparison. Two types of scenarios are considered – (a) both
positive and negative features are of the same type, (b) positive
and negative features are of different types.

Images are simulated using the following model Y ¼
M þ Ap þ An þ E, where Y is the simulated image, M
denotes true mean, Ap and An are positive and negative fea-
tures, respectively, and E is the error. Size of each simulated
image is 128� 128. In the present case, mean is simulated

using Mðx, yÞ ¼ exp � x2þy2
4

� �
, where x ¼ i

128 , y ¼ j
128 , i ¼

j ¼ 1, :::, 128: To simulate random noise, E is sampled from

i.i.d Nð0,/2Þ with / ¼ 0:05:
For both methods – SSD and PFD, the cubic B-spline

with 3� 3 knots is used for the mean estimation. Since the
focus here is to show the applicability of the PFD method
when the SSD method faces identifiability issues and is not
capable of allowing different bases for features, known bases
are used to simulate the features.

The following performance metrics are used to com-
pare the performance of the methods – mean/background
recovery root mean square error ðeMÞ defined as the
square root of mean square error of the mean estimator

M̂ : eM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kM � M̂k2

q
; positive features recovery root

mean square error ðeApÞ of the positive features estimator

cAp : eAp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kAp �cApk2

q
; negative features recovery root

mean square error ðeAnÞ of the negative features estimator

cAn : eAn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kAn �cAnk2

q
; features recovery root mean

square error: eA ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kAn �cAnk2 þ kAp �cApk2

q
; precision

defined as the percentage of recovered features by the algo-
rithm that are indeed features; and recall defined as the per-
centage of the true features detected by the algorithm.

4.1. Scenario A - same type of positive and
negative features

In this scenario, both positive and negative features are
simulated using the same type of basis Ba, which is chosen
as cubic B-spline with 12� 12 knots. Specifically, positive
features are obtained using Ap ¼ BaApsBT

a , where Aps is a
sparse matrix with size 13� 13 in which two randomly
selected entries are replaced with a small number dp > 0:
Negative features are obtained using An ¼ BaAnsBT

a , where
Ans is a sparse matrix of size 13� 13 in which two-randomly
selected entries are replaced with a small number dn < 0: A
sample simulated image along with mean, positive features,
and negative features is shown in Figure 2.

In the experiments discussed in this scenario, we fix and
use dn ¼ �0:3: We then try different values for dp. The
recovery square root mean square error performance metrics
for SSD with post-processing (PP) (to separate positive and
negative features using a pre-defined threshold as 0), and
PFD are compared in Figures 3 and 4. As can be seen from
Figure 3, eM for PFD remains almost constant with an
increase in dp, whereas that for SSD (PP) becomes higher
starting with dp ¼ 0:9: The performance metric, eAp ,
remains almost constant and same for both the methods as
dp increases. The metric, eAn , for PFD remains very low
with an increase in dp. On the other hand, there is a sudden
jump in eAn for SSD (PP) at and after dp ¼ 0:9: This

Figure 2. Scenario A – a sample simulated image with dp ¼ 0:9 and dn ¼ �0:3:
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Figure 4. Scenario A – precision and recall results showing comparison among SSD (PP), PFD, Nick local thresholding, and global thresholding.

Figure 3. Scenario A – recovery square root mean square error results showing comparison between SSD (PP) and PFD.
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indicates the onset of the identifiability issue. When feature
recovery performance is seen through a combined metric,
eA, PFD clearly outperforms SSD (PP). Next, we discuss the
performance in terms of precision and recall as illustrated in
Figure 4. PFD maintains perfect precision and recall scores
when dp varies, whereas SSD (PP) is unable to detect nega-
tive features starting with dp ¼ 0:9 because it doesn’t allow
selecting separate thresholds for positive and negative fea-
tures. This phenomenon is illustrated by Figures 5 and 6.
Although Nick local thresholding maintains a perfect recall,
its precision is very low in comparison to PFD. Global
thresholding shows poor performance with very low preci-
sion and recall among all the methods. The sample results
for the Nick local and the global thresholding are shown in
Figure 7. In this scenario, the PFD clearly outperforms the
existing methods in terms of all the performance metrics.

4.2. Scenario B - different type of positive and
negative features

In this scenario, positive features are generated using Ap ¼
BpApsBT

p , where Bp is a cubic B-spline basis with 12 knots

and Aps is a sparse matrix of size 13� 13 in which two ran-
domly selected entries are replaced with a small number
dp > 0: The negative features are generated using An ¼
BnAnsBT

n , where Bn is a linear B-spline basis with 12 knots
and Ans is a sparse matrix of size 11� 11 in which two ran-
domly selected entries are replaced with a small number
dn < 0: A sample simulated image along with mean, positive
features, and negative features is shown in Figure 8.

In the experiments carried out in this scenario, dn is fixed
at �0.3. We then experiment with different positive feature
magnitudes dp. The recovery square root mean square error
performance metrics for SSD (PP) and PFD are presented in
Figure 9. As is clear from Figure 9, eM for SSD (PP) is
always higher than PFD and experiences a slight jump after
dp ¼ 0:9, but it remains almost constant for PFD. Both
methods have almost the same values for eAp : The perform-
ance metric eAn remains negligible for PFD, but it is always
significant for the SSD (PP). This is due to the identifiability
issue faced by SSD (PP) as discussed later. Combining the
performance in the cases of positive and negative features,
the metric clearly shows that PFD performs much better in
comparison to SSD (PP). As can be seen in Figure 10, PFD
maintains perfect precision and recall scores for both posi-
tive and negative features when dp is varied. Although SSD
(PP) scores a perfect recall when dp varies from 0.3 to 0.9, it
exhibits a fairly low precision because it carries many more
unnecessary features along with the actual negative features.
This is illustrated in Figures 11 and 12. Starting dp ¼ 1:2,
SSD (PP) is unable to detect negative features. This is illus-
trated in Figures 13 and 14. Nick local thresholding recalls
positive features but with very poor precision. It is also
unable to recall negative features completely. Global thresh-
olding is unable to recall positive and negative features with

Figure 5. Scenario A – identifiability issue faced by SSD (PP), when dp ¼ 0:9:

Figure 6. Scenario A – identifiability successfully dealt with PFD, when dp ¼ 0:9:

Figure 7. Scenario A – features detected by Nick local thresholding and global
thresholding, when dp ¼ 0:9:
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precision. The sample visual results for Nick local and global
thresholding are shown in Figure 15. In scenario B as well,
PFD performs better than the existing methods. Overall,

PFD outperforms benchmark methods in the simula-
tion study.

Figure 8. Scenario B – a sample simulated image with dp ¼ 0:6 and dn ¼ �0:3:

Figure 9. Scenario B – recovery square root mean square error results showing comparison between SSD (PP) and PFD.
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5. Case study

As discussed in Section I, CT image segmentation is an
important task in the medical domain as it helps in com-
puter-aided disease diagnosis and surgery planning. To illus-
trate the functionality of our proposed model and algorithm,
we consider a two dimensional cross-sectional CT image of
the human heart in the annulus region, as shown in Figure
1. This image has a special medical importance as it carries
information on calcification and aortic root dimensions. We
are interested in calcification (high-intensity region) detec-
tion and soft tissues (low-intensity segment) extraction. The
proposed PFD model is employed to accomplish this task.

While applying the proposed PFD model to the afore-
mentioned image with size 101� 101, identity bases are
used for detecting the calcification and the soft tissues (con-
taining aortic valve). A cubic B-spline with 6� 3 knots for

the mean is selected. Hyperparameter k is selected so that it
minimizes the GCV as well as ensures convergence of the
ADMM algorithm. Other tuning parameters (q, cp, cn) are
dynamically tuned as discussed in Section III-B.2. To com-
pare the performance, other benchmarks such as SSD with
postprocessing, Otsu’s global thresholding, and Nick local
thresholding are also applied.

The results of different approaches are shown in Figure
16. As is clear from this figure, the proposed PFD model
successfully extracts both the calcification (positive extreme
features) and the soft tissues (negative extreme features)
containing aortic valve structure. Next, we discuss post-
processed results of the SSD. As far as calcification detection
is concerned, there are too many false positives detected by
this method. Moreover, the structure of the extracted soft
tissues is not as crisp as the one detected by the PFD.
Finally, we discuss results of the global thresholding and the

Figure 10. Scenario B – precision and recall results showing comparison among SSD (PP), PFD, Nick local thresholding, and global thresholding.

Figure 11. Scenario B – same basis issue faced by SSD (PP), when dp ¼ 0:6:
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Nick thresholding. Since the global thresholding selects a
single threshold based on intensity distribution, it clearly
fails to extract and separate the calcification and the aortic
root. The results of Nick thresholding mostly show the soft
tissues region but that too with some false positives. Overall,
the proposed PFD model outperforms the benchmarks.

The results obtained using the proposed PFD model have
clear medical importance. Our model clearly identifies
amount and location of the calcification. It helps physicians
estimate the post-TAVR complication in terms of PVL.

From the extracted soft tissues, aortic valve structure can
easily be seen. This helps in selecting the appropriate size of
the artificial valve to be implanted as a part of the TAVR
surgery. This can again help in reducing the chances of
post-TAVR complications in terms of PVL and stress
induced in the aortic tissues. Furthermore, the proper seg-
mentation of different features in the CT image can help
develop a better digital model to be used as an input to the
3D-printing which has shown the ability to assist physicians
in TAVR surgery planning (Qian et al., 2017). Overall, the
effectiveness of the proposed approach is quite convincing.
Moreover, such an approach can be utilized for image seg-
mentation tasks in other applications such as defect detec-
tion in manufacturing.

6. Conclusion

Computed tomography image segmentation is an important
task in medicine. It is increasingly used for disease diagnosis
and surgery planning. Aortic stenosis is one such heart dis-
ease where CT image is utilized for different purposes such

Figure 14. Scenario B – identifiability issue successfully dealt with PFD, when dp ¼ 1:2:

Figure 15. Scenario B – features detected by Nick local thresholding and global
thresholding, when dp ¼ 0:6:

Figure 12. Scenario B – different bases successfully introduced using PFD, when dp ¼ 0:6:

Figure 13. Scenario B – identifiability issue faced by SSD (PP), when dp ¼ 1:2:
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as initial diagnosis, clinical decision making, and surgery
planning. Through the heart CT image, physicians explore
the cause and extent of disease. For example, they try to
locate calcification and its amount. Also, they are interested
in understanding the structure of the aortic valve. With this
knowledge, they are able to better understand the patient’s
condition and accordingly plan the treatment.

The major contribution of this work is to propose an
approach to automatically quantify and locate the calcifica-
tion, and extract the aortic valve, without the need for man-
ual intervention. The proposed approach is flexible enough
that it can be used for segmenting important features out of
the CT image of other body parts as well. Our approach
models image as consisting of four components – mean,
positive extreme features, negative extreme features, and
noise. The mean is further approximated using a set of
smooth bases. Extreme features are also modeled using a set
of appropriate bases. The approach treats mean as smooth
and extreme features as sparse. To estimate the parameters

of the proposed model, an optimization problem is formu-
lated. This optimization problem is solved using a standard
algorithm – alternating direction method of multipliers
(ADMM). Within ADMM, an efficient proximal gradient
method is utilized. Hyperparameter selection strategy is also
discussed in detail. The performance of the proposed
approach is tested using an extensive simulation study and a
real-world case study. It is found that the PFD model out-
performs benchmark methods in both the simulation study
and the case study. In the case study, the results achieved by
the proposed approach are not only precise but also of prac-
tical importance. The results are expected to play an import-
ant role in clinical decision making and surgery planning.
Moreover, results can also act as an input for the digital
model used in 3D-printing technology for manufacturing
virtual aortic valve.

The main focus of this work is to provide a framework
for automatic detection of calcification and soft tissues in
the 2-D CT image. This work opens up several directions

Figure 16. Calcification and soft tissues detection using PFD, SSD, global thresholding, and Nick local thresholding.
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for future work. One possible extension is to apply this
framework in a case of the 3-D CT image and try detecting
the calcification and the aortic valve. Another interesting
research idea is to extend this framework to a scenario
where the CT image has a non-smooth mean. A new PFD
model can be proposed where the non-smooth mean can be
modeled using an appropriate basis. One suggestion for
modeling the non-smooth mean can be the wavelet family
(Huang et al., 2008; Yue et al., 2017). The appropriate wave-
let type and level of decomposition can be selected on a case
by case basis. Another interesting extension is to develop a
data-driven approach to learn the appropriate basis to repre-
sent the features.
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Appendix I

Constrained weighted LASSO problem

The PFD problem in (3) is equivalent to a constrained weighted
LASSO problem in the form of:

argmin
hp, hn

ð~y � Bphp � BnhnÞTðI � HÞð~y � Bphp � BnhnÞ

þcpkhpjj1 þ cnkhnjj1
subject to hp > 0

hn < 0,

(18)

where H ¼ BðBTBþ kRÞ�1BT :

Explanation: The PFD problem in (3) is first solved for h while
keeping hp & hn as fixed via following unconstrained optimization
problem:

argminh k~y � Bh� Bphp � Bnhnk2 þ khTRh, (19)

which gives, ĥ ¼ ðBTBþ kRÞ�1BTð~y � Bphp � BnhnÞ: So, we can write

Bĥ ¼ BðBTBþ kRÞ�1BTð~y � Bphp � BnhnÞ ¼ Hð~y � Bphp � BnhnÞ:
Next, we plug this into (3), we have the following:

argmin
hp, hn

k~y � Hð~y � Bphp � BnhnÞ � Bphp � Bnhnk2

þkððBTBþ kRÞ�1BTð~y � Bphp � BnhnÞÞTR
ðBTBþ kRÞ�1BTð~y � Bphp � BnhnÞ
þcpkhpjj1 þ cnkhnjj1

subject to hp > 0
hn < 0:

(20)

Next, we rewrite the first two terms in the objective function of the
above problem (20) as follows:

kðI �HÞð~y � Bphp � BnhnÞk2 þ kð~y � Bphp � BnhnÞT
BðBTBþ kRTÞ�1RðBTBþ kRÞ�1BTð~y � Bphp � BnhnÞ:

Assuming R to be a symmetric matrix and denoting Kk ¼
ðBTBþ kRÞ, it again simplifies as follows:

¼ ð~y � Bphp � BnhnÞTðI þ H2 � 2IHÞð~y � Bphp � BnhnÞ
þ kð~y � Bphp � BnhnÞTBK�1k RK�1k BTð~y � Bphp � BnhnÞ
¼ ð~y � Bphp � BnhnÞTðI þ BK�1k BTBK�1k BT � 2BK�1k BTÞð~y � Bphp

� BnhnÞ þ ð~y � Bphp � BnhnÞTBK�1k kRK�1k BTð~y � Bphp � BnhnÞ
¼ ð~y � Bphp � BnhnÞTðI þ BK�1k BTBK�1k BT � 2BK�1k BT

þ BK�1k kRK�1k BTÞð~y � Bphp � BnhnÞ
¼ ð~y � Bphp � BnhnÞTðI þ BK�1k ðBTBþ kRÞK�1k BT

� 2BK�1k BTÞð~y � Bphp � BnhnÞ
¼ ð~y � Bphp � BnhnÞTðI þ BK�1k KkK

�1
k BT � 2BK�1k BTÞð~y � Bphp � BnhnÞ

¼ ð~y � Bphp � BnhnÞTðI � BK�1k BTÞð~y � Bphp � BnhnÞ
¼ ð~y � Bphp � BnhnÞTðI � HÞð~y � Bphp � BnhnÞ:

Substituting this result into 20, we get the revised optimization
problem for estimating hp & hn as claimed in 18. During the above
simplification process, we discover that following relation holds true:

ðI � HÞ ¼ ðI � HÞTðI � HÞ þ BK�1k kRK�1k BT : (21)

It is to be noted that a relationship similar to (21) is also claimed
to be true in Proposition 3 of (Yan et al., 2017). We have given the
detailed proof for the sake of completeness and reader’s understanding.

Appendix II

PG method assumption

Proof of Proposition 1: Gradient of FðhpÞ can be calculated as
shown below:

rFðhpÞ ¼ 2BT
p ðI �HÞðBphp þ Bnh

ðk�1Þ
n � ~yÞ

þ qðhp � zðk�1Þp þ uðk�1Þp Þ:
(22)

Note that kXjj2 represents spectral norm of matrix X. Next, we cal-
culate the following quantity:

krFðaÞ � rFðbÞk ¼ k2BT
p ðI � HÞBpða� bÞ þ qða� bÞk

� k2BT
p ðI � HÞBpða� bÞk þ q � kða� bÞk

� k2BT
p ðI � HÞBpjj2 � kða� bÞk þ q � kða� bÞk

� k2BT
p jj2 � kðI � HÞjj2 � kBpjj2 � kða� bÞk

þ q � kða� bÞk:
(23)
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Using the result kI � Hjj2 � 1 from claim 5 in (Yan et al., 2017), it
further simplifies as follows:

krFðaÞ � rFðbÞk
� k2BT

p jj2 � kBpjj2 � kða� bÞk þ q � kða� bÞk
� ð2kBpjj22 þ qÞkða� bÞk:

(24)

It is easy to deduce that L ¼ 2kBpjj22 þ q:

Appendix III

PG method closed-form solution

Proof of Proposition 2: We are required to solve the following
problem:

argmin
hp

Fðhðk�1Þp Þ þ hhp � hðk�1Þp ,rFðhðk�1Þp Þi

þ L
2
khp � hðk�1Þp k2 þ cpkhpjj1:

(25)

First, we simplify the objective function in the following fashion:

Fðhðk�1Þp Þ þ hhp � hðk�1Þp ,rFðhðk�1Þp Þi þ L
2
khp � hðk�1Þp k2 þ cpkhpjj1

¼ ðhp � hðk�1Þp ÞTð2BT
p ðI � HÞðBph

ðk�1Þ
p þ Bnh

ðk�1Þ
n � ~yÞ

þ qðhðk�1Þp � zðk�1Þp þ uðk�1Þp ÞÞ

þ L
2
khp � hðk�1Þp k2 þ cpkhpjj1:

Multiplying by 2
L and adding an appropriate constant term to make

a perfect square, it again simplifies as follows:

¼ khp � hðk�1Þp þ 2
L
BT
p ðBph

ðk�1Þ
p þ Bnh

ðk�1Þ
n � ~y þ Hð~y � Bph

ðk�1Þ
p

� Bnh
ðk�1Þ
n Þ þ qðhðk�1Þp � zðk�1Þp þ uðk�1Þp Þk2 þ 2

L
cpkhpjj1

¼ khp � hðk�1Þp � 2
L
BT
p ð~y � Bhðt�1Þ � Bph

ðk�1Þ
p � Bnh

ðk�1Þ
n Þ

þ qðhðk�1Þp � zðk�1Þp þ uðk�1Þp Þk2 þ 2
L
cpkhpjj1:

Substituting this in (25) and we get the revised form of the problem
as shown below:

argmin
hp

khp � hðk�1Þp � 2
L
BT
p ð~y � Bhðt�1Þ � Bph

ðk�1Þ
p

�Bnh
ðk�1Þ
n Þ þ qðhðk�1Þp � zðk�1Þp þ uðk�1Þp Þk2

þ 2
L
cpkhpjj1:

(26)

Next, it is easy to derive that the solution to the problem in 26 is
given by the following soft-thresholding operator:

hðkÞp ¼ Scp
L

ðhðk�1Þp þ 2
L
BT
p ð~y � Bhðt�1Þ � Bph

ðk�1Þ
p

� Bnh
ðk�1Þ
n Þ � qðhðk�1Þp � zðk�1Þp þ uðk�1Þp ÞÞ:

(27)
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