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CATS Kickoff Meeting Agenda 
October 18-19, 2018 

Spedding 301 A-C, Ames Laboratory 

 
Thursday, October 18 
8:00 - 8:30 Breakfast and coffee. 
8:30 - 8:45 Welcome.  Adam Schwartz (Ames Lab Director). 
8:45 - 9:00 Introduction and agenda. Rob McQueeney (Ames). 
9:00 - 9:30  CATS overview. Rob McQueeney (Ames). 
9:30 - 10:00  “Symmetry protection and diagnosis of topological materials.”  Adrian Po (MIT). 
10:00 - 10:30  “Topological Conductors.” Zahid Hasan (Princeton). 
10:30 - 10:50  Break. 
10:50 - 11:10  Thrust 3 overview and progress. Dmitry Yarotski (Los Alamos). 
11:10 - 11:30  Thrust 2 overview and progress. Anand Bhattacharya (Argonne). 
11:30 - 11:50  Thrust 1 overview and progress. Adam Kaminski (Ames). 
11:50 - 1:00  Lunch. 
1:00 - 2:30  PI poster session: TASF 205. 
2:30 - 5:00  Thrust breakout sessions. 

   Thrust 1: TASF 205. 

   Thrust 2: Spedding 301A. 

   Thrust 3: Spedding 301C. 

5:30   Leave for dinner. 

5:45  Dinner at Olde Main Brewing Company, 316 Main St, Ames, IA 50010. 

 
Friday, October 19 
8:30 - 9:00  Thrust 1 Breakout session reports. Adam Kaminski (Ames). 
9:00 - 9:30  Thrust 2 Breakout session reports. Anand Bhattacharya (Argonne). 
9:30 - 10:00  Thrust 3 Breakout session reports. Dmitry Yarotski (Los Alamos). 
10:00 - 11:00  Open discussion. 
11:00 - 12:00  Summary writing session. 
12:00   Box lunches. 

Close kickoff meeting. 

  



Where do gapless excitations 
come from? 



Where do gapless excitations 
come from? 

• Liquid of interacting bosons, e.g. liquid helium. 

✏(k) =
~2k2

2m
� µ

<latexit sha1_base64="jF4d1tejJM2Vw6iFzNce2wqWalU="></latexit>
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• Chemical potential is large and negative at high 
T, thus all bosons have high energy relative to it, 

no low energy excitations.  
✏
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• Transition to superfluid at low T.
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• Excitations are phonons with a 
gapless linear dispersion. 

✏(k) = vk
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Where do gapless excitations
come from? 

• The origin of phonons is 
spontaneous symmetry breaking.

h�(r, t)i = hp⇢ei✓(r,t)i 6= 0
<latexit sha1_base64="Y1pfLfEAmsQPRmNtU3zKtZEYuRs="></latexit>



Gapless excitations in crystals

• Crystal breaks translational symmetry of 
space, has gapless acoustic phonons. 



Where do gapless excitations
come from? 

• Lesson 1: gapless excitations do not arise 
accidentally, there must be a reason. 

• Lesson 2: their existence is associated with 
interesting physics, such as superfluidity, 

crystallinity, etc.  



Gapless fermions

• Energy spectrum of electrons in solids has form 
of bands separated by bandgaps. 

• Electrons obey Pauli principle. 

• Number of states in a band is always 2 times the 
number of unit cells. 



Gapless fermions

✏F
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• Even integer number of electrons per 
unit cell: insulator, no gapless excitations.



Gapless fermions

✏F
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• Fractional (not even integer) number of 
electrons per unit cell: metal, Fermi 

surface of gapless excitations.

2VF

(2⇡)d
=

⌫ � 2n
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Luttinger



Metals

• Metals are fun and useful. 



Insulators

• Insulators are boring.  



Where do gapless excitations
come from? 

• Recent understanding: gapless 
excitations may also appear 

for topological reasons. 

• Insulators are not as boring 
as one might have thought: 

there are two distinct 
classes of insulators, not 

adiabatically connected to 
each other. 



Topological insulators

• Transition between a topological and an ordinary 
insulator is only possible through closing the gap, which 
leads to gapless surface states on topological insulators. 



Bulk topological metals

• Can bulk 3D metals be topologically nontrivial in 
the same sense?  



Bulk topological metals

• Can bulk 3D metals be topologically nontrivial in 
the same sense?  

• Can we have a bulk 3D topologically-protected metal 
when the material should be an insulator by band 

filling? 



Accidental semimetal

✏F
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• Bands can overlap: materials with even number of 
electrons per unit cell often fail to be insulators. 



Weyl semimetal

• Weyl semimetal: gapless topological phase which arises 
in 3D materials lacking time-reversal or inversion 

symmetries. 

✏F k

�

AAB & Balents, 2011 

Wan et al., 2011 

• Exists unaviodably as an intermediate phase 
between a topological and ordinary insulator in 3D.  

Murakami, 2007 



Quantum Anomalous Hall Insulator

Thin film of 3D TI: gapless Dirac surface states 
protected by TRS



Quantum Anomalous Hall Insulator

Break TRS by doping with magnetic impurities, or can 
use a magnetic TI.



Quantum Anomalous Hall Insulator
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Quantum Anomalous Hall Insulator

Haldane, 1988 Chang et al., 2013
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Plateau transition in 2D
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From 2D QAH insulator to 3D Weyl 
semimetal

• Stack of  2D QAH insulators, separated by ordinary 
insulator spacers.
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3D Integer Quantum Hall Effect

-3 -2 -1 1 2 3
kzd

-4

-2

2

4

�(kz)/�S

�xy =
e2

h

G

2⇡

<latexit sha1_base64="SKGUsH1xiBfbAu+iH2yjLson/DQ=">AAACFHicbVDLSsNAFJ34rPUVdelmsAiCUJJS0Y1QdKHLCvYBTQyT6aQdOpOEmYkYQj7Cjb/ixoUibl2482+ctllo64ELZ865l7n3+DGjUlnWt7GwuLS8slpaK69vbG5tmzu7bRklApMWjlgkuj6ShNGQtBRVjHRjQRD3Gen4o8ux37knQtIovFVpTFyOBiENKEZKS5557Eg64MjLHtIcnkMnEAhn5K6WZ8O8eF3lWQ06Mc09s2JVrQngPLELUgEFmp755fQjnHASKsyQlD3bipWbIaEoZiQvO4kkMcIjNCA9TUPEiXSzyVE5PNRKHwaR0BUqOFF/T2SIS5lyX3dypIZy1huL/3m9RAVnbkbDOFEkxNOPgoRBFcFxQrBPBcGKpZogLKjeFeIh0kkonWNZh2DPnjxP2rWqXa+e3NQrjYsijhLYBwfgCNjgFDTANWiCFsDgETyDV/BmPBkvxrvxMW1dMIqZPfAHxucP0daerg==</latexit>

G =
2⇡

d

<latexit sha1_base64="DOwyRFmIRX3RESSc9FYbK64qWEU=">AAAB/HicbVDLSsNAFL2pr1pf1S7dDBbBVUlKRTdC0YUuK9gHNKFMJpN26OTBzEQIIf6KGxeKuPVD3Pk3TtsstPXAhcM593LvPW7MmVSm+W2U1tY3NrfK25Wd3b39g+rhUU9GiSC0SyIeiYGLJeUspF3FFKeDWFAcuJz23enNzO8/UiFZFD6oNKZOgMch8xnBSkujau0WXSHbF5hkTWTHLM+8fFStmw1zDrRKrILUoUBnVP2yvYgkAQ0V4VjKoWXGysmwUIxwmlfsRNIYkyke06GmIQ6odLL58Tk61YqH/EjoChWaq78nMhxImQau7gywmshlbyb+5w0T5V86GQvjRNGQLBb5CUcqQrMkkMcEJYqnmmAimL4VkQnWSSidV0WHYC2/vEp6zYbVapzft+rt6yKOMhzDCZyBBRfQhjvoQBcIpPAMr/BmPBkvxrvxsWgtGcVMDf7A+PwBdfCUCA==</latexit>

Kohmoto, Halperin, Wu

• Hall conductivity involves a wavevector, transition 
to zero must happen smoothly. 



3D Integer Quantum Hall Effect

• Hall conductivity is proportional to the distance 
between the nodes and varies smoothly.
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AAB & Balents
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3D Integer Quantum Hall Effect

• Hall conductivity is proportional to the distance 
between the nodes and varies smoothly.
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“Plateau transition” in 3D
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Figure 3

(a) Electronic structure of the simplest Weyl semimetal, with two nodes of opposite chirality,
separated by a distance of 2k0 along the z-axis in momentum space. (b) The corresponding
anomalous Hall conductivity as a function of b/�S , showing a broadened plateau transition. Weyl
semimetal is an intermediate gapless phase between the quantum anomalous Hall and ordinary
insulators.

where d is the period of the resulting superlattice heterostructure in the z-direction. Mak-

ing the same similarity transformation as above and partially diagonalizing the resulting

Hamiltonian, we obtain

Hr = vF (ẑ ⇥ �) · k+mr(kz)�
z
, (14)

where mr(kz) = b + r
p

�2
S +�2

D + 2�S�D cos(kzd) ⌘ b + r�(kz). Now we see that the

quantum Hall plateau transition we discussed before as a function of b/�S , may now happen

“on its own” in momentum space as kz is swept through the BZ. Indeed m�(kz) will change

sign at k±
z = ⇡/d± k0, where

k0 =
1
d
arccos

✓
�2

S +�2
D � b

2

2�S�D

◆
. (15)

At k = (0, 0, k±
z ), the two nondegenerate bands, corresponding to the eigenvalue r = �

touch each other, i.e. these are locations of two Weyl nodes, see Figure 3.

The nodes exist as long the spin splitting b is in the interval between two critical values

bc1 < b < bc2, where bc1 = |�S � �D| and bc2 = �S + �D. When b < bc1 the system is

an ordinary insulator with �xy = 0, while when b > bc2 it is a 3D quantum anomalous Hall

insulator with �xy = e
2
/hd. In between the heterostructure is in the intermediate Weyl

semimetal phase with

�xy = e
2
k0/⇡h, (16)

which depends only on the distance between the Weyl nodes in momentum space and varies

continuously between 0 and e
2
/hd, see Figure 4. Thus, unlike in 2D, in three dimensions

a direct transition between a topological insulator with nonzero quantized Hall conduc-

tivity and a normal insulator with zero Hall conductivity does not exist. The transition

instead proceeds through an intermediate gapless Weyl semimetal phase. The system, de-

scribed above, constitutes the simplest potential realization, the “hydrogen atom” of Weyl

semimetals. A lot of the general physical properties of Weyl semimetals may be understood

by studying this system.
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• Plateau transition is sharp in 2D, but broadens into 
Weyl semimetal phase in 3D. 



Chiral anomaly
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• Extra Landau level below the 
Fermi energy in between the 

Weyl nodes. 
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• Hall conductivity is a derivative of the 
Luttinger volume with respect to the 

magnetic field. 



Chiral anomaly
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• Extra Landau level below the 
Fermi energy in between the 

Weyl nodes. 

• “Fractional” Hall conductivity in the absence of a Fermi 
surface inevitably implies Weyl nodes. 

�xy = e
@n

@B
= e

K

2⇡~
@

@B

1

2⇡`2B
=

e2

h

K

2⇡
<latexit sha1_base64="WtqaSxfNA3aoTPu//e1HLxdLtrg="></latexit>



Chiral anomaly

• Left-handed and right-handed charges should be 
separately conserved. 
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Chiral anomaly
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E k B

• Conservation is violated 
in the presence of 

collinear electric and 
magnetic fields.
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Density response in an ordinary metal

@n

@t
= Dr2(n+ gV )

• Diffusion and 
drift current:

• Einstein relation:

j = eDrn+ egDrV = eDrn+ �E

� = e2gD



Density response in a Weyl metal

n = nR + nLTotal charge:

nc = nR � nLChiral charge:

@n

@t
= Dr2n

• If both were conserved, both would obey independent 
continuity (diffusion) equations: 

@nc

@t
= Dr2nc �

nc

⌧c



Density response in topological metal
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• New transport coefficients:

Chiral charge relaxation time: ⌧c � ⌧
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Density response in topological metal
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• First derivatives will dominate at long length scales. This leads to 
propagating density modes and quasiballistic conductance.  



Diffusion propagator
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• Poles of the diffusion propagator determine the long-
distance, long-time dynamics of the system.



Diffusion eigenmodes
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<latexit sha1_base64="jVqzODe1/ROnsMjgwGiuuJkzg78=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5IUQQ8eih70WMF+QFPKZLtpl+4mcXcjlJCTF/+KFw+KePU3ePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZhaXllda24XtrY3NresXf3mipKJKENEvFItn1QlLOQNjTTnLZjSUH4nLb80dXEbz1QqVgU3ulxTLsCBiELGAFtpJ59eI8vsBdIIKmbpVXsXYMQgD0NSY9kPbvsVJwp8CJxc1JGOeo9+8vrRyQRNNSEg1Id14l1NwWpGeE0K3mJojGQEQxox9AQBFXddPpGho+N0sdBJE2FGk/V3xMpCKXGwjedAvRQzXsT8T+vk+jgvJuyME40DclsUZBwrCM8yQT3maRE87EhQCQzt2IyBJOJNsmVTAju/MuLpFmtuE7FvT0t1y7zOIroAB2hE+SiM1RDN6iOGoigR/SMXtGb9WS9WO/Wx6y1YOUz++gPrM8fk9+X7A==</latexit><latexit sha1_base64="jVqzODe1/ROnsMjgwGiuuJkzg78=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5IUQQ8eih70WMF+QFPKZLtpl+4mcXcjlJCTF/+KFw+KePU3ePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZhaXllda24XtrY3NresXf3mipKJKENEvFItn1QlLOQNjTTnLZjSUH4nLb80dXEbz1QqVgU3ulxTLsCBiELGAFtpJ59eI8vsBdIIKmbpVXsXYMQgD0NSY9kPbvsVJwp8CJxc1JGOeo9+8vrRyQRNNSEg1Id14l1NwWpGeE0K3mJojGQEQxox9AQBFXddPpGho+N0sdBJE2FGk/V3xMpCKXGwjedAvRQzXsT8T+vk+jgvJuyME40DclsUZBwrCM8yQT3maRE87EhQCQzt2IyBJOJNsmVTAju/MuLpFmtuE7FvT0t1y7zOIroAB2hE+SiM1RDN6iOGoigR/SMXtGb9WS9WO/Wx6y1YOUz++gPrM8fk9+X7A==</latexit><latexit sha1_base64="jVqzODe1/ROnsMjgwGiuuJkzg78=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5IUQQ8eih70WMF+QFPKZLtpl+4mcXcjlJCTF/+KFw+KePU3ePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZhaXllda24XtrY3NresXf3mipKJKENEvFItn1QlLOQNjTTnLZjSUH4nLb80dXEbz1QqVgU3ulxTLsCBiELGAFtpJ59eI8vsBdIIKmbpVXsXYMQgD0NSY9kPbvsVJwp8CJxc1JGOeo9+8vrRyQRNNSEg1Id14l1NwWpGeE0K3mJojGQEQxox9AQBFXddPpGho+N0sdBJE2FGk/V3xMpCKXGwjedAvRQzXsT8T+vk+jgvJuyME40DclsUZBwrCM8yQT3maRE87EhQCQzt2IyBJOJNsmVTAju/MuLpFmtuE7FvT0t1y7zOIroAB2hE+SiM1RDN6iOGoigR/SMXtGb9WS9WO/Wx6y1YOUz++gPrM8fk9+X7A==</latexit><latexit sha1_base64="jVqzODe1/ROnsMjgwGiuuJkzg78=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5IUQQ8eih70WMF+QFPKZLtpl+4mcXcjlJCTF/+KFw+KePU3ePPfuG1z0NYHA4/3ZpiZ58ecKe0431ZhaXllda24XtrY3NresXf3mipKJKENEvFItn1QlLOQNjTTnLZjSUH4nLb80dXEbz1QqVgU3ulxTLsCBiELGAFtpJ59eI8vsBdIIKmbpVXsXYMQgD0NSY9kPbvsVJwp8CJxc1JGOeo9+8vrRyQRNNSEg1Id14l1NwWpGeE0K3mJojGQEQxox9AQBFXddPpGho+N0sdBJE2FGk/V3xMpCKXGwjedAvRQzXsT8T+vk+jgvJuyME40DclsUZBwrCM8yQT3maRE87EhQCQzt2IyBJOJNsmVTAju/MuLpFmtuE7FvT0t1y7zOIroAB2hE+SiM1RDN6iOGoigR/SMXtGb9WS9WO/Wx6y1YOUz++gPrM8fk9+X7A==</latexit>

i!+ = Dq2 +
1

⌧c
<latexit sha1_base64="eUEgEYK0r68GgFRPGur8qqQG644=">AAACDnicbVDLSsNAFJ34rPUVdelmsBSEQkmKoBuhqAuXFewDmhgm00k7dGYSZyZCCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vvCRNGlXacb2tpeWV1bb2wUdzc2t7Ztff2WypOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHw8uJ334gUtFY3OpRQnyO+oJGFCNtpMAuU+jFnPRRUIHn8Are39VgBXqRRDhzx5mnURrgcWCXnKozBVwkbk5KIEcjsL+8XoxTToTGDCnVdZ1E+xmSmmJGxkUvVSRBeIj6pGuoQJwoP5u+M4Zlo/RgFEtTQsOp+nsiQ1ypEQ9NJ0d6oOa9ifif1011dOZnVCSpJgLPFkUpgzqGk2xgj0qCNRsZgrCk5laIB8hEoU2CRROCO//yImnVqq5TdW9OSvWLPI4COARH4Bi44BTUwTVogCbA4BE8g1fwZj1ZL9a79TFrXbLymQPwB9bnD0kPmmM=</latexit><latexit sha1_base64="eUEgEYK0r68GgFRPGur8qqQG644=">AAACDnicbVDLSsNAFJ34rPUVdelmsBSEQkmKoBuhqAuXFewDmhgm00k7dGYSZyZCCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vvCRNGlXacb2tpeWV1bb2wUdzc2t7Ztff2WypOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHw8uJ334gUtFY3OpRQnyO+oJGFCNtpMAuU+jFnPRRUIHn8Are39VgBXqRRDhzx5mnURrgcWCXnKozBVwkbk5KIEcjsL+8XoxTToTGDCnVdZ1E+xmSmmJGxkUvVSRBeIj6pGuoQJwoP5u+M4Zlo/RgFEtTQsOp+nsiQ1ypEQ9NJ0d6oOa9ifif1011dOZnVCSpJgLPFkUpgzqGk2xgj0qCNRsZgrCk5laIB8hEoU2CRROCO//yImnVqq5TdW9OSvWLPI4COARH4Bi44BTUwTVogCbA4BE8g1fwZj1ZL9a79TFrXbLymQPwB9bnD0kPmmM=</latexit><latexit sha1_base64="eUEgEYK0r68GgFRPGur8qqQG644=">AAACDnicbVDLSsNAFJ34rPUVdelmsBSEQkmKoBuhqAuXFewDmhgm00k7dGYSZyZCCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vvCRNGlXacb2tpeWV1bb2wUdzc2t7Ztff2WypOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHw8uJ334gUtFY3OpRQnyO+oJGFCNtpMAuU+jFnPRRUIHn8Are39VgBXqRRDhzx5mnURrgcWCXnKozBVwkbk5KIEcjsL+8XoxTToTGDCnVdZ1E+xmSmmJGxkUvVSRBeIj6pGuoQJwoP5u+M4Zlo/RgFEtTQsOp+nsiQ1ypEQ9NJ0d6oOa9ifif1011dOZnVCSpJgLPFkUpgzqGk2xgj0qCNRsZgrCk5laIB8hEoU2CRROCO//yImnVqq5TdW9OSvWLPI4COARH4Bi44BTUwTVogCbA4BE8g1fwZj1ZL9a79TFrXbLymQPwB9bnD0kPmmM=</latexit><latexit sha1_base64="eUEgEYK0r68GgFRPGur8qqQG644=">AAACDnicbVDLSsNAFJ34rPUVdelmsBSEQkmKoBuhqAuXFewDmhgm00k7dGYSZyZCCf0CN/6KGxeKuHXtzr9x2mahrQcuHM65l3vvCRNGlXacb2tpeWV1bb2wUdzc2t7Ztff2WypOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHw8uJ334gUtFY3OpRQnyO+oJGFCNtpMAuU+jFnPRRUIHn8Are39VgBXqRRDhzx5mnURrgcWCXnKozBVwkbk5KIEcjsL+8XoxTToTGDCnVdZ1E+xmSmmJGxkUvVSRBeIj6pGuoQJwoP5u+M4Zlo/RgFEtTQsOp+nsiQ1ypEQ9NJ0d6oOa9ifif1011dOZnVCSpJgLPFkUpgzqGk2xgj0qCNRsZgrCk5laIB8hEoU2CRROCO//yImnVqq5TdW9OSvWLPI4COARH4Bi44BTUwTVogCbA4BE8g1fwZj1ZL9a79TFrXbLymQPwB9bnD0kPmmM=</latexit>

i!� = Dq2
<latexit sha1_base64="ED8wEyxJZ4VRDfnCOD8DyrtPq2A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHcWJIi6EYo6sJlBfuANobJdNIOnUecmYgl9FfcuFDErT/izr9x2mahrQcuHM65l3vviRJGtfG8b2dpeWV1bb2wUdzc2t7ZdfdKTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJr4rUeiNJXizowSEnDUFzSmGBkrhW6Jwq7kpI/CE3gBr+HDfTV0y17FmwIuEj8nZZCjHrpf3Z7EKSfCYIa07vheYoIMKUMxI+NiN9UkQXiI+qRjqUCc6CCb3j6GR1bpwVgqW8LAqfp7IkNc6xGPbCdHZqDnvYn4n9dJTXweZFQkqSECzxbFKYNGwkkQsEcVwYaNLEFYUXsrxAOkEDY2rqINwZ9/eZE0qxXfq/i3p+XaZR5HARyAQ3AMfHAGauAG1EEDYPAEnsEreHPGzovz7nzMWpecfGYf/IHz+QNt/JK7</latexit><latexit sha1_base64="ED8wEyxJZ4VRDfnCOD8DyrtPq2A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHcWJIi6EYo6sJlBfuANobJdNIOnUecmYgl9FfcuFDErT/izr9x2mahrQcuHM65l3vviRJGtfG8b2dpeWV1bb2wUdzc2t7ZdfdKTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJr4rUeiNJXizowSEnDUFzSmGBkrhW6Jwq7kpI/CE3gBr+HDfTV0y17FmwIuEj8nZZCjHrpf3Z7EKSfCYIa07vheYoIMKUMxI+NiN9UkQXiI+qRjqUCc6CCb3j6GR1bpwVgqW8LAqfp7IkNc6xGPbCdHZqDnvYn4n9dJTXweZFQkqSECzxbFKYNGwkkQsEcVwYaNLEFYUXsrxAOkEDY2rqINwZ9/eZE0qxXfq/i3p+XaZR5HARyAQ3AMfHAGauAG1EEDYPAEnsEreHPGzovz7nzMWpecfGYf/IHz+QNt/JK7</latexit><latexit sha1_base64="ED8wEyxJZ4VRDfnCOD8DyrtPq2A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHcWJIi6EYo6sJlBfuANobJdNIOnUecmYgl9FfcuFDErT/izr9x2mahrQcuHM65l3vviRJGtfG8b2dpeWV1bb2wUdzc2t7ZdfdKTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJr4rUeiNJXizowSEnDUFzSmGBkrhW6Jwq7kpI/CE3gBr+HDfTV0y17FmwIuEj8nZZCjHrpf3Z7EKSfCYIa07vheYoIMKUMxI+NiN9UkQXiI+qRjqUCc6CCb3j6GR1bpwVgqW8LAqfp7IkNc6xGPbCdHZqDnvYn4n9dJTXweZFQkqSECzxbFKYNGwkkQsEcVwYaNLEFYUXsrxAOkEDY2rqINwZ9/eZE0qxXfq/i3p+XaZR5HARyAQ3AMfHAGauAG1EEDYPAEnsEreHPGzovz7nzMWpecfGYf/IHz+QNt/JK7</latexit><latexit sha1_base64="ED8wEyxJZ4VRDfnCOD8DyrtPq2A=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBHcWJIi6EYo6sJlBfuANobJdNIOnUecmYgl9FfcuFDErT/izr9x2mahrQcuHM65l3vviRJGtfG8b2dpeWV1bb2wUdzc2t7ZdfdKTS1ThUkDSyZVO0KaMCpIw1DDSDtRBPGIkVY0vJr4rUeiNJXizowSEnDUFzSmGBkrhW6Jwq7kpI/CE3gBr+HDfTV0y17FmwIuEj8nZZCjHrpf3Z7EKSfCYIa07vheYoIMKUMxI+NiN9UkQXiI+qRjqUCc6CCb3j6GR1bpwVgqW8LAqfp7IkNc6xGPbCdHZqDnvYn4n9dJTXweZFQkqSECzxbFKYNGwkkQsEcVwYaNLEFYUXsrxAOkEDY2rqINwZ9/eZE0qxXfq/i3p+XaZR5HARyAQ3AMfHAGauAG1EEDYPAEnsEreHPGzovz7nzMWpecfGYf/IHz+QNt/JK7</latexit>

• Ordinary diffusion of conserved electric and almost 
conserved chiral charges:



Diffusion eigenmodes

i!± = Dq2 +
1

2⌧c
±

s
1

4⌧2c
� �2q2

<latexit sha1_base64="a1y7KkOj/yfeEupIALquISfqF6c="></latexit><latexit sha1_base64="a1y7KkOj/yfeEupIALquISfqF6c="></latexit><latexit sha1_base64="a1y7KkOj/yfeEupIALquISfqF6c="></latexit><latexit sha1_base64="a1y7KkOj/yfeEupIALquISfqF6c="></latexit>

• Get a propagating mode:

q >
1

2�⌧c
<latexit sha1_base64="E5ABBeZRqFCQo1Dguh2gZrpxD9g=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5IUQU9S9KDHCvYDmlIm2027dDeJuxuhhJy8+Fe8eFDEq7/Bm//GbZuDtj4YeLw3w8w8P+ZMacf5tgpLyyura8X10sbm1vaOvbvXVFEiCW2QiEey7YOinIW0oZnmtB1LCsLntOWPriZ+64FKxaLwTo9j2hUwCFnACGgj9ezDe3yBvUACSd0srWLvGoQA7GlIeiTr2WWn4kyBF4mbkzLKUe/ZX14/IomgoSYclOq4Tqy7KUjNCKdZyUsUjYGMYEA7hoYgqOqm0zcyfGyUPg4iaSrUeKr+nkhBKDUWvukUoIdq3puI/3mdRAfn3ZSFcaJpSGaLgoRjHeFJJrjPJCWajw0BIpm5FZMhmEy0Sa5kQnDnX14kzWrFdSru7Wm5dpnHUUQH6AidIBedoRq6QXXUQAQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AlxuX7g==</latexit><latexit sha1_base64="E5ABBeZRqFCQo1Dguh2gZrpxD9g=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5IUQU9S9KDHCvYDmlIm2027dDeJuxuhhJy8+Fe8eFDEq7/Bm//GbZuDtj4YeLw3w8w8P+ZMacf5tgpLyyura8X10sbm1vaOvbvXVFEiCW2QiEey7YOinIW0oZnmtB1LCsLntOWPriZ+64FKxaLwTo9j2hUwCFnACGgj9ezDe3yBvUACSd0srWLvGoQA7GlIeiTr2WWn4kyBF4mbkzLKUe/ZX14/IomgoSYclOq4Tqy7KUjNCKdZyUsUjYGMYEA7hoYgqOqm0zcyfGyUPg4iaSrUeKr+nkhBKDUWvukUoIdq3puI/3mdRAfn3ZSFcaJpSGaLgoRjHeFJJrjPJCWajw0BIpm5FZMhmEy0Sa5kQnDnX14kzWrFdSru7Wm5dpnHUUQH6AidIBedoRq6QXXUQAQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AlxuX7g==</latexit><latexit sha1_base64="E5ABBeZRqFCQo1Dguh2gZrpxD9g=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5IUQU9S9KDHCvYDmlIm2027dDeJuxuhhJy8+Fe8eFDEq7/Bm//GbZuDtj4YeLw3w8w8P+ZMacf5tgpLyyura8X10sbm1vaOvbvXVFEiCW2QiEey7YOinIW0oZnmtB1LCsLntOWPriZ+64FKxaLwTo9j2hUwCFnACGgj9ezDe3yBvUACSd0srWLvGoQA7GlIeiTr2WWn4kyBF4mbkzLKUe/ZX14/IomgoSYclOq4Tqy7KUjNCKdZyUsUjYGMYEA7hoYgqOqm0zcyfGyUPg4iaSrUeKr+nkhBKDUWvukUoIdq3puI/3mdRAfn3ZSFcaJpSGaLgoRjHeFJJrjPJCWajw0BIpm5FZMhmEy0Sa5kQnDnX14kzWrFdSru7Wm5dpnHUUQH6AidIBedoRq6QXXUQAQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AlxuX7g==</latexit><latexit sha1_base64="E5ABBeZRqFCQo1Dguh2gZrpxD9g=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5IUQU9S9KDHCvYDmlIm2027dDeJuxuhhJy8+Fe8eFDEq7/Bm//GbZuDtj4YeLw3w8w8P+ZMacf5tgpLyyura8X10sbm1vaOvbvXVFEiCW2QiEey7YOinIW0oZnmtB1LCsLntOWPriZ+64FKxaLwTo9j2hUwCFnACGgj9ezDe3yBvUACSd0srWLvGoQA7GlIeiTr2WWn4kyBF4mbkzLKUe/ZX14/IomgoSYclOq4Tqy7KUjNCKdZyUsUjYGMYEA7hoYgqOqm0zcyfGyUPg4iaSrUeKr+nkhBKDUWvukUoIdq3puI/3mdRAfn3ZSFcaJpSGaLgoRjHeFJJrjPJCWajw0BIpm5FZMhmEy0Sa5kQnDnX14kzWrFdSru7Wm5dpnHUUQH6AidIBedoRq6QXXUQAQ9omf0it6sJ+vFerc+Zq0FK5/ZR39gff4AlxuX7g==</latexit>

! ⇡ �q � iDq2
<latexit sha1_base64="9ITCsl9XvqZ5hB2/K53q5gdk9QM=">AAACCnicbVDLSgNBEJyNrxhfqx69jAbBi2E3CHoMKugxgnlANobeySQZMrOzmZkVQ8jZi7/ixYMiXv0Cb/6Nk8dBEwsaiqpuurvCmDNtPO/bSS0sLi2vpFcza+sbm1vu9k5Zy0QRWiKSS1UNQVPOIloyzHBajRUFEXJaCbsXI79yT5VmMro1/ZjWBbQj1mIEjJUa7n4gBW0DDiCOlXzAwRUIAbiHjzHDl7h3l2+4WS/njYHniT8lWTRFseF+BU1JEkEjQzhoXfO92NQHoAwjnA4zQaJpDKQLbVqzNAJBdX0wfmWID63SxC2pbEUGj9XfEwMQWvdFaDsFmI6e9Ubif14tMa2z+oBFcWJoRCaLWgnHRuJRLrjJFCWG9y0Bopi9FZMOKCDGppexIfizL8+Tcj7nezn/5iRbOJ/GkUZ76AAdIR+dogK6RkVUQgQ9omf0it6cJ+fFeXc+Jq0pZzqzi/7A+fwBXBWYuw==</latexit><latexit sha1_base64="9ITCsl9XvqZ5hB2/K53q5gdk9QM=">AAACCnicbVDLSgNBEJyNrxhfqx69jAbBi2E3CHoMKugxgnlANobeySQZMrOzmZkVQ8jZi7/ixYMiXv0Cb/6Nk8dBEwsaiqpuurvCmDNtPO/bSS0sLi2vpFcza+sbm1vu9k5Zy0QRWiKSS1UNQVPOIloyzHBajRUFEXJaCbsXI79yT5VmMro1/ZjWBbQj1mIEjJUa7n4gBW0DDiCOlXzAwRUIAbiHjzHDl7h3l2+4WS/njYHniT8lWTRFseF+BU1JEkEjQzhoXfO92NQHoAwjnA4zQaJpDKQLbVqzNAJBdX0wfmWID63SxC2pbEUGj9XfEwMQWvdFaDsFmI6e9Ubif14tMa2z+oBFcWJoRCaLWgnHRuJRLrjJFCWG9y0Bopi9FZMOKCDGppexIfizL8+Tcj7nezn/5iRbOJ/GkUZ76AAdIR+dogK6RkVUQgQ9omf0it6cJ+fFeXc+Jq0pZzqzi/7A+fwBXBWYuw==</latexit><latexit sha1_base64="9ITCsl9XvqZ5hB2/K53q5gdk9QM=">AAACCnicbVDLSgNBEJyNrxhfqx69jAbBi2E3CHoMKugxgnlANobeySQZMrOzmZkVQ8jZi7/ixYMiXv0Cb/6Nk8dBEwsaiqpuurvCmDNtPO/bSS0sLi2vpFcza+sbm1vu9k5Zy0QRWiKSS1UNQVPOIloyzHBajRUFEXJaCbsXI79yT5VmMro1/ZjWBbQj1mIEjJUa7n4gBW0DDiCOlXzAwRUIAbiHjzHDl7h3l2+4WS/njYHniT8lWTRFseF+BU1JEkEjQzhoXfO92NQHoAwjnA4zQaJpDKQLbVqzNAJBdX0wfmWID63SxC2pbEUGj9XfEwMQWvdFaDsFmI6e9Ubif14tMa2z+oBFcWJoRCaLWgnHRuJRLrjJFCWG9y0Bopi9FZMOKCDGppexIfizL8+Tcj7nezn/5iRbOJ/GkUZ76AAdIR+dogK6RkVUQgQ9omf0it6cJ+fFeXc+Jq0pZzqzi/7A+fwBXBWYuw==</latexit><latexit sha1_base64="9ITCsl9XvqZ5hB2/K53q5gdk9QM=">AAACCnicbVDLSgNBEJyNrxhfqx69jAbBi2E3CHoMKugxgnlANobeySQZMrOzmZkVQ8jZi7/ixYMiXv0Cb/6Nk8dBEwsaiqpuurvCmDNtPO/bSS0sLi2vpFcza+sbm1vu9k5Zy0QRWiKSS1UNQVPOIloyzHBajRUFEXJaCbsXI79yT5VmMro1/ZjWBbQj1mIEjJUa7n4gBW0DDiCOlXzAwRUIAbiHjzHDl7h3l2+4WS/njYHniT8lWTRFseF+BU1JEkEjQzhoXfO92NQHoAwjnA4zQaJpDKQLbVqzNAJBdX0wfmWID63SxC2pbEUGj9XfEwMQWvdFaDsFmI6e9Ubif14tMa2z+oBFcWJoRCaLWgnHRuJRLrjJFCWG9y0Bopi9FZMOKCDGppexIfizL8+Tcj7nezn/5iRbOJ/GkUZ76AAdIR+dogK6RkVUQgQ9omf0it6cJ+fFeXc+Jq0pZzqzi/7A+fwBXBWYuw==</latexit>



Propagating mode

• Get a propagating mode:

! ⇡ �q � iDq2
<latexit sha1_base64="9ITCsl9XvqZ5hB2/K53q5gdk9QM=">AAACCnicbVDLSgNBEJyNrxhfqx69jAbBi2E3CHoMKugxgnlANobeySQZMrOzmZkVQ8jZi7/ixYMiXv0Cb/6Nk8dBEwsaiqpuurvCmDNtPO/bSS0sLi2vpFcza+sbm1vu9k5Zy0QRWiKSS1UNQVPOIloyzHBajRUFEXJaCbsXI79yT5VmMro1/ZjWBbQj1mIEjJUa7n4gBW0DDiCOlXzAwRUIAbiHjzHDl7h3l2+4WS/njYHniT8lWTRFseF+BU1JEkEjQzhoXfO92NQHoAwjnA4zQaJpDKQLbVqzNAJBdX0wfmWID63SxC2pbEUGj9XfEwMQWvdFaDsFmI6e9Ubif14tMa2z+oBFcWJoRCaLWgnHRuJRLrjJFCWG9y0Bopi9FZMOKCDGppexIfizL8+Tcj7nezn/5iRbOJ/GkUZ76AAdIR+dogK6RkVUQgQ9omf0it6cJ+fFeXc+Jq0pZzqzi/7A+fwBXBWYuw==</latexit><latexit sha1_base64="9ITCsl9XvqZ5hB2/K53q5gdk9QM=">AAACCnicbVDLSgNBEJyNrxhfqx69jAbBi2E3CHoMKugxgnlANobeySQZMrOzmZkVQ8jZi7/ixYMiXv0Cb/6Nk8dBEwsaiqpuurvCmDNtPO/bSS0sLi2vpFcza+sbm1vu9k5Zy0QRWiKSS1UNQVPOIloyzHBajRUFEXJaCbsXI79yT5VmMro1/ZjWBbQj1mIEjJUa7n4gBW0DDiCOlXzAwRUIAbiHjzHDl7h3l2+4WS/njYHniT8lWTRFseF+BU1JEkEjQzhoXfO92NQHoAwjnA4zQaJpDKQLbVqzNAJBdX0wfmWID63SxC2pbEUGj9XfEwMQWvdFaDsFmI6e9Ubif14tMa2z+oBFcWJoRCaLWgnHRuJRLrjJFCWG9y0Bopi9FZMOKCDGppexIfizL8+Tcj7nezn/5iRbOJ/GkUZ76AAdIR+dogK6RkVUQgQ9omf0it6cJ+fFeXc+Jq0pZzqzi/7A+fwBXBWYuw==</latexit><latexit sha1_base64="9ITCsl9XvqZ5hB2/K53q5gdk9QM=">AAACCnicbVDLSgNBEJyNrxhfqx69jAbBi2E3CHoMKugxgnlANobeySQZMrOzmZkVQ8jZi7/ixYMiXv0Cb/6Nk8dBEwsaiqpuurvCmDNtPO/bSS0sLi2vpFcza+sbm1vu9k5Zy0QRWiKSS1UNQVPOIloyzHBajRUFEXJaCbsXI79yT5VmMro1/ZjWBbQj1mIEjJUa7n4gBW0DDiCOlXzAwRUIAbiHjzHDl7h3l2+4WS/njYHniT8lWTRFseF+BU1JEkEjQzhoXfO92NQHoAwjnA4zQaJpDKQLbVqzNAJBdX0wfmWID63SxC2pbEUGj9XfEwMQWvdFaDsFmI6e9Ubif14tMa2z+oBFcWJoRCaLWgnHRuJRLrjJFCWG9y0Bopi9FZMOKCDGppexIfizL8+Tcj7nezn/5iRbOJ/GkUZ76AAdIR+dogK6RkVUQgQ9omf0it6cJ+fFeXc+Jq0pZzqzi/7A+fwBXBWYuw==</latexit><latexit sha1_base64="9ITCsl9XvqZ5hB2/K53q5gdk9QM=">AAACCnicbVDLSgNBEJyNrxhfqx69jAbBi2E3CHoMKugxgnlANobeySQZMrOzmZkVQ8jZi7/ixYMiXv0Cb/6Nk8dBEwsaiqpuurvCmDNtPO/bSS0sLi2vpFcza+sbm1vu9k5Zy0QRWiKSS1UNQVPOIloyzHBajRUFEXJaCbsXI79yT5VmMro1/ZjWBbQj1mIEjJUa7n4gBW0DDiCOlXzAwRUIAbiHjzHDl7h3l2+4WS/njYHniT8lWTRFseF+BU1JEkEjQzhoXfO92NQHoAwjnA4zQaJpDKQLbVqzNAJBdX0wfmWID63SxC2pbEUGj9XfEwMQWvdFaDsFmI6e9Ubif14tMa2z+oBFcWJoRCaLWgnHRuJRLrjJFCWG9y0Bopi9FZMOKCDGppexIfizL8+Tcj7nezn/5iRbOJ/GkUZ76AAdIR+dogK6RkVUQgQ9omf0it6cJ+fFeXc+Jq0pZzqzi/7A+fwBXBWYuw==</latexit>

• This mode is weakly damped as long as:
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La
<latexit sha1_base64="YSdSmspivoQFBhMZNHVTrBtXvaQ=">AAACDXicbVA9SwNBEN2LXzF+nVraLEbBKtyJoIVCUEELiwjmA5IQ5jZ7yZLdu3N3TwjH/QEb/4qNhSK29nb+GzfJFZr4YODx3gwz87yIM6Ud59vKzc0vLC7llwsrq2vrG/bmVk2FsSS0SkIeyoYHinIW0KpmmtNGJCkIj9O6N7gY+fUHKhULgzs9jGhbQC9gPiOgjdSx9+7xKW75EkjSugIhIE0uU3yWSW6a3HQg7dhFp+SMgWeJm5EiylDp2F+tbkhiQQNNOCjVdJ1ItxOQmhFO00IrVjQCMoAebRoagKCqnYy/SfG+UbrYD6WpQOOx+nsiAaHUUHimU4Duq2lvJP7nNWPtn7QTFkSxpgGZLPJjjnWIR9HgLpOUaD40BIhk5lZM+mBy0CbAggnBnX55ltQOS65Tcm+PiuXzLI482kG76AC56BiV0TWqoCoi6BE9o1f0Zj1ZL9a79TFpzVnZzDb6A+vzB0G0mw0=</latexit><latexit sha1_base64="YSdSmspivoQFBhMZNHVTrBtXvaQ=">AAACDXicbVA9SwNBEN2LXzF+nVraLEbBKtyJoIVCUEELiwjmA5IQ5jZ7yZLdu3N3TwjH/QEb/4qNhSK29nb+GzfJFZr4YODx3gwz87yIM6Ud59vKzc0vLC7llwsrq2vrG/bmVk2FsSS0SkIeyoYHinIW0KpmmtNGJCkIj9O6N7gY+fUHKhULgzs9jGhbQC9gPiOgjdSx9+7xKW75EkjSugIhIE0uU3yWSW6a3HQg7dhFp+SMgWeJm5EiylDp2F+tbkhiQQNNOCjVdJ1ItxOQmhFO00IrVjQCMoAebRoagKCqnYy/SfG+UbrYD6WpQOOx+nsiAaHUUHimU4Duq2lvJP7nNWPtn7QTFkSxpgGZLPJjjnWIR9HgLpOUaD40BIhk5lZM+mBy0CbAggnBnX55ltQOS65Tcm+PiuXzLI482kG76AC56BiV0TWqoCoi6BE9o1f0Zj1ZL9a79TFpzVnZzDb6A+vzB0G0mw0=</latexit><latexit sha1_base64="YSdSmspivoQFBhMZNHVTrBtXvaQ=">AAACDXicbVA9SwNBEN2LXzF+nVraLEbBKtyJoIVCUEELiwjmA5IQ5jZ7yZLdu3N3TwjH/QEb/4qNhSK29nb+GzfJFZr4YODx3gwz87yIM6Ud59vKzc0vLC7llwsrq2vrG/bmVk2FsSS0SkIeyoYHinIW0KpmmtNGJCkIj9O6N7gY+fUHKhULgzs9jGhbQC9gPiOgjdSx9+7xKW75EkjSugIhIE0uU3yWSW6a3HQg7dhFp+SMgWeJm5EiylDp2F+tbkhiQQNNOCjVdJ1ItxOQmhFO00IrVjQCMoAebRoagKCqnYy/SfG+UbrYD6WpQOOx+nsiAaHUUHimU4Duq2lvJP7nNWPtn7QTFkSxpgGZLPJjjnWIR9HgLpOUaD40BIhk5lZM+mBy0CbAggnBnX55ltQOS65Tcm+PiuXzLI482kG76AC56BiV0TWqoCoi6BE9o1f0Zj1ZL9a79TFpzVnZzDb6A+vzB0G0mw0=</latexit><latexit sha1_base64="YSdSmspivoQFBhMZNHVTrBtXvaQ=">AAACDXicbVA9SwNBEN2LXzF+nVraLEbBKtyJoIVCUEELiwjmA5IQ5jZ7yZLdu3N3TwjH/QEb/4qNhSK29nb+GzfJFZr4YODx3gwz87yIM6Ud59vKzc0vLC7llwsrq2vrG/bmVk2FsSS0SkIeyoYHinIW0KpmmtNGJCkIj9O6N7gY+fUHKhULgzs9jGhbQC9gPiOgjdSx9+7xKW75EkjSugIhIE0uU3yWSW6a3HQg7dhFp+SMgWeJm5EiylDp2F+tbkhiQQNNOCjVdJ1ItxOQmhFO00IrVjQCMoAebRoagKCqnYy/SfG+UbrYD6WpQOOx+nsiAaHUUHimU4Duq2lvJP7nNWPtn7QTFkSxpgGZLPJjjnWIR9HgLpOUaD40BIhk5lZM+mBy0CbAggnBnX55ltQOS65Tcm+PiuXzLI482kG76AC56BiV0TWqoCoi6BE9o1f0Zj1ZL9a79TFpzVnZzDb6A+vzB0G0mw0=</latexit>
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<latexit sha1_base64="djU4+J/HLUz1QqkkbWvX53tCLng=">AAACGHicbZDLSsNAFIYnXmu9VV26GSyCbmpSBN0IpYq6cFHBXqCp4WQ6sUNnkjAzEUrIY7jxVdy4UMRtd76N08tCqz8MfPznHM6c3485U9q2v6y5+YXFpeXcSn51bX1js7C13VBRIgmtk4hHsuWDopyFtK6Z5rQVSwrC57Tp989H9eYjlYpF4Z0exLQj4CFkASOgjeUVjm48wGfYDSSQ9CJL3SsQAjLsKiawSznHB33vckxe9fC+7BWKdskeC/8FZwpFNFXNKwzdbkQSQUNNOCjVduxYd1KQmhFOs7ybKBoD6cMDbRsMQVDVSceHZXjfOF0cRNK8UOOx+3MiBaHUQPimU4DuqdnayPyv1k50cNpJWRgnmoZksihIONYRHqWEu0xSovnAABDJzF8x6YHJSJss8yYEZ/bkv9Aolxy75NweFyvVaRw5tIv20AFy0AmqoGtUQ3VE0BN6QW/o3Xq2Xq0P63PSOmdNZ3bQL1nDb9ZBnl4=</latexit><latexit sha1_base64="djU4+J/HLUz1QqkkbWvX53tCLng=">AAACGHicbZDLSsNAFIYnXmu9VV26GSyCbmpSBN0IpYq6cFHBXqCp4WQ6sUNnkjAzEUrIY7jxVdy4UMRtd76N08tCqz8MfPznHM6c3485U9q2v6y5+YXFpeXcSn51bX1js7C13VBRIgmtk4hHsuWDopyFtK6Z5rQVSwrC57Tp989H9eYjlYpF4Z0exLQj4CFkASOgjeUVjm48wGfYDSSQ9CJL3SsQAjLsKiawSznHB33vckxe9fC+7BWKdskeC/8FZwpFNFXNKwzdbkQSQUNNOCjVduxYd1KQmhFOs7ybKBoD6cMDbRsMQVDVSceHZXjfOF0cRNK8UOOx+3MiBaHUQPimU4DuqdnayPyv1k50cNpJWRgnmoZksihIONYRHqWEu0xSovnAABDJzF8x6YHJSJss8yYEZ/bkv9Aolxy75NweFyvVaRw5tIv20AFy0AmqoGtUQ3VE0BN6QW/o3Xq2Xq0P63PSOmdNZ3bQL1nDb9ZBnl4=</latexit><latexit sha1_base64="djU4+J/HLUz1QqkkbWvX53tCLng=">AAACGHicbZDLSsNAFIYnXmu9VV26GSyCbmpSBN0IpYq6cFHBXqCp4WQ6sUNnkjAzEUrIY7jxVdy4UMRtd76N08tCqz8MfPznHM6c3485U9q2v6y5+YXFpeXcSn51bX1js7C13VBRIgmtk4hHsuWDopyFtK6Z5rQVSwrC57Tp989H9eYjlYpF4Z0exLQj4CFkASOgjeUVjm48wGfYDSSQ9CJL3SsQAjLsKiawSznHB33vckxe9fC+7BWKdskeC/8FZwpFNFXNKwzdbkQSQUNNOCjVduxYd1KQmhFOs7ybKBoD6cMDbRsMQVDVSceHZXjfOF0cRNK8UOOx+3MiBaHUQPimU4DuqdnayPyv1k50cNpJWRgnmoZksihIONYRHqWEu0xSovnAABDJzF8x6YHJSJss8yYEZ/bkv9Aolxy75NweFyvVaRw5tIv20AFy0AmqoGtUQ3VE0BN6QW/o3Xq2Xq0P63PSOmdNZ3bQL1nDb9ZBnl4=</latexit><latexit sha1_base64="djU4+J/HLUz1QqkkbWvX53tCLng=">AAACGHicbZDLSsNAFIYnXmu9VV26GSyCbmpSBN0IpYq6cFHBXqCp4WQ6sUNnkjAzEUrIY7jxVdy4UMRtd76N08tCqz8MfPznHM6c3485U9q2v6y5+YXFpeXcSn51bX1js7C13VBRIgmtk4hHsuWDopyFtK6Z5rQVSwrC57Tp989H9eYjlYpF4Z0exLQj4CFkASOgjeUVjm48wGfYDSSQ9CJL3SsQAjLsKiawSznHB33vckxe9fC+7BWKdskeC/8FZwpFNFXNKwzdbkQSQUNNOCjVduxYd1KQmhFOs7ybKBoD6cMDbRsMQVDVSceHZXjfOF0cRNK8UOOx+3MiBaHUQPimU4DuqdnayPyv1k50cNpJWRgnmoZksihIONYRHqWEu0xSovnAABDJzF8x6YHJSJss8yYEZ/bkv9Aolxy75NweFyvVaRw5tIv20AFy0AmqoGtUQ3VE0BN6QW/o3Xq2Xq0P63PSOmdNZ3bQL1nDb9ZBnl4=</latexit>

`B =
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~c/eB
<latexit sha1_base64="jlGyJ39ogrZxlpD0nZ/zXTKvMSs=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgETzURQS9CqRePFewHNCFsttN26WYTdzdCCb148a948aCIV/+DN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUUmjQmMeyHRIFnAloaKY5tBMJJAo5tMLh9cRvPYBULBZ3epSAH5G+YD1GiTZSYB96wHlQw1fYU/dSZ94gJBLTUwy4Ng7sslNxpsCLxM1JGeWoB/aX141pGoHQlBOlOq6TaD8jUjPKYVzyUgUJoUPSh46hgkSg/Gz6xRgfG6WLe7E0JTSeqr8nMhIpNYpC0xkRPVDz3kT8z+ukunfpZ0wkqQZBZ4t6Kcc6xpNIcJdJoJqPDCFUMnMrpgMiCdUmuJIJwZ1/eZE0zyquU3Fvz8vVWh5HER2gI3SCXHSBqugG1VEDUfSIntErerOerBfr3fqYtRasfGYf/YH1+QNUkpcq</latexit><latexit sha1_base64="jlGyJ39ogrZxlpD0nZ/zXTKvMSs=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgETzURQS9CqRePFewHNCFsttN26WYTdzdCCb148a948aCIV/+DN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUUmjQmMeyHRIFnAloaKY5tBMJJAo5tMLh9cRvPYBULBZ3epSAH5G+YD1GiTZSYB96wHlQw1fYU/dSZ94gJBLTUwy4Ng7sslNxpsCLxM1JGeWoB/aX141pGoHQlBOlOq6TaD8jUjPKYVzyUgUJoUPSh46hgkSg/Gz6xRgfG6WLe7E0JTSeqr8nMhIpNYpC0xkRPVDz3kT8z+ukunfpZ0wkqQZBZ4t6Kcc6xpNIcJdJoJqPDCFUMnMrpgMiCdUmuJIJwZ1/eZE0zyquU3Fvz8vVWh5HER2gI3SCXHSBqugG1VEDUfSIntErerOerBfr3fqYtRasfGYf/YH1+QNUkpcq</latexit><latexit sha1_base64="jlGyJ39ogrZxlpD0nZ/zXTKvMSs=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgETzURQS9CqRePFewHNCFsttN26WYTdzdCCb148a948aCIV/+DN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUUmjQmMeyHRIFnAloaKY5tBMJJAo5tMLh9cRvPYBULBZ3epSAH5G+YD1GiTZSYB96wHlQw1fYU/dSZ94gJBLTUwy4Ng7sslNxpsCLxM1JGeWoB/aX141pGoHQlBOlOq6TaD8jUjPKYVzyUgUJoUPSh46hgkSg/Gz6xRgfG6WLe7E0JTSeqr8nMhIpNYpC0xkRPVDz3kT8z+ukunfpZ0wkqQZBZ4t6Kcc6xpNIcJdJoJqPDCFUMnMrpgMiCdUmuJIJwZ1/eZE0zyquU3Fvz8vVWh5HER2gI3SCXHSBqugG1VEDUfSIntErerOerBfr3fqYtRasfGYf/YH1+QNUkpcq</latexit><latexit sha1_base64="jlGyJ39ogrZxlpD0nZ/zXTKvMSs=">AAACBXicbVBNS8NAEN3Ur1q/oh71sFgETzURQS9CqRePFewHNCFsttN26WYTdzdCCb148a948aCIV/+DN/+N2zYHbX0w8Hhvhpl5YcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUUmjQmMeyHRIFnAloaKY5tBMJJAo5tMLh9cRvPYBULBZ3epSAH5G+YD1GiTZSYB96wHlQw1fYU/dSZ94gJBLTUwy4Ng7sslNxpsCLxM1JGeWoB/aX141pGoHQlBOlOq6TaD8jUjPKYVzyUgUJoUPSh46hgkSg/Gz6xRgfG6WLe7E0JTSeqr8nMhIpNYpC0xkRPVDz3kT8z+ukunfpZ0wkqQZBZ4t6Kcc6xpNIcJdJoJqPDCFUMnMrpgMiCdUmuJIJwZ1/eZE0zyquU3Fvz8vVWh5HER2gI3SCXHSBqugG1VEDUfSIntErerOerBfr3fqYtRasfGYf/YH1+QNUkpcq</latexit>



Propagating mode
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La
<latexit sha1_base64="wSsIqkhqX+sDUpgFpSn2u0QYtRU=">AAACCnicbVA9SwNBEJ3zM8avU0ub1SCIRbgTQQuLoI2FRQTzAckR9jZ7yZK9vXN3TwjH1Tb+FRsLRWz9BXb+GzfJFTHxwcDjvRlm5vkxZ0o7zo+1sLi0vLJaWCuub2xubds7u3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+IPrkd94pFKxSNzrYUy9EPcECxjB2kgd+6AdSExSN0tvOycZukQPpqY0nHXsklN2xkDzxM1JCXJUO/Z3uxuRJKRCE46VarlOrL0US80Ip1mxnSgaYzLAPdoyVOCQKi8dv5KhI6N0URBJU0KjsTo9keJQqWHom84Q676a9Ubif14r0cGFlzIRJ5oKMlkUJBzpCI1yQV0mKdF8aAgmkplbEeljk4M26RVNCO7sy/Okflp2nbJ7d1aqXOVxFGAfDuEYXDiHCtxAFWpA4Ale4A3erWfr1fqwPietC1Y+swd/YH39AmnqmXE=</latexit><latexit sha1_base64="wSsIqkhqX+sDUpgFpSn2u0QYtRU=">AAACCnicbVA9SwNBEJ3zM8avU0ub1SCIRbgTQQuLoI2FRQTzAckR9jZ7yZK9vXN3TwjH1Tb+FRsLRWz9BXb+GzfJFTHxwcDjvRlm5vkxZ0o7zo+1sLi0vLJaWCuub2xubds7u3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+IPrkd94pFKxSNzrYUy9EPcECxjB2kgd+6AdSExSN0tvOycZukQPpqY0nHXsklN2xkDzxM1JCXJUO/Z3uxuRJKRCE46VarlOrL0US80Ip1mxnSgaYzLAPdoyVOCQKi8dv5KhI6N0URBJU0KjsTo9keJQqWHom84Q676a9Ubif14r0cGFlzIRJ5oKMlkUJBzpCI1yQV0mKdF8aAgmkplbEeljk4M26RVNCO7sy/Okflp2nbJ7d1aqXOVxFGAfDuEYXDiHCtxAFWpA4Ale4A3erWfr1fqwPietC1Y+swd/YH39AmnqmXE=</latexit><latexit sha1_base64="wSsIqkhqX+sDUpgFpSn2u0QYtRU=">AAACCnicbVA9SwNBEJ3zM8avU0ub1SCIRbgTQQuLoI2FRQTzAckR9jZ7yZK9vXN3TwjH1Tb+FRsLRWz9BXb+GzfJFTHxwcDjvRlm5vkxZ0o7zo+1sLi0vLJaWCuub2xubds7u3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+IPrkd94pFKxSNzrYUy9EPcECxjB2kgd+6AdSExSN0tvOycZukQPpqY0nHXsklN2xkDzxM1JCXJUO/Z3uxuRJKRCE46VarlOrL0US80Ip1mxnSgaYzLAPdoyVOCQKi8dv5KhI6N0URBJU0KjsTo9keJQqWHom84Q676a9Ubif14r0cGFlzIRJ5oKMlkUJBzpCI1yQV0mKdF8aAgmkplbEeljk4M26RVNCO7sy/Okflp2nbJ7d1aqXOVxFGAfDuEYXDiHCtxAFWpA4Ale4A3erWfr1fqwPietC1Y+swd/YH39AmnqmXE=</latexit><latexit sha1_base64="wSsIqkhqX+sDUpgFpSn2u0QYtRU=">AAACCnicbVA9SwNBEJ3zM8avU0ub1SCIRbgTQQuLoI2FRQTzAckR9jZ7yZK9vXN3TwjH1Tb+FRsLRWz9BXb+GzfJFTHxwcDjvRlm5vkxZ0o7zo+1sLi0vLJaWCuub2xubds7u3UVJZLQGol4JJs+VpQzQWuaaU6bsaQ49Dlt+IPrkd94pFKxSNzrYUy9EPcECxjB2kgd+6AdSExSN0tvOycZukQPpqY0nHXsklN2xkDzxM1JCXJUO/Z3uxuRJKRCE46VarlOrL0US80Ip1mxnSgaYzLAPdoyVOCQKi8dv5KhI6N0URBJU0KjsTo9keJQqWHom84Q676a9Ubif14r0cGFlzIRJ5oKMlkUJBzpCI1yQV0mKdF8aAgmkplbEeljk4M26RVNCO7sy/Okflp2nbJ7d1aqXOVxFGAfDuEYXDiHCtxAFWpA4Ale4A3erWfr1fqwPietC1Y+swd/YH39AmnqmXE=</latexit>

! = �q
<latexit sha1_base64="3m5ZnDEhcTJuz8dwI3Q2KTr+5hM=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwVHZF0ItQ9KDHCvYD2qXMptk2NMmuSVYpa3+KFw+KePWXePPfmLZ70NYHA4/3ZpiZFyacaeN5387S8srq2npho7i5tb2z65b2GjpOFaF1EvNYtULQlDNJ64YZTluJoiBCTpvh8GriNx+o0iyWd2aU0EBAX7KIETBW6rqlTixoH/AF7lyDEIDvu27Zq3hT4EXi56SMctS67lenF5NUUGkIB63bvpeYIANlGOF0XOykmiZAhtCnbUslCKqDbHr6GB9ZpYejWNmSBk/V3xMZCK1HIrSdAsxAz3sT8T+vnZroPMiYTFJDJZktilKOTYwnOeAeU5QYPrIEiGL2VkwGoIAYm1bRhuDPv7xIGicV36v4t6fl6mUeRwEdoEN0jHx0hqroBtVQHRH0iJ7RK3pznpwX5935mLUuOfnMPvoD5/MHyJWTBw==</latexit><latexit sha1_base64="3m5ZnDEhcTJuz8dwI3Q2KTr+5hM=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwVHZF0ItQ9KDHCvYD2qXMptk2NMmuSVYpa3+KFw+KePWXePPfmLZ70NYHA4/3ZpiZFyacaeN5387S8srq2npho7i5tb2z65b2GjpOFaF1EvNYtULQlDNJ64YZTluJoiBCTpvh8GriNx+o0iyWd2aU0EBAX7KIETBW6rqlTixoH/AF7lyDEIDvu27Zq3hT4EXi56SMctS67lenF5NUUGkIB63bvpeYIANlGOF0XOykmiZAhtCnbUslCKqDbHr6GB9ZpYejWNmSBk/V3xMZCK1HIrSdAsxAz3sT8T+vnZroPMiYTFJDJZktilKOTYwnOeAeU5QYPrIEiGL2VkwGoIAYm1bRhuDPv7xIGicV36v4t6fl6mUeRwEdoEN0jHx0hqroBtVQHRH0iJ7RK3pznpwX5935mLUuOfnMPvoD5/MHyJWTBw==</latexit><latexit sha1_base64="3m5ZnDEhcTJuz8dwI3Q2KTr+5hM=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwVHZF0ItQ9KDHCvYD2qXMptk2NMmuSVYpa3+KFw+KePWXePPfmLZ70NYHA4/3ZpiZFyacaeN5387S8srq2npho7i5tb2z65b2GjpOFaF1EvNYtULQlDNJ64YZTluJoiBCTpvh8GriNx+o0iyWd2aU0EBAX7KIETBW6rqlTixoH/AF7lyDEIDvu27Zq3hT4EXi56SMctS67lenF5NUUGkIB63bvpeYIANlGOF0XOykmiZAhtCnbUslCKqDbHr6GB9ZpYejWNmSBk/V3xMZCK1HIrSdAsxAz3sT8T+vnZroPMiYTFJDJZktilKOTYwnOeAeU5QYPrIEiGL2VkwGoIAYm1bRhuDPv7xIGicV36v4t6fl6mUeRwEdoEN0jHx0hqroBtVQHRH0iJ7RK3pznpwX5935mLUuOfnMPvoD5/MHyJWTBw==</latexit><latexit sha1_base64="3m5ZnDEhcTJuz8dwI3Q2KTr+5hM=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwVHZF0ItQ9KDHCvYD2qXMptk2NMmuSVYpa3+KFw+KePWXePPfmLZ70NYHA4/3ZpiZFyacaeN5387S8srq2npho7i5tb2z65b2GjpOFaF1EvNYtULQlDNJ64YZTluJoiBCTpvh8GriNx+o0iyWd2aU0EBAX7KIETBW6rqlTixoH/AF7lyDEIDvu27Zq3hT4EXi56SMctS67lenF5NUUGkIB63bvpeYIANlGOF0XOykmiZAhtCnbUslCKqDbHr6GB9ZpYejWNmSBk/V3xMZCK1HIrSdAsxAz3sT8T+vnZroPMiYTFJDJZktilKOTYwnOeAeU5QYPrIEiGL2VkwGoIAYm1bRhuDPv7xIGicV36v4t6fl6mUeRwEdoEN0jHx0hqroBtVQHRH0iJ7RK3pznpwX5935mLUuOfnMPvoD5/MHyJWTBw==</latexit>

• Linearly-dispersing propagating mode: 

• Exists as long as:

L⇤ =
L2
c
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<latexit sha1_base64="gPctYl6q/bBiAvLJ1eD0Ailo1qs=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiiIuSFEE3QtGNiy4q2Ae0MUymk3boZBJmJkIJ2fgrblwo4tbPcOffOH0stPXA5R7OuZeZe4KEM6Ud59taWl5ZXVsvbBQ3t7Z3du29/aaKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2guHN2G89UqlYLO71KKFehPuChYxgbSTfPqz5Z+gKdUOJSVbzyUMlNw3nvl1yys4EaJG4M1KCGeq+/dXtxSSNqNCEY6U6rpNoL8NSM8JpXuymiiaYDHGfdgwVOKLKyyYH5OjEKD0UxtKU0Gii/t7IcKTUKArMZIT1QM17Y/E/r5Pq8NLLmEhSTQWZPhSmHOkYjdNAPSYp0XxkCCaSmb8iMsAmC20yK5oQ3PmTF0mzUnadsnt3Xqpez+IowBEcwym4cAFVuIU6NIBADs/wCm/Wk/VivVsf09Ela7ZzAH9gff4AG6aVdQ==</latexit><latexit sha1_base64="gPctYl6q/bBiAvLJ1eD0Ailo1qs=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiiIuSFEE3QtGNiy4q2Ae0MUymk3boZBJmJkIJ2fgrblwo4tbPcOffOH0stPXA5R7OuZeZe4KEM6Ud59taWl5ZXVsvbBQ3t7Z3du29/aaKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2guHN2G89UqlYLO71KKFehPuChYxgbSTfPqz5Z+gKdUOJSVbzyUMlNw3nvl1yys4EaJG4M1KCGeq+/dXtxSSNqNCEY6U6rpNoL8NSM8JpXuymiiaYDHGfdgwVOKLKyyYH5OjEKD0UxtKU0Gii/t7IcKTUKArMZIT1QM17Y/E/r5Pq8NLLmEhSTQWZPhSmHOkYjdNAPSYp0XxkCCaSmb8iMsAmC20yK5oQ3PmTF0mzUnadsnt3Xqpez+IowBEcwym4cAFVuIU6NIBADs/wCm/Wk/VivVsf09Ela7ZzAH9gff4AG6aVdQ==</latexit><latexit sha1_base64="gPctYl6q/bBiAvLJ1eD0Ailo1qs=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiiIuSFEE3QtGNiy4q2Ae0MUymk3boZBJmJkIJ2fgrblwo4tbPcOffOH0stPXA5R7OuZeZe4KEM6Ud59taWl5ZXVsvbBQ3t7Z3du29/aaKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2guHN2G89UqlYLO71KKFehPuChYxgbSTfPqz5Z+gKdUOJSVbzyUMlNw3nvl1yys4EaJG4M1KCGeq+/dXtxSSNqNCEY6U6rpNoL8NSM8JpXuymiiaYDHGfdgwVOKLKyyYH5OjEKD0UxtKU0Gii/t7IcKTUKArMZIT1QM17Y/E/r5Pq8NLLmEhSTQWZPhSmHOkYjdNAPSYp0XxkCCaSmb8iMsAmC20yK5oQ3PmTF0mzUnadsnt3Xqpez+IowBEcwym4cAFVuIU6NIBADs/wCm/Wk/VivVsf09Ela7ZzAH9gff4AG6aVdQ==</latexit><latexit sha1_base64="gPctYl6q/bBiAvLJ1eD0Ailo1qs=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiiIuSFEE3QtGNiy4q2Ae0MUymk3boZBJmJkIJ2fgrblwo4tbPcOffOH0stPXA5R7OuZeZe4KEM6Ud59taWl5ZXVsvbBQ3t7Z3du29/aaKU0log8Q8lu0AK8qZoA3NNKftRFIcBZy2guHN2G89UqlYLO71KKFehPuChYxgbSTfPqz5Z+gKdUOJSVbzyUMlNw3nvl1yys4EaJG4M1KCGeq+/dXtxSSNqNCEY6U6rpNoL8NSM8JpXuymiiaYDHGfdgwVOKLKyyYH5OjEKD0UxtKU0Gii/t7IcKTUKArMZIT1QM17Y/E/r5Pq8NLLmEhSTQWZPhSmHOkYjdNAPSYp0XxkCCaSmb8iMsAmC20yK5oQ3PmTF0mzUnadsnt3Xqpez+IowBEcwym4cAFVuIU6NIBADs/wCm/Wk/VivVsf09Ela7ZzAH9gff4AG6aVdQ==</latexit>

Lc =
p

D⌧c
<latexit sha1_base64="vBDrYzCrFrK9TOr9xSF4hZ4RWDc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KIoBehqAcPHirYD2hC2Gw37dLNJu5OhBIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDMvTAXX4Djf1sLi0vLKammtvL6xubVt7+w2dZIpyho0EYlqh0QzwSVrAAfB2qliJA4Fa4WDq7HfemRK80TewzBlfkx6kkecEjBSYO/fBhRfYE8/KMivsQckC+gosCtO1ZkAzxO3IBVUoB7YX143oVnMJFBBtO64Tgp+ThRwKtio7GWapYQOSI91DJUkZtrPJ+eP8JFRujhKlCkJeKL+nshJrPUwDk1nTKCvZ72x+J/XySA693Mu0wyYpNNFUSYwJHicBe5yxSiIoSGEKm5uxbRPFKFgEiubENzZl+dJ86TqOlX37rRSuyziKKEDdIiOkYvOUA3doDpqIIpy9Ixe0Zv1ZL1Y79bHtHXBKmb20B9Ynz8faJTy</latexit><latexit sha1_base64="vBDrYzCrFrK9TOr9xSF4hZ4RWDc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KIoBehqAcPHirYD2hC2Gw37dLNJu5OhBIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDMvTAXX4Djf1sLi0vLKammtvL6xubVt7+w2dZIpyho0EYlqh0QzwSVrAAfB2qliJA4Fa4WDq7HfemRK80TewzBlfkx6kkecEjBSYO/fBhRfYE8/KMivsQckC+gosCtO1ZkAzxO3IBVUoB7YX143oVnMJFBBtO64Tgp+ThRwKtio7GWapYQOSI91DJUkZtrPJ+eP8JFRujhKlCkJeKL+nshJrPUwDk1nTKCvZ72x+J/XySA693Mu0wyYpNNFUSYwJHicBe5yxSiIoSGEKm5uxbRPFKFgEiubENzZl+dJ86TqOlX37rRSuyziKKEDdIiOkYvOUA3doDpqIIpy9Ixe0Zv1ZL1Y79bHtHXBKmb20B9Ynz8faJTy</latexit><latexit sha1_base64="vBDrYzCrFrK9TOr9xSF4hZ4RWDc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KIoBehqAcPHirYD2hC2Gw37dLNJu5OhBIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDMvTAXX4Djf1sLi0vLKammtvL6xubVt7+w2dZIpyho0EYlqh0QzwSVrAAfB2qliJA4Fa4WDq7HfemRK80TewzBlfkx6kkecEjBSYO/fBhRfYE8/KMivsQckC+gosCtO1ZkAzxO3IBVUoB7YX143oVnMJFBBtO64Tgp+ThRwKtio7GWapYQOSI91DJUkZtrPJ+eP8JFRujhKlCkJeKL+nshJrPUwDk1nTKCvZ72x+J/XySA693Mu0wyYpNNFUSYwJHicBe5yxSiIoSGEKm5uxbRPFKFgEiubENzZl+dJ86TqOlX37rRSuyziKKEDdIiOkYvOUA3doDpqIIpy9Ixe0Zv1ZL1Y79bHtHXBKmb20B9Ynz8faJTy</latexit><latexit sha1_base64="vBDrYzCrFrK9TOr9xSF4hZ4RWDc=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KIoBehqAcPHirYD2hC2Gw37dLNJu5OhBIK/hUvHhTx6u/w5r9x2+agrQ8GHu/NMDMvTAXX4Djf1sLi0vLKammtvL6xubVt7+w2dZIpyho0EYlqh0QzwSVrAAfB2qliJA4Fa4WDq7HfemRK80TewzBlfkx6kkecEjBSYO/fBhRfYE8/KMivsQckC+gosCtO1ZkAzxO3IBVUoB7YX143oVnMJFBBtO64Tgp+ThRwKtio7GWapYQOSI91DJUkZtrPJ+eP8JFRujhKlCkJeKL+nshJrPUwDk1nTKCvZ72x+J/XySA693Mu0wyYpNNFUSYwJHicBe5yxSiIoSGEKm5uxbRPFKFgEiubENzZl+dJ86TqOlX37rRSuyziKKEDdIiOkYvOUA3doDpqIIpy9Ixe0Zv1ZL1Y79bHtHXBKmb20B9Ynz8faJTy</latexit>

chiral charge diffusion length 

• The existence of such a propagating mode in the diffusive 
transport regime in weak magnetic fields is a qualitatively 

new feature of topological metals. 



Propagating modes

• First time and first space derivative: wave equation rather than 
diffusion. 
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• A pair of propagating chiral density modes.  
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involves irreversible randomization of 
momentum, dissipative.  

• Second term is nondissipative.
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• Second term is nondissipative.
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Lx � La, Lc (scale dependence of transport coe�cients
is, however, interesting in its own right in this case and
may be observable due to the large size of Lc [29]).

Solving Eq. (8) with the above boundary conditions,
we obtain

µc(x) =
eI�2 cos ✓

�LaL2
y


1� cosh(x/�)

cosh(Lx/2�)

�
. (10)

Substituting Eq. (10) into Eq. (4), we may now calculate
the voltage drops that develop across the sample in the
x and y directions in response to the current in the x di-
rection, as integrals of the corresponding electrochemical
potential gradients. We obtain

Vx =
1

e

Z Lx/2

�Lx/2
dx
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�L2
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cos2 ✓
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+
2I�3 cos2 ✓

�L2
yL

2
a

tanh(Lx/2�), (11)

and

Vy =
1

eLx

Z Lx/2

�Lx/2
dx

Z Ly/2

�Ly/2
dy

@µ

@y

= �I�2 cos ✓ sin ✓

�L2
aLy


1� 2�

Lx
tanh(Lx/2�)

�
, (12)

where we have averaged Vy along the length of the sample
in the x direction.

Eqs. (11) and (12) then imply the following result for
the scale-dependent resistivity tensor

⇢xx =
1

�

✓
1� �2

L2
a

cos2 ✓

◆
+

2�2 cos2 ✓

�L2
aLx

tanh(Lx/2�),

⇢yx = ��2 sin ✓ cos ✓

�L2
a


1� 2�

Lx
tanh(Lx/2�)

�
. (13)

The resistivity tensor thus contains both diagonal and
o↵-diagonal components, the o↵-diagonal ones being in-
duced by the magnetic field. Since � is always domi-
nated by the shortest of the two length scales La,c, it
is clear that the o↵-diagonal resistivity vanishes when
La diverges, making it clear that the origin of the o↵-
diagonal component of the resistivity tensor is the chiral
anomaly. More specifically, its origin can be easily traced
back to the CME contribution to the electrical current
in Eq. (2).

Eq. (13) may be rewritten in a more illuminating form
in terms of ⇢k and ⇢?, i.e. diagonal components of the
resistivity tensor, corresponding to the current flow along
and perpendicular to the direction of the magnetic field.
From Eq. (13), we have

⇢k =
1

�
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1� �2

L2
a

◆
+

2�3

�L2
aLx

tanh(Lx/2�), ⇢? =
1

�
.

(14)

Then Eq. (13) may be written as

⇢xx = ⇢? ��⇢ cos2 ✓,

⇢yx = ��⇢ sin ✓ cos ✓, (15)

where �⇢ = ⇢? � ⇢k is the chiral anomaly induced resis-
tivity anisotropy.
Eq. (15) has the form of a standard relation between

the anisotropic magnetoresistance (AMR), represented
by the first equation, and the planar Hall e↵ect (PHE),
which is expressed by the second equation [30–32]. Note
that the name PHE is a bit of a misnomer: the o↵-
diagonal resistivity does not satisfy the antisymmetry
property of a true Hall e↵ect ⇢xy = �⇢yx, since it does
not originate from the Lorentz force. It is, however, the
standard name for this phenomenon in the literature and
we will thus use it as well. Both AMR and PHE are
well known phenomena in ferromagnetic metals, originat-
ing in this case from the interplay of the magnetic order
and the spin-orbit interactions. Both are typically very
weak, but can be much stronger in ferromagnets with sig-
nificant spin-orbit interactions, such as doped magnetic
semiconductors [32]. What is remarkable about our re-
sult is that neither AMR nor PHE in a topological metal
require magnetic order, originating instead from the chi-
ral anomaly, and their magnitude can be extremely large
(in fact, approaching the theoretical upper limit at in-
creasing magnetic field), as we show below. The sign of
the e↵ect in our case is also opposite to what is typically
observed in ferromagnets: �⇢, as defined in Eq. (15), is
positive in our case, but would typically be negative in a
metallic ferromagnet [31].
The parallel resistivity ⇢k exhibits a nontrivial depen-

dence on the two intrinsic length scales La,c of the ma-
terial and on the sample size Lx. Let us first consider
the regime of weak magnetic fields, corresponding to
La � Lc. In this case, taking the limit of large sam-
ple size Lx � Lc, we obtain

⇢k ⇡ 1

�

"
1�

✓
Lc

La

◆2
#
, (16)

which corresponds to a small negative quadratic mag-
netic field dependent correction to the longitudinal re-
sistivity. The PHE in this case is also small and given
by

⇢yx = � 1

�

✓
Lc

La

◆2

sin ✓ cos ✓. (17)

A more interesting regime is the regime of stronger
magnetic field, corresponding to La ⌧ Lc. Assuming the
sample size Lx > La, we obtain

⇢k =
L2
a

�L2
c

✓
1 +

2L2
c

LaLx

◆
. (18)

Eq. (18) exhibits an interesting and nontrivial scale de-
pendence. Indeed, suppose that La < Lx < L2

c/La (the

�⇢ = ⇢? � ⇢k

⇢? = 1/�
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Anisotropic MR

⇢xx = ⇢? ��⇢ cos2 ✓Negative LMR:

⇢yx = ��⇢ sin ✓ cos ✓Planar Hall Effect:

Son & Spivak AAB

AAB �⇢ = ⇢? � ⇢k =
1

�

(Lc/La)2

1 + (Lc/La)2

purely quantum phenomena!

La =
D

�
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• AMR has opposite sign to what is typically seen in 
ferromagnets and much larger magnitude. 
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largest AMR in a FM metal in U3As4

• Several hundred percent in Na3Bi, N.P. Ong et al.  
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Optical conductivity

• From charge continuity equation:
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8

when La ⌧ Lc. Thus, one of the observable manifesta-
tions of the existence of quasi-1D propagating modes in a
TM is the quasiballistic conductance, given by Eq. (66).

It is instructive to see what the quasiballistic con-
ductance regime corresponds to directly in terms of the
transport equations Eq. (59). In this regime both the sec-
ond derivative Dr2

n0,5 and the relaxation n5/⌧c terms
may be ignored and we obtain

@n0

@t
= �

@n5

@z
,

@n5

@t
= �

@n0

@z
. (68)

Introducing the left- and right-handed charges as nR,L =
(n0 ± n5)/2 we obtain

@nR

@t
= �

@nR

@z
,

@nL

@t
= ��

@nL

@z
. (69)

Eq. (69) describes two chiral bosonic density modes,
which propagate along and opposite to the direction of
the applied magnetic field. Such “bosonization” of the
electron dynamics, which occurs in a 3D metal in a weak
quasiclassical magnetic field, is a characteristic smoking-
gun feature of a TM.

Eq. (69) means, in particular, that a density distur-
bance, created in a TM in magnetic field, with split into
two chiral modes, which will propagate ballistically in
opposite directions, spatially separating electrons of dif-
ferent chirality. It might be possible to detect this e↵ect
optically.37

B. Optical conductivity

Optical conductivity of TM has been studied before,
with a focus mostly on the interband transition ef-
fects.38–42 Here we will demonstrate that low-frequency
intraband optical conductivity is qualitatively a↵ected by
the chiral anomaly, which has not been noticed before.

From the general expression for the density response
function Eq. (40) we may easily obtain the frequency-
dependent conductivity. Indeed, electric charge conser-
vation requires that

�zz(⌦) = �e
2 lim
q!0

i⌦

q2
�00(q,⌦). (70)

A straightforward calculation then gives

�zz(⌦) =
�

1� i⌦⌧

1� i⌦⌧c + (Lc/La)2

1� i⌦⌧c
, (71)

where � = e
2
gD is the zero-field DC conductivity. Eval-

uating the real part, one obtains
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FIG. 2. (Color online) Frequency-dependent conductivity for
Lc/La = 1 (solid line) and Lc/La = 0 (dashed line), and
⌧/⌧c = 0.04.

Eq. (72) is one of the main new results of this paper.
The prefactor in Eq. (72) is the standard Drude expres-
sion for the optical conductivity of a metal. The part
in the square brackets is a correction that arises in a
TM as a consequence of the chiral anomaly. This correc-
tion represents transfer of the spectral weight from high
frequencies into a new low-frequency peak, whose width
scales with the chiral charge relaxation rate 1/⌧ c, while
height is proportional to the ratio (Lc/La)2. Importantly,
Eq. (72) satisfies the exact f -sum rule

Z 1

0
d⌦ Re�zz(⌦) =

⇡�

2⌧
, (73)

which means that the appearance of the new low-
frequency peak indeed represents spectral weight trans-
fer, as it should, see Fig. 2.
It is instructive to examine the high-frequency limit of

Eq. (72), namely when ⌦ > 1/⌧c, 1/
p
⌧⌧c. In this limit

we obtain

Re�zz(⌦) ⇡
�
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La
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#
. (74)

The negative second term in the square brackets ex-
presses the reduction of the spectral weight at high fre-
quencies, induced by the chiral anomaly. We note that
while formally the whole expression may become negative
for La ⌧ `, this would be outside of the regime of validity
of our theory, which assumes weak magnetic field regime
kF `B � 1 and thus La � `. Within this regime, the real
part of the optical conductivity is always positive, as it
should be.

IV. DISCUSSION AND CONCLUSIONS

In this paper we have studied density response in TM
and the corresponding experimentally observable phe-
nomena. We have argued that one of the truly unique

AAB



Optical conductivity

• Transfer of spectral weight to a narrow low-frequency peak.
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• Drude weight is preserved. 
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when La ⌧ Lc. Thus, one of the observable manifesta-
tions of the existence of quasi-1D propagating modes in a
TM is the quasiballistic conductance, given by Eq. (66).

It is instructive to see what the quasiballistic con-
ductance regime corresponds to directly in terms of the
transport equations Eq. (59). In this regime both the sec-
ond derivative Dr2

n0,5 and the relaxation n5/⌧c terms
may be ignored and we obtain
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Introducing the left- and right-handed charges as nR,L =
(n0 ± n5)/2 we obtain
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Eq. (69) describes two chiral bosonic density modes,
which propagate along and opposite to the direction of
the applied magnetic field. Such “bosonization” of the
electron dynamics, which occurs in a 3D metal in a weak
quasiclassical magnetic field, is a characteristic smoking-
gun feature of a TM.

Eq. (69) means, in particular, that a density distur-
bance, created in a TM in magnetic field, with split into
two chiral modes, which will propagate ballistically in
opposite directions, spatially separating electrons of dif-
ferent chirality. It might be possible to detect this e↵ect
optically.37

B. Optical conductivity

Optical conductivity of TM has been studied before,
with a focus mostly on the interband transition ef-
fects.38–42 Here we will demonstrate that low-frequency
intraband optical conductivity is qualitatively a↵ected by
the chiral anomaly, which has not been noticed before.

From the general expression for the density response
function Eq. (40) we may easily obtain the frequency-
dependent conductivity. Indeed, electric charge conser-
vation requires that
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gD is the zero-field DC conductivity. Eval-

uating the real part, one obtains

Re�zz(⌦) =
�

1 + ⌦2⌧2

"
1 +

✓
Lc

La

◆2 1� ⌦2
⌧⌧c

1 + ⌦2⌧2c

#
. (72)

0.5 1.0 1.5 2.0
��

0.5

1.0

1.5

2.0
Re�zz(�)/�

FIG. 2. (Color online) Frequency-dependent conductivity for
Lc/La = 1 (solid line) and Lc/La = 0 (dashed line), and
⌧/⌧c = 0.04.

Eq. (72) is one of the main new results of this paper.
The prefactor in Eq. (72) is the standard Drude expres-
sion for the optical conductivity of a metal. The part
in the square brackets is a correction that arises in a
TM as a consequence of the chiral anomaly. This correc-
tion represents transfer of the spectral weight from high
frequencies into a new low-frequency peak, whose width
scales with the chiral charge relaxation rate 1/⌧ c, while
height is proportional to the ratio (Lc/La)2. Importantly,
Eq. (72) satisfies the exact f -sum rule
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⇡�

2⌧
, (73)

which means that the appearance of the new low-
frequency peak indeed represents spectral weight trans-
fer, as it should, see Fig. 2.
It is instructive to examine the high-frequency limit of

Eq. (72), namely when ⌦ > 1/⌧c, 1/
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⌧⌧c. In this limit
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The negative second term in the square brackets ex-
presses the reduction of the spectral weight at high fre-
quencies, induced by the chiral anomaly. We note that
while formally the whole expression may become negative
for La ⌧ `, this would be outside of the regime of validity
of our theory, which assumes weak magnetic field regime
kF `B � 1 and thus La � `. Within this regime, the real
part of the optical conductivity is always positive, as it
should be.

IV. DISCUSSION AND CONCLUSIONS

In this paper we have studied density response in TM
and the corresponding experimentally observable phe-
nomena. We have argued that one of the truly unique
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Topological states of matter frequently exhibit

novel transport e↵ects[1]. In this regard, 3D

Dirac and Weyl semimetals with linearly cross-

ing bands are the focus of much recent interest in

condensed matter physics. Each crossing point

is characterized by a charge chirality, the par-

allel or anti-parallel locking of electron spin in

its momentum direction. These materials are be-

lieved to exhibit a novel E·B magnetoelectric phe-

nomenon – the chiral magnetic e↵ect – associated

with the near conservation of charge chirality [2].

Here, we use magneto-terahertz spectroscopy to

study high-quality epitaxial Cd3As2 thin films and

extract their dynamical conductivities �(!) as a

function of E · B. As in-plane field is applied, we

observe a remarkably sharp Drude-like response

that rises out of the broader zero-field conductiv-

ity background. The appearance of this peak is

a definitive signature of a new transport channel

and is consistent with the chiral response, with its

spectral weight a direct measure of the net chiral

charge and its width a measure of the scattering

rate between chiral species [3]. The field inde-

pendence of the chiral relaxation rate establishes

that it is set by the approximate conservation of

the isospin degree of freedom that labels the crys-

talline point-group representations.

Some of the most remarkable demonstrations of topo-
logical states of matter come through their response
to electromagnetic fields. Quantum Hall systems show
quantized Hall resistances that are precise to better than
one part in a billion [1] and topological insulators are
characterized by a quantized magnetoelectric e↵ect [4–
7]. Weyl (WSM) and Dirac semimetals (DSM) are states
of matter in which conduction and valence bands touch
and disperse linearly around pairs of nodes in momen-
tum space [2, 8–14]. Each node is distinguished by its
chirality e.g. whether the spin of a massless (linearly
dispersing) particle is oriented parallel or anti-parallel
to its momentum. Roughly speaking Dirac systems can
be considered as two copies of Weyl systems, where at
each node there are two sets of the linearly dispersing
bands with opposite chiral charge. The copies are distin-
guished by a point-group index or isospin degree of free-
dom (*,+) that labels the crystalline point-group repre-
sentations [15, 16]. These four-fold degenerate 3D linear
band crossings in DSMs are protected by lattice point
group symmetries and are stable as long as the symme-

tries are respected. The quasiparticles near the touching
points can be described by the relativistic Dirac Hamilto-
nian: HHH = ⌘vF���·(kkk±KDKDKD), where ⌘ = ± 1 represents the
chirality degree of freedom and ±KDKDKD represent the valley
degrees of freedom and location of the Dirac nodes along
a high symmetry direction in momentum space [15, 17].
Despite being essentially metals, WSMs and DSMs

can show distinct transport e↵ects that are associated
with the near conservation of chiral charge. Unlike
quantum Hall systems, this “chiral anomaly” exists in
both the quantum and semiclassical transport limits
[3, 9, 16, 19, 20]. The phenomenon requires two impor-
tant ingredients. In the semiclassical limit, the first is a
magnetic-field-induced coupling between the chiral and
the total charge densities via Berry curvature. This as-
pect is generic to systems with large Berry curvature.
The second is a nearly conserved chiral charge, which is
a property unique to WSM and DSM systems. The chi-
ral charge is not exactly conserved in any real material,
as the chiral symmetry is always violated by nonlinear
band dispersions, but such e↵ects vanish in the low en-
ergy limit. Therefore the near-conservation of the chiral
charge is due to an emergent low-energy chiral symmetry.
Although the e↵ect exists in both semiclassical and

quantum transport regimes [2], perhaps the most intu-
itive understanding of the e↵ect can be achieved in the
quantum limit. Consider a magnetic field in the z di-
rection that bridges Dirac nodes separated in kz. As
shown in Figs. 1(d), due to the particular properties
of massless Dirac fermions, a zeroth Landau level (LL)
forms that connects one valley to the other either above
or below EF depending on the relative direction of the
magnetic field and the isospin. With the reasonable as-
sumption (discussed more below) that inter-valley and
isospin relaxation rates (1/⌧v and 1/⌧i) are slower than
the intravalley rates (1/⌧n), under the action of an E · B
term, for a particular isospin, charge is pumped from one
valley to the other. For the opposite isospin, the sense of
pumping between valleys is reversed, but note that due
to the dependence of connectivity of the nodes of the 0th
LL on isospin the velocity of the 0th LL at EF is al-
ways the same in the valley that charge is being pumped
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FIG. 2: Terahertz conductivity at di↵erent magnetic fields (a) ETHz k B with B k (110) for sample S1. Chiral anomaly
leads terahertz conductivity �1 below 1 THz to be gradually enhanced by magnetic field. (b) ETHz ? B with B k (110) for
sample S1. The suppression of terahertz conductivity �1 is the signaure of postive magnetoresistivity which is generally observed
in perpendicular magnetic and electric fields. (c) ETHz k B for B ? (110) sample S2. (d) ETHz ? B for B ? (110) sample
S2. (e) and (f) Comparisons of this 0 and 7 T data and their di↵erences for samples S1 and S2. ��1 is the intrinsic chiral
conductivity from chiral anomaly. The highlighted grey area represents the strength of charge pumping e↵ect and its width
defines the chiral relaxation rate.

gence of a narrow Drude-like peak at low frequency when
ETHz k B. The appearance of this peak over a restricted
low frequency range is the manifestation of a new trans-
port channel. Its systematic dependencies on frequency
and field are in precise agreement with expectations of
the chiral anomaly and the chiral Drude response in a
Dirac semimetal. An additional advantage of these con-
tactless THz measurements is that they avoid any arti-
facts associated with inhomogeneous current paths that
have plagued dc experiments.

In Figs. 2(a) and (b), we show the real part of the
THz conductivity at a number of di↵erent fields for
ETHz k B and ETHz ? B for Cd3As2 sample S1 (see
corresponding �2 in the SM) with a low EF (measured
with B k (110)). At zero field, �1 is characterized by
a Drude-like Lorentzian peak with a scattering rate ap-
proximately 1 THz, as well as a 0.7 THz phonon [30]. As
a field B k ETHz is applied, an additional much sharper
Drude-like peak rises out of the zero-field �1. That this
should be considered as a new transport channel with
a distinct frequency scale can be seen in the fact that
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cies above 1 THz the data does not change. B ? (110)
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be contrasted with ETHz ? B that shows a decrease in
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spectral range. For this direction the decreased conduc-
tivity is consistent with the usual e↵ects of positive trans-
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Figs. 2(a) is the major result of this work. As shown
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B ? (110) with a somewhat larger EF , shows a similar,
although more modest e↵ect with scattering rates larger
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To further demonstrate this result, we plot the �1 at

0 and 7 T ETHz k B and their di↵erence for samples
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see that, comparing 0 and 7 T �1 contains an emergent
sharper Drude response. The di↵erence in these curves
��1 = �1(B)��1(0) at 7 T, reveals a narrower zero-
frequency peak that characterizes a new transport chan-
nel. There are also small changes to the phonon that will
be discussed elsewhere.
Figs. 3(a) to (d) we show Drude/Drude-Lorentz os-

cillator fits to the data that characterizes the ETHz k B

response. Fit details are given in the Methods section. In
the displayed spectral range, the zero field spectra are fit
well by a single Drude feature and Drude-Lorentz oscilla-



Chiral anomaly and interactions

• Chiral anomaly inevitably implies Weyl nodes in case 
of weak interactions. 

• Does this remain true when the interactions are 
not weak?

• In other words, can we gap out the Weyl nodes 
while preserving the chiral anomaly and while not 

breaking any symmetries?
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Weyl semimetal is the first example of a bulk gapless
topological phase [1–4]. The gaplessness of the bulk
electronic structure in Weyl semimetals is mandated by
topology: there exist closed surfaces in momentum space,
which carry nonzero Chern numbers (flux of Berry
curvature through the surface), which makes the presence
of a band-touching point inside the Brillouin zone (BZ)
volume, enclosed by the surface, inevitable. This picture,
however, relies on separation between the individual Weyl
nodes in momentum space, which involves symmetry
considerations. In particular, either inversion or time
reversal (TR) symmetry need to be violated in order for
the Weyl nodes to be separated. In addition, crystal trans-
lational symmetry needs to be present, since otherwise even
separated Weyl nodes may be hybridized and gapped out.
A very useful viewpoint on topology-mandated gapless-

ness is provided by the concept of quantum anomalies. The
best known example of this is the gapless surface states of a
three-dimensional (3D) TR-invariant topological insulator
(TI). The relevant anomaly in this case is the parity
anomaly: the θ-term topological response of the bulk 3D
TI [5] violates TR (and parity) when evaluated in a sample
with a boundary. This anomaly of the bulk response must
be canceled by the corresponding anomaly of the gapless
surface state [6], which is simply the parity anomaly of the
massless 2D Dirac fermion [7–9].
Analogously, the gaplessness of the bulk spectrum in

Weyl semimetals may be related to the chiral anomaly
[10,11]. Suppose we have a magnetic Weyl semimetal with
two band-touching nodes, located at k# ¼ #Q ¼ #Qẑ.

Crystal translations in the z direction act on the low-energy
modes near the Weyl points as chiral rotations

T†
zc†#QTz ¼ e∓iQc†#Q; ð1Þ

where we have taken the lattice constant to be equal to unity
(we will also use ℏ ¼ c ¼ e ¼ 1 units throughout the
Letter). However, the chiral symmetry of Eq. (1) is
anomalous: an attempt to gauge this symmetry fails and
produces a topological term [12]

S ¼ −
1

4π2

Z
dtd3rQμϵμναβAν∂αAβ; ð2Þ

which expresses the impossibility to conserve the chiral
charge and underlies all of the interesting observable
properties of Weyl semimetals. In particular, variation of
Eq. (2) with respect to the electromagnetic gauge pote-
ntial gives the anomalous Hall conductivity of the Weyl
semimetal,

σxy ¼
1

2π
2Q
2π

; ð3Þ

which depends only on the separation 2Q between theWeyl
nodes in momentum space. By Wiedemann-Franz law,
Eq. (3) also implies a thermal Hall conductivity

κxy ¼ σxy

!
π2k2BT

3

"
¼ Q

2π2

!
π2k2BT

3

"
; ð4Þ
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• We can “defeat” the anomaly, but at the cost 
of fractionalizing electrons.
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• We can “defeat” the anomaly, but at the cost 
of fractionalizing electrons.

• This is analogous to asking if we can have a 
gapped Mott insulator not breaking any 

symmetries at odd integer electron filling per 
unit cell. 



Vortex condensation

• Induce fully gapped superconductivity in Weyl 
semimetal. 

• Destroy SC coherence by condensing vortices while 
keeping the pairing gap: this produces an insulator. 

• Chiral anomaly places strong restrictions on the 
procedure and prohibits a simple insulator, has to 

have topological order. 



Weyl superconductor

• BCS: pairing k and -k states, i.e. internodal pairing. 

k

�



Weyl superconductor

• FFLO: pairing states on the opposite side of each 
Weyl point, i.e. intranodal pairing. 

k

�



BCS pairing 

• BCS pairing can not open a gap, since the two 
chiralities are not mixed by the pairing term:

2

prohibit opening a gap without either breaking the pro-
tecting symmetry or creating an exotic state with topo-
logical order, as was recently discussed extensively in the
context of strongly-interacting surface states of 3D TR-
invariant TI [19–23]. In this Letter, we aim to answer an
analogous question in the case of a 3D Weyl semimetal:
can one open a gap in a Weyl semimetal without break-
ing translational or charge conservation symmetries and
while preserving the chiral and the gravitational anoma-
lies, which lead to the electrical and thermal Hall con-
ductivities of Eqs. (3) and (4)?

To answer this question we will adopt the strategy
of Ref. [19]. Namely, we will start by inducing a
phase-coherent superconducting state in a magnetic Weyl
semimetal (with only a single pair of nodes for simplic-
ity, although the results readily generalize to any odd
number of node pairs), which violates the charge conser-
vation. We then attempt to produce a gapped insulator
by proliferating vortices and restoring the charge conser-
vation symmetry, while keeping the pairing gap intact. In
order to make this procedure well-defined, we will assume
the superconducting pairing to be weak, i.e. the induced
gap is taken to be much smaller than vFQ, where vF is
the Fermi velocity of the Weyl cones. In this case it is
impossible to gap out the Weyl nodes by simply pushing
them to the edge or the center of the BZ, where they
can mutually annihilate without breaking translational
symmetry.

It is easy to see that, in this situation, a BCS-type
pairing of time-reversed states can not produce a gapped
superconductor [24–27]. Indeed, consider a singlet pair-
ing BCS Hamiltonian for a pair of Weyl nodes

H = vF

X

k

c
†
k⌧

z� ·kck+�
X

k

(c†kRi�
y
c
†
�kL+h.c.), (5)

where the eigenvalues of ⌧z label the chirality of the Weyl
nodes and � is the spin. Introducing a Nambu spinor
 k = (ckR", ckR#, c

†
�kL#,�c

†
�kL"), we obtain

H =
X

k

 
†
k(vF� · k+�⌧x) k, (6)

which means that the superconducting state remains gap-
less as the two Weyl fermions are not mixed by the pair-
ing term.

It is, however, possible to open a gap by inducing
a Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)-type super-
conducting state instead, where states ±Q ± k on each
side of the two Weyl nodes are paired [25, 26]. Since pair-
ing in the FFLO state may (approximately) be taken to
occur independently in each Weyl cone, let us consider a
single (right-handed) Weyl fermion with singlet pairing

H = vF

X

k

c
†
k� · k ck +�

X

k

(c†k"c
†
�k# + c�k#ck"), (7)

Introducing Nambu spinor  k = (ck", ck#, c
†
�k#,�c

†
�k"),

this may be written as

H =
1

2

X

k

 
†
k(vF ⌧

z� · k+�⌧x) k, (8)

which is simply the Hamiltonian of a Dirac fermion
of mass �. This, however, leads to a density modu-
lation and thus broken translational symmetry. Since
�(Q) ⇠ hc†Q+kc

†
Q�ki carries momentum 2Q, a gauge-

invariant density modulation % ⇠ �⇤(�Q)�(Q) will
carry momentum 4Q. In general, this breaks transla-
tional symmetry, which is not restored even when the
superconductivity is destroyed by proliferating vortices.
This is true, except when Q = G/4, where G is the
smallest nonzero reciprocal lattice vector. In this case
a gapped FFLO state does not break translational sym-
metry. We will thus concentrate on the Q = G/4 case
henceforth.

An important question is what happens to the Fermi
arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (8), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [28].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ. This implies that, while the elec-
trical Hall conductivity in the FFLO state is no longer
the same as in the nonsuperconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc

xy =
Q

2⇡2

✓
⇡
2
k
2
BT

3

◆
=

1

4⇡

✓
⇡
2
k
2
BT

3

◆
. (9)

In other words, the gravitational anomaly is una↵ected
by the formation of the FFLO state.

We now try to restore the charge conservation symme-
try by proliferating vortices in the superconducting or-
der parameter. If the vortices can be condensed, we will
obtain a gapped state that respects the charge conserva-
tion. This state must have �xy = e

2
/4⇡, since the chiral

anomaly must match the gravitational anomaly when the
charge conservation is present. Let us consider a straight-
line vortex of vorticity n along the z-direction, which we
will take to coincide with the direction of the vector 2Q,
separating the pair of Weyl nodes. The corresponding
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a gapped FFLO state does not break translational sym-
metry. We will thus concentrate on the Q = G/4 case
henceforth.

An important question is what happens to the Fermi
arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (8), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [28].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ. This implies that, while the elec-
trical Hall conductivity in the FFLO state is no longer
the same as in the nonsuperconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the gravitational anomaly is una↵ected
by the formation of the FFLO state.

We now try to restore the charge conservation symme-
try by proliferating vortices in the superconducting or-
der parameter. If the vortices can be condensed, we will
obtain a gapped state that respects the charge conserva-
tion. This state must have �xy = e

2
/4⇡, since the chiral

anomaly must match the gravitational anomaly when the
charge conservation is present. Let us consider a straight-
line vortex of vorticity n along the z-direction, which we
will take to coincide with the direction of the vector 2Q,
separating the pair of Weyl nodes. The corresponding
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prohibit opening a gap without either breaking the pro-
tecting symmetry or creating an exotic state with topo-
logical order, as was recently discussed extensively in the
context of strongly-interacting surface states of 3D TR-
invariant TI [19–23]. In this Letter, we aim to answer an
analogous question in the case of a 3D Weyl semimetal:
can one open a gap in a Weyl semimetal without break-
ing translational or charge conservation symmetries and
while preserving the chiral and the gravitational anoma-
lies, which lead to the electrical and thermal Hall con-
ductivities of Eqs. (3) and (4)?

To answer this question we will adopt the strategy
of Ref. [19]. Namely, we will start by inducing a
phase-coherent superconducting state in a magnetic Weyl
semimetal (with only a single pair of nodes for simplic-
ity, although the results readily generalize to any odd
number of node pairs), which violates the charge conser-
vation. We then attempt to produce a gapped insulator
by proliferating vortices and restoring the charge conser-
vation symmetry, while keeping the pairing gap intact. In
order to make this procedure well-defined, we will assume
the superconducting pairing to be weak, i.e. the induced
gap is taken to be much smaller than vFQ, where vF is
the Fermi velocity of the Weyl cones. In this case it is
impossible to gap out the Weyl nodes by simply pushing
them to the edge or the center of the BZ, where they
can mutually annihilate without breaking translational
symmetry.

It is easy to see that, in this situation, a BCS-type
pairing of time-reversed states can not produce a gapped
superconductor [24–27]. Indeed, consider a singlet pair-
ing BCS Hamiltonian for a pair of Weyl nodes

H = vF
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k
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z� ·kck+�
X
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(c†kRi�
y
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where the eigenvalues of ⌧z label the chirality of the Weyl
nodes and � is the spin. Introducing a Nambu spinor
 k = (ckR", ckR#, c

†
�kL#,�c

†
�kL"), we obtain

H =
X

k

 
†
k(vF� · k+�⌧x) k, (6)

which means that the superconducting state remains gap-
less as the two Weyl fermions are not mixed by the pair-
ing term.

It is, however, possible to open a gap by inducing
a Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)-type super-
conducting state instead, where states ±Q ± k on each
side of the two Weyl nodes are paired [25, 26]. Since pair-
ing in the FFLO state may (approximately) be taken to
occur independently in each Weyl cone, let us consider a
single (right-handed) Weyl fermion with singlet pairing

H = vF
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k
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†
k� · k ck +�

X

k

(c†k"c
†
�k# + c�k#ck"), (7)

Introducing Nambu spinor  k = (ck", ck#, c
†
�k#,�c

†
�k"),

this may be written as

H =
1

2

X

k

 
†
k(vF ⌧

z� · k+�⌧x) k, (8)

which is simply the Hamiltonian of a Dirac fermion
of mass �. This, however, leads to a density modu-
lation and thus broken translational symmetry. Since
�(Q) ⇠ hc†Q+kc

†
Q�ki carries momentum 2Q, a gauge-

invariant density modulation % ⇠ �⇤(�Q)�(Q) will
carry momentum 4Q. In general, this breaks transla-
tional symmetry, which is not restored even when the
superconductivity is destroyed by proliferating vortices.
This is true, except when Q = G/4, where G is the
smallest nonzero reciprocal lattice vector. In this case
a gapped FFLO state does not break translational sym-
metry. We will thus concentrate on the Q = G/4 case
henceforth.

An important question is what happens to the Fermi
arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (8), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [28].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ. This implies that, while the elec-
trical Hall conductivity in the FFLO state is no longer
the same as in the nonsuperconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the gravitational anomaly is una↵ected
by the formation of the FFLO state.

We now try to restore the charge conservation symme-
try by proliferating vortices in the superconducting or-
der parameter. If the vortices can be condensed, we will
obtain a gapped state that respects the charge conserva-
tion. This state must have �xy = e

2
/4⇡, since the chiral

anomaly must match the gravitational anomaly when the
charge conservation is present. Let us consider a straight-
line vortex of vorticity n along the z-direction, which we
will take to coincide with the direction of the vector 2Q,
separating the pair of Weyl nodes. The corresponding2
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can mutually annihilate without breaking translational
symmetry.

It is easy to see that, in this situation, a BCS-type
pairing of time-reversed states can not produce a gapped
superconductor [24–27]. Indeed, consider a singlet pair-
ing BCS Hamiltonian for a pair of Weyl nodes

H = vF

X

k

c
†
k⌧

z� ·kck+�
X

k

(c†kRi�
y
c
†
�kL+h.c.), (5)

where the eigenvalues of ⌧z label the chirality of the Weyl
nodes and � is the spin. Introducing a Nambu spinor
 k = (ckR", ckR#, c

†
�kL#,�c

†
�kL"), we obtain

H =
X

k

 
†
k(vF� · k+�⌧x) k, (6)

which means that the superconducting state remains gap-
less as the two Weyl fermions are not mixed by the pair-
ing term.

It is, however, possible to open a gap by inducing
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of mass �. This, however, leads to a density modu-
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invariant density modulation % ⇠ �⇤(�Q)�(Q) will
carry momentum 4Q. In general, this breaks transla-
tional symmetry, which is not restored even when the
superconductivity is destroyed by proliferating vortices.
This is true, except when Q = G/4, where G is the
smallest nonzero reciprocal lattice vector. In this case
a gapped FFLO state does not break translational sym-
metry. We will thus concentrate on the Q = G/4 case
henceforth.

An important question is what happens to the Fermi
arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (8), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [28].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ. This implies that, while the elec-
trical Hall conductivity in the FFLO state is no longer
the same as in the nonsuperconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the gravitational anomaly is una↵ected
by the formation of the FFLO state.

We now try to restore the charge conservation symme-
try by proliferating vortices in the superconducting or-
der parameter. If the vortices can be condensed, we will
obtain a gapped state that respects the charge conserva-
tion. This state must have �xy = e
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line vortex of vorticity n along the z-direction, which we
will take to coincide with the direction of the vector 2Q,
separating the pair of Weyl nodes. The corresponding
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ing term.

It is, however, possible to open a gap by inducing
a Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)-type super-
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of mass �. This, however, leads to a density modu-
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invariant density modulation % ⇠ �⇤(�Q)�(Q) will
carry momentum 4Q. In general, this breaks transla-
tional symmetry, which is not restored even when the
superconductivity is destroyed by proliferating vortices.
This is true, except when Q = G/4, where G is the
smallest nonzero reciprocal lattice vector. In this case
a gapped FFLO state does not break translational sym-
metry. We will thus concentrate on the Q = G/4 case
henceforth.

An important question is what happens to the Fermi
arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (8), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [28].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ. This implies that, while the elec-
trical Hall conductivity in the FFLO state is no longer
the same as in the nonsuperconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the gravitational anomaly is una↵ected
by the formation of the FFLO state.

We now try to restore the charge conservation symme-
try by proliferating vortices in the superconducting or-
der parameter. If the vortices can be condensed, we will
obtain a gapped state that respects the charge conserva-
tion. This state must have �xy = e
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anomaly must match the gravitational anomaly when the
charge conservation is present. Let us consider a straight-
line vortex of vorticity n along the z-direction, which we
will take to coincide with the direction of the vector 2Q,
separating the pair of Weyl nodes. The corresponding
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through the intermediate Weyl semimetal phase [18], un-
like in 2D, where there is a critical point (plateau tran-
sition). The chiral anomaly also leads to the appearance
of Fermi arc surface states, since the action in Eq. (2)
fails to be gauge invariant in the presence of a boundary,
which makes the existence of a boundary-localized state
necessary [19].

Apart from giving rise to topological response and pro-
tected surface states, anomalies can also place strong re-
strictions on the possible e↵ect of electron-electron in-
teractions. In particular, anomalies prohibit opening
a gap without either breaking the protecting symme-
try or creating an exotic state with topological order,
as was recently discussed extensively in the context of
strongly-interacting 2D surface states of 3D symmetry-
protected topological orders [20, 21] in bosonic [22] and
fermionic [23–30] systems. In this Letter, we aim to
answer analogous questions in the case of a 3D Weyl
semimetal: can one open a gap in a Weyl semimetal with-
out breaking translational or charge conservation sym-
metries while preserving the chiral and the gravitational
anomalies, which lead to the electrical and thermal Hall
conductivities of Eqs. (3) and (4)? What would be the
universal properties of such gapped phases? We note here
that e↵ects of strong correlations in topological semimet-
als have been addressed before in Refs. [31–35], but from
di↵erent viewpoints.

To answer these questions we will adopt the strategy
known as “vortex condensation”, which has been suc-
cessful in the context of 2D surface states of 3D bulk
TI [24, 25]. We will start by inducing a phase-coherent
superconducting state in a magnetic Weyl semimetal
(with only a single pair of nodes for simplicity, although
the results readily generalize to any odd number of node
pairs), which violates the charge conservation. We then
attempt to produce a gapped insulator by proliferating
vortices and restoring the charge conservation symmetry,
while keeping the pairing gap intact. In order to make
this procedure well-defined, we will assume the supercon-
ducting pairing to be weak, i.e. the induced gap is taken
to be much smaller than vFQ, where vF is the Fermi ve-
locity of the Weyl cones. In this case it is impossible to
gap out the Weyl nodes by simply pushing them to the
edge or the center of the BZ, where they can mutually
annihilate without breaking translational symmetry. In
the language of the anomaly, we are demanding that the
coe�cient of the anomaly Q, which takes continuous val-
ues and is thus not strictly protected, is fixed throughout
the procedure.

It is easy to see that, in this situation, a BCS-type
pairing of time-reversed states can not produce a gapped
superconductor [36–39]. It is, however, possible to open
a gap by inducing a Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO)-type superconducting state instead, where states
on each side of the two Weyl nodes are paired [37, 38].
Since pairing in the FFLO state may (approximately) be

taken to occur independently in each Weyl cone, let us
consider a single (right-handed) Weyl fermion with sin-
glet pairing
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�k# + c�k#ck"), (5)

Introducing Nambu spinor  k = (ck", ck#, c
†
�k#,�c†�k"),

this may be written as

H =
1

2

X

k

 †
k(vF ⌧

z� · k+�⌧x) k, (6)

which is simply the Hamiltonian of a Dirac fermion
of mass �. This, however, leads to a density modu-
lation and thus broken translational symmetry. Since
�(Q) ⇠

P
khc

†
Q+kc

†
Q�ki carries momentum 2Q, a gauge-

invariant density modulation %(Q) ⇠ �⇤(�Q)�(Q) will
carry momentum 4Q. In general, this breaks transla-
tional symmetry, which may not be restored even when
the superconductivity is destroyed by proliferating vor-
tices. This is true, except when Q = G/4, where G
is the smallest nonzero reciprocal lattice vector. In this
case a gapped FFLO state does not break translational
symmetry. We will thus concentrate on the Q = G/4
case henceforth.
An important question is what happens to the Fermi

arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (6), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [40].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ [15]. This implies that, while the
electrical Hall conductivity in the FFLO state is no longer
the same as in the non-superconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the chiral-gravitational mixed anomaly
is una↵ected by the formation of the FFLO state.
We now try to restore the charge conservation sym-

metry by proliferating vortices in the superconducting
order parameter while keeping the pairing gap for the
Weyl fermions. If the vortices can be condensed with-
out breaking the translational symmetry, we will obtain

carries momentum 2Q. 
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through the intermediate Weyl semimetal phase [18], un-
like in 2D, where there is a critical point (plateau tran-
sition). The chiral anomaly also leads to the appearance
of Fermi arc surface states, since the action in Eq. (2)
fails to be gauge invariant in the presence of a boundary,
which makes the existence of a boundary-localized state
necessary [19].

Apart from giving rise to topological response and pro-
tected surface states, anomalies can also place strong re-
strictions on the possible e↵ect of electron-electron in-
teractions. In particular, anomalies prohibit opening
a gap without either breaking the protecting symme-
try or creating an exotic state with topological order,
as was recently discussed extensively in the context of
strongly-interacting 2D surface states of 3D symmetry-
protected topological orders [20, 21] in bosonic [22] and
fermionic [23–30] systems. In this Letter, we aim to
answer analogous questions in the case of a 3D Weyl
semimetal: can one open a gap in a Weyl semimetal with-
out breaking translational or charge conservation sym-
metries while preserving the chiral and the gravitational
anomalies, which lead to the electrical and thermal Hall
conductivities of Eqs. (3) and (4)? What would be the
universal properties of such gapped phases? We note here
that e↵ects of strong correlations in topological semimet-
als have been addressed before in Refs. [31–35], but from
di↵erent viewpoints.

To answer these questions we will adopt the strategy
known as “vortex condensation”, which has been suc-
cessful in the context of 2D surface states of 3D bulk
TI [24, 25]. We will start by inducing a phase-coherent
superconducting state in a magnetic Weyl semimetal
(with only a single pair of nodes for simplicity, although
the results readily generalize to any odd number of node
pairs), which violates the charge conservation. We then
attempt to produce a gapped insulator by proliferating
vortices and restoring the charge conservation symmetry,
while keeping the pairing gap intact. In order to make
this procedure well-defined, we will assume the supercon-
ducting pairing to be weak, i.e. the induced gap is taken
to be much smaller than vFQ, where vF is the Fermi ve-
locity of the Weyl cones. In this case it is impossible to
gap out the Weyl nodes by simply pushing them to the
edge or the center of the BZ, where they can mutually
annihilate without breaking translational symmetry. In
the language of the anomaly, we are demanding that the
coe�cient of the anomaly Q, which takes continuous val-
ues and is thus not strictly protected, is fixed throughout
the procedure.

It is easy to see that, in this situation, a BCS-type
pairing of time-reversed states can not produce a gapped
superconductor [36–39]. It is, however, possible to open
a gap by inducing a Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO)-type superconducting state instead, where states
on each side of the two Weyl nodes are paired [37, 38].
Since pairing in the FFLO state may (approximately) be

taken to occur independently in each Weyl cone, let us
consider a single (right-handed) Weyl fermion with sin-
glet pairing

H = vF
X

k

c†k� · k ck +�
X

k

(c†k"c
†
�k# + c�k#ck"), (5)

Introducing Nambu spinor  k = (ck", ck#, c
†
�k#,�c†�k"),

this may be written as

H =
1

2

X

k

 †
k(vF ⌧

z� · k+�⌧x) k, (6)

which is simply the Hamiltonian of a Dirac fermion
of mass �. This, however, leads to a density modu-
lation and thus broken translational symmetry. Since
�(Q) ⇠

P
khc

†
Q+kc

†
Q�ki carries momentum 2Q, a gauge-

invariant density modulation %(Q) ⇠ �⇤(�Q)�(Q) will
carry momentum 4Q. In general, this breaks transla-
tional symmetry, which may not be restored even when
the superconductivity is destroyed by proliferating vor-
tices. This is true, except when Q = G/4, where G
is the smallest nonzero reciprocal lattice vector. In this
case a gapped FFLO state does not break translational
symmetry. We will thus concentrate on the Q = G/4
case henceforth.
An important question is what happens to the Fermi

arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (6), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [40].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ [15]. This implies that, while the
electrical Hall conductivity in the FFLO state is no longer
the same as in the non-superconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc

xy =
Q

2⇡2

✓
⇡2k2BT
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◆
=
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✓
⇡2k2BT
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◆
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In other words, the chiral-gravitational mixed anomaly
is una↵ected by the formation of the FFLO state.
We now try to restore the charge conservation sym-

metry by proliferating vortices in the superconducting
order parameter while keeping the pairing gap for the
Weyl fermions. If the vortices can be condensed with-
out breaking the translational symmetry, we will obtain

carries momentum 4Q. 
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through the intermediate Weyl semimetal phase [18], un-
like in 2D, where there is a critical point (plateau tran-
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necessary [19].
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as was recently discussed extensively in the context of
strongly-interacting 2D surface states of 3D symmetry-
protected topological orders [20, 21] in bosonic [22] and
fermionic [23–30] systems. In this Letter, we aim to
answer analogous questions in the case of a 3D Weyl
semimetal: can one open a gap in a Weyl semimetal with-
out breaking translational or charge conservation sym-
metries while preserving the chiral and the gravitational
anomalies, which lead to the electrical and thermal Hall
conductivities of Eqs. (3) and (4)? What would be the
universal properties of such gapped phases? We note here
that e↵ects of strong correlations in topological semimet-
als have been addressed before in Refs. [31–35], but from
di↵erent viewpoints.

To answer these questions we will adopt the strategy
known as “vortex condensation”, which has been suc-
cessful in the context of 2D surface states of 3D bulk
TI [24, 25]. We will start by inducing a phase-coherent
superconducting state in a magnetic Weyl semimetal
(with only a single pair of nodes for simplicity, although
the results readily generalize to any odd number of node
pairs), which violates the charge conservation. We then
attempt to produce a gapped insulator by proliferating
vortices and restoring the charge conservation symmetry,
while keeping the pairing gap intact. In order to make
this procedure well-defined, we will assume the supercon-
ducting pairing to be weak, i.e. the induced gap is taken
to be much smaller than vFQ, where vF is the Fermi ve-
locity of the Weyl cones. In this case it is impossible to
gap out the Weyl nodes by simply pushing them to the
edge or the center of the BZ, where they can mutually
annihilate without breaking translational symmetry. In
the language of the anomaly, we are demanding that the
coe�cient of the anomaly Q, which takes continuous val-
ues and is thus not strictly protected, is fixed throughout
the procedure.

It is easy to see that, in this situation, a BCS-type
pairing of time-reversed states can not produce a gapped
superconductor [36–39]. It is, however, possible to open
a gap by inducing a Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO)-type superconducting state instead, where states
on each side of the two Weyl nodes are paired [37, 38].
Since pairing in the FFLO state may (approximately) be

taken to occur independently in each Weyl cone, let us
consider a single (right-handed) Weyl fermion with sin-
glet pairing
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which is simply the Hamiltonian of a Dirac fermion
of mass �. This, however, leads to a density modu-
lation and thus broken translational symmetry. Since
�(Q) ⇠
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Q+kc
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Q�ki carries momentum 2Q, a gauge-

invariant density modulation %(Q) ⇠ �⇤(�Q)�(Q) will
carry momentum 4Q. In general, this breaks transla-
tional symmetry, which may not be restored even when
the superconductivity is destroyed by proliferating vor-
tices. This is true, except when Q = G/4, where G
is the smallest nonzero reciprocal lattice vector. In this
case a gapped FFLO state does not break translational
symmetry. We will thus concentrate on the Q = G/4
case henceforth.
An important question is what happens to the Fermi

arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (6), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [40].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ [15]. This implies that, while the
electrical Hall conductivity in the FFLO state is no longer
the same as in the non-superconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the chiral-gravitational mixed anomaly
is una↵ected by the formation of the FFLO state.
We now try to restore the charge conservation sym-

metry by proliferating vortices in the superconducting
order parameter while keeping the pairing gap for the
Weyl fermions. If the vortices can be condensed with-
out breaking the translational symmetry, we will obtain

carries momentum 4Q. 

• In other words, FFLO does not break translational 
symmetry when Weyl node separation is exactly 

half the BZ size. 

Q = G/4
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Majorana arc

• Fermi arc becomes Majorana arc, which occupies twice 
the momentum interval of the Fermi arc, i.e. 4Q. 
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ized Hamiltonian

H0 = sin kx�
x + sin ky�

y � (cos kz � cosQ)�z

+m (2� cos kx � cos ky)�
z , (2)

where Q = ⇡/2 and the lattice constant has been set to
one.
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FIG. 1. Energy eigenstates for ky = 0 slice along kz cor-
responding to Nambu Hamiltonians given by Eq. 4 (a) and
9 (b). (a) The zero mode spans the entire Brillouin zone
due to doubling of degrees of freedom in the Nambu picture.
(b) Intranodal interaction gaps out the bulk Weyl nodes but
leaves the surface states unaltered. For both figures m = 1.1,
Nx = 50 and for (b) � = 0.5.

The superconducting s-wave coupling occurs intran-
odally, i.e. coupling states with momentum k to those of
momentum 2Q�k, where Q = (0, 0,⇡/2). This situation
requires a Nambu basis �†

k = (c†k", c
†
k#, c2Q�k", c2Q�k#)

and the Nambu Hamiltonian then takes the form

HNambu
0 =

1

2

X

k

�†
k

✓
H0(k) 0

0 �HT
0 (2Q� k)

◆
�k .

(3)

In order to calculate the Fermi arc surface states, we
break the translational symmetry along the x-direction,
leaving a finite-size sample of Nx atomic layers. This
leaves ky and kz as good quantum numbers. Fourier
transforming kx to a real-space coordinates nx, the

Hamiltonian takes the form

HNambu
0 =

1

2

X

nxkykz

�†
nxkykz

⇥
h(ky, kz)�nxkykz

+ h+�nx+1kykz + h��nx�1kykz

⇤
.

(4)

with

h(ky, kz) =

✓
h0(ky, kz) 0

0 �hT
0 (�ky, 2Q� kz)

◆
, (5)

h+ = �1

2
(i�x +m⌧z�z) = h†

� , (6)

where h0(ky, kz) = sin ky�y+
⇥
� (cos kz�cosQ)+m(2�

cos ky)
⇤
�z, and ⌧ are Pauli matrices in the Nambu pseu-

dospin space. Diagonalizing this Hamiltonian at every
kz for the ky = 0 slice gives eigenenergies as shown in
Fig. 1a. Since the components of the Nambu spinor in-
volve states at momenta k and 2Q�k, the set of eigenen-
ergies e↵ectively involve states, shifted by 2Q = ⇡ rela-
tive to each other. The same principle applies to the
Fermi surface states which now span the whole Brillouin
zone. Notice that this is purely the result of the doubling
of degrees of freedom in the Nambu formalism. Naturally
this has no e↵ect on the bulk Weyl nodes at kz = ±Q.
Now let us observe what happens when we couple the

two Nambu copies in Eq. 3 with the FFLO pairing inter-
action of the form

Hint =
1

2

X

k

�†
k�⌧y�y�k . (7)

Under a Fourier transform of kx, we arrive at

Hint =
�

2

X

nxkykz

�†
nxkykz

⌧y�y�nxkykz , (8)

such that our full Hamiltonian is now given by

H = HNambu
0 +Hint . (9)

When this full Hamiltonian is now diagonalised at every
kz for the ky = 0 slice we arrive at Fig. 1b. While the
bulk states are now gapped, the Fermi arc, spanning the
whole Brillouin zone, remains una↵ected.

HELICAL MAJORANA FERMIONS IN A
VERTICAL VORTEX LINE

Let us consider a straight-line vortex of vorticity n
along the z-direction, which we will take to coincide with
the direction of the vector 2Q, separating the pair of
Weyl nodes. The corresponding Bogoliubov-de Gennes
(BdG) Hamiltonian is given by

H = �ivF ⌧
z(�x@x + �y@y) + vF ⌧

z�zkz

+ �(r)[cos(n✓)⌧x � sin(n✓)⌧y], (10)
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FIG. 1. Energy eigenstates for ky = 0 slice along kz cor-
responding to Nambu Hamiltonians given by Eq. 4 (a) and
9 (b). (a) The zero mode spans the entire Brillouin zone
due to doubling of degrees of freedom in the Nambu picture.
(b) Intranodal interaction gaps out the bulk Weyl nodes but
leaves the surface states unaltered. For both figures m = 1.1,
Nx = 50 and for (b) � = 0.5.

The superconducting s-wave coupling occurs intran-
odally, i.e. coupling states with momentum k to those of
momentum 2Q�k, where Q = (0, 0,⇡/2). This situation
requires a Nambu basis �†
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In order to calculate the Fermi arc surface states, we
break the translational symmetry along the x-direction,
leaving a finite-size sample of Nx atomic layers. This
leaves ky and kz as good quantum numbers. Fourier
transforming kx to a real-space coordinates nx, the
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kz for the ky = 0 slice gives eigenenergies as shown in
Fig. 1a. Since the components of the Nambu spinor in-
volve states at momenta k and 2Q�k, the set of eigenen-
ergies e↵ectively involve states, shifted by 2Q = ⇡ rela-
tive to each other. The same principle applies to the
Fermi surface states which now span the whole Brillouin
zone. Notice that this is purely the result of the doubling
of degrees of freedom in the Nambu formalism. Naturally
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When this full Hamiltonian is now diagonalised at every
kz for the ky = 0 slice we arrive at Fig. 1b. While the
bulk states are now gapped, the Fermi arc, spanning the
whole Brillouin zone, remains una↵ected.

HELICAL MAJORANA FERMIONS IN A
VERTICAL VORTEX LINE

Let us consider a straight-line vortex of vorticity n
along the z-direction, which we will take to coincide with
the direction of the vector 2Q, separating the pair of
Weyl nodes. The corresponding Bogoliubov-de Gennes
(BdG) Hamiltonian is given by
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Vortex condensation in FFLO state

• n-fold vortex (Φ=nhc/2e) in FFLO paired state: get n 
chiral Majorana modes in the vortex core.

3

where r =
p
x2 + y2, �(r) is the real magnitude of the

superconducting order parameter and ✓ is the azimuthal
angle in the xy-plane. The eigenstates ofH may be easily
found explicitly if one assumes �(r) = � = const [8]. In
this case one finds exactly n chiral modes, localized in
the vortex core, with the following wavefunctions

 pkz (r) =
(�r/vF )

n
2

p
Np

0

BBBB@

ei
⇡
4 ei(p�1)✓Kn

2 �p+1

⇣
�r
vF

⌘

0
0

e�i⇡
4 e�i(n�p)✓Kn

2 �p

⇣
�r
vF

⌘

1

CCCCA
,

(11)

where Np is a normalization factor given by

Np =
⇡3/2v2F
�2

�(1 + n/2)�(n� p+ 1)�(p)

�(n/2 + 1/2)
, (12)

which is finite and positive when p = 1, . . . , n. As men-
tioned above, these localized modes are chiral with the
dispersion ✏p(kz) = vF kz. The degeneracy of the chiral
modes with respect to the eigenvalue p is not protected
and is lifted when perturbations, such as a finite Fermi
energy, are introduced. A finite Fermi energy leads to a
term �✏F ⌧z in the BdG Hamiltonian Eq. (10). The prob-
lem may no longer be solved exactly (except at kz = 0),
but may be solved perturbatively. At first order one ob-
tains

✏p(kz) = ✏F

✓
1� 2p

n+ 1

◆
+ vF kz. (13)

Thus, even though the degeneracy is lifted, exactly n
fermionic modes are still always present at zero energy
in the core of an n-fold vortex. This is in contrast to
the analogous problem of vortex bound states in a su-
perconducting 2D Dirac fermion [9], in which case there
is always a single zero mode for odd vorticities and no
zero modes for even vorticities. The left-handed Weyl
node will have an identical set of modes, but with the
left-handed dispersion (simply send vF ! �vF ).

The nontrivial helical Majorana modes in a straight,
vertical vortex with odd vorticity can also be understood
using the argument in the main text. Recall that a Ma-
jorana zero mode is induced whenever a odd vortex pen-
etrates the xy-plane. For a straight, vertical vortex the

translation Tz is a good symmetry. We can therefore view
the vortex line as a 1D translationally-invariant chain
with one Majorana zero mode per unit cell. Such a sys-
tem has a Lieb-Schultz-Mattis type of constraints on the
low energy theory, and cannot be gapped without break-
ing translation symmetry [10].

For even vorticity, taking ✏F = 0, pairs of Majorana
modes may be combined into chiral 1D Weyl modes.
Since the charge conservation is already violated, pairing
terms are always present for these Weyl modes, and they
are gapped out by the ordinary BCS pairing interaction
of the form

H = vF
X

kz

[kzc
†
kz
⌧zckz

+�(c†kz
i⌧yc†�kz

+ h.c.)/2], (14)

where the eigenvalues of ⌧z label the chirality of the 1D
Weyl modes. This state is also stable to small fluctua-
tions in ✏F since it is gapped. Thus vortices with even
vorticity do not have zero modes in their cores.
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3

where r =
p
x2 + y2, �(r) is the real magnitude of the

superconducting order parameter and ✓ is the azimuthal
angle in the xy-plane. The eigenstates ofH may be easily
found explicitly if one assumes �(r) = � = const [8]. In
this case one finds exactly n chiral modes, localized in
the vortex core, with the following wavefunctions
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where Np is a normalization factor given by

Np =
⇡3/2v2F
�2

�(1 + n/2)�(n� p+ 1)�(p)

�(n/2 + 1/2)
, (12)

which is finite and positive when p = 1, . . . , n. As men-
tioned above, these localized modes are chiral with the
dispersion ✏p(kz) = vF kz. The degeneracy of the chiral
modes with respect to the eigenvalue p is not protected
and is lifted when perturbations, such as a finite Fermi
energy, are introduced. A finite Fermi energy leads to a
term �✏F ⌧z in the BdG Hamiltonian Eq. (10). The prob-
lem may no longer be solved exactly (except at kz = 0),
but may be solved perturbatively. At first order one ob-
tains

✏p(kz) = ✏F

✓
1� 2p

n+ 1

◆
+ vF kz. (13)

Thus, even though the degeneracy is lifted, exactly n
fermionic modes are still always present at zero energy
in the core of an n-fold vortex. This is in contrast to
the analogous problem of vortex bound states in a su-
perconducting 2D Dirac fermion [9], in which case there
is always a single zero mode for odd vorticities and no
zero modes for even vorticities. The left-handed Weyl
node will have an identical set of modes, but with the
left-handed dispersion (simply send vF ! �vF ).

The nontrivial helical Majorana modes in a straight,
vertical vortex with odd vorticity can also be understood
using the argument in the main text. Recall that a Ma-
jorana zero mode is induced whenever a odd vortex pen-
etrates the xy-plane. For a straight, vertical vortex the

translation Tz is a good symmetry. We can therefore view
the vortex line as a 1D translationally-invariant chain
with one Majorana zero mode per unit cell. Such a sys-
tem has a Lieb-Schultz-Mattis type of constraints on the
low energy theory, and cannot be gapped without break-
ing translation symmetry [10].

For even vorticity, taking ✏F = 0, pairs of Majorana
modes may be combined into chiral 1D Weyl modes.
Since the charge conservation is already violated, pairing
terms are always present for these Weyl modes, and they
are gapped out by the ordinary BCS pairing interaction
of the form

H = vF
X

kz

[kzc
†
kz
⌧zckz

+�(c†kz
i⌧yc†�kz

+ h.c.)/2], (14)

where the eigenvalues of ⌧z label the chirality of the 1D
Weyl modes. This state is also stable to small fluctua-
tions in ✏F since it is gapped. Thus vortices with even
vorticity do not have zero modes in their cores.
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Vortex condensation in FFLO state

• Any even number 2n of Majorana vortex modes may be 
combined into n 1D Weyl fermion modes, which are 

gapped out by pairing:
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where r =
p
x2 + y2, �(r) is the real magnitude of the

superconducting order parameter and ✓ is the azimuthal
angle in the xy-plane. The eigenstates ofH may be easily
found explicitly if one assumes �(r) = � = const [8]. In
this case one finds exactly n chiral modes, localized in
the vortex core, with the following wavefunctions
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where Np is a normalization factor given by
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which is finite and positive when p = 1, . . . , n. As men-
tioned above, these localized modes are chiral with the
dispersion ✏p(kz) = vF kz. The degeneracy of the chiral
modes with respect to the eigenvalue p is not protected
and is lifted when perturbations, such as a finite Fermi
energy, are introduced. A finite Fermi energy leads to a
term �✏F ⌧z in the BdG Hamiltonian Eq. (10). The prob-
lem may no longer be solved exactly (except at kz = 0),
but may be solved perturbatively. At first order one ob-
tains

✏p(kz) = ✏F
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Thus, even though the degeneracy is lifted, exactly n
fermionic modes are still always present at zero energy
in the core of an n-fold vortex. This is in contrast to
the analogous problem of vortex bound states in a su-
perconducting 2D Dirac fermion [9], in which case there
is always a single zero mode for odd vorticities and no
zero modes for even vorticities. The left-handed Weyl
node will have an identical set of modes, but with the
left-handed dispersion (simply send vF ! �vF ).

The nontrivial helical Majorana modes in a straight,
vertical vortex with odd vorticity can also be understood
using the argument in the main text. Recall that a Ma-
jorana zero mode is induced whenever a odd vortex pen-
etrates the xy-plane. For a straight, vertical vortex the

translation Tz is a good symmetry. We can therefore view
the vortex line as a 1D translationally-invariant chain
with one Majorana zero mode per unit cell. Such a sys-
tem has a Lieb-Schultz-Mattis type of constraints on the
low energy theory, and cannot be gapped without break-
ing translation symmetry [10].

For even vorticity, taking ✏F = 0, pairs of Majorana
modes may be combined into chiral 1D Weyl modes.
Since the charge conservation is already violated, pairing
terms are always present for these Weyl modes, and they
are gapped out by the ordinary BCS pairing interaction
of the form

H = vF
X
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where the eigenvalues of ⌧z label the chirality of the 1D
Weyl modes. This state is also stable to small fluctua-
tions in ✏F since it is gapped. Thus vortices with even
vorticity do not have zero modes in their cores.
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• An odd number of Majorana modes can not be 
eliminated without breaking translational symmetry, thus 

a fundamental SC vortex may not be condensed. 
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Vortex condensation in FFLO state

• A double vortex does not have Majorana modes, but 
may still not be condensed. 

• This follows from the fact that the insulating state we 
want to obtain must preserve the chiral anomaly, i.e. 

must have a Hall conductivity of half conductivity 
quantum per atomic plane:
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Vortex condensation in FFLO state

• A vortex will induce a charge when intersecting an 
atomic plane:

L =
�xy
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• Since vortex is a loop, it will always intersect any atomic 
plane twice, inducing a pair of opposite charges, whose 

effect will thus cancel. 



Vortex condensation in FFLO state

• But consider a crystal with a dislocation. 3

FIG. 1. (a) A vortex loop linked with a dislocation with the
Burgers vector B = ẑ. Fractional quantum numbers and non-
trivial braiding statistics can emerge in such a configuration.
(b) A pair of vortex loops linked with a dislocation with the
Burgers vector B = ẑ. Braiding the two loops may be accom-
plished by adiabatically shrinking the left loop, then moving
it to the right by crossing the disc, enclosed by the right loop,
then expanding and moving it back to the original place with-
out crossing the disc, enclosed by the second loop.

a gapped state that is fully symmetric. This state must
have �xy = 1/4⇡ to match the chiral anomaly. To accom-
plish this, we need to understand carefully what does it
mean to condense vortices, which form loops in 3D, with-
out breaking the translational symmetry. In the simpler
case of condensing particles, we would want the particle
to carry zero momentum (up to a gauge choice). Now
we want to achieve the same goal for vortex loops, which
means that we want to condense vortex loops that trans-
form trivially under translation. A good way to probe the
properties of a loop under translation is to link the loop
to a lattice dislocation with the Burgers vector B = ẑ,
which inserts a half xy-plane, ending on a dislocation line,
as shown in Fig. 1(a). If a vortex is truly trivial under
translation, such a link should not create any nontrivial
e↵ect.

Consider first a vortex loop with an odd vorticity, trap-
ping a magnetic flux � = (2n + 1)⇡. A straightforward
calculation shows that each time the vortex penetrates
an atomic xy-plane, a Majorana zero mode is trapped at
the intersection [15]. An ordinary closed loop contains
an even number of such zero modes since the xy-plane
is penetrated an even number of times. However when
linked with a dislocation with B = ẑ, the total number
of such penetrations becomes odd and the vortex now
carries an unpaired Majorana zero mode.

The e↵ect becomes more drastic when two vortices
with an odd vorticity are simultaneously linked to a
B = ẑ dislocation. In this configuration we can con-
sider braiding between the two vortices, as illustrated in
Fig. 1(b). This process was first discussed in Ref. [41]
and is known as three-loop braiding – the only di↵erence
in our case is that the “base” loop is a static dislocation
rather than a dynamical excitation. Because of the Majo-
rana zero modes, carried by the vortices when linked with
the dislocation, the loop braiding process is non-abelian.

The above reasoning shows that odd vortices should
be considered nontrivial under translation symmetry and
cannot be condensed without breaking the symmetry.

Yet another way to see this is that if we were to con-
dense such vortices, inserting a dislocation into the sys-
tem would require the inserted half-plane to be out of
the bulk ground state to cancel the nontrivial braiding
statistics of the linked vortices (only then a condensate
is possible). This implies an energy cost ⇠ O(L2) in-
stead of ⇠ O(L) for an ordinary dislocation, where L is
the system size. This simply means that the translation
symmetry has actually been broken in the process.
Now what about vortices with even vorticity? There is

no unpaired Majorana zero mode in this case, even when
linked with a dislocation [15]. But the braiding statistics
between two such vortices, linked with the same dislo-
cation, can still be nontrivial (though must be abelian).
Since to match the chiral anomaly we need the Hall con-
ductivity of �xy = 1/4⇡ per layer, a two-fold vortex (with
flux � = 2⇡) will induce a semionic particle with the
self-statistical phase ✓ = ⇡�xy/(1/2⇡) = ⇡/2 each time
it penetrates the xy-plane. As before, an ordinary two-
fold vortex loop will not possess nontrivial self-statistics
since the xy-plane is penetrated twice. But when linked
with a B = ẑ dislocation, each vortex traps an unpaired
semion, which leads to semion braiding statistics for the
two-loop braiding process in Fig. 1(b). This nontrivial
abelian braiding of 2⇡ vortices, linked to dislocations, is
the fingerprint of the chiral anomaly when the U(1) sym-
metry is broken. We thus come to the conclusion that
two-fold vortices are also nontrivial under translations
and cannot be condensed.
Analogous considerations imply that four-fold (� =

4⇡) vortex loops have bosonic statistics even when linked
with dislocations and thus may be condensed. This pro-
duces an insulating state, which does not break either the
charge conservation or the translational symmetry and
has an electrical Hall conductivity �xy = 1/4⇡ and a ther-
mal Hall conductivity xy = (1/4⇡)(⇡2k2BT/3) per layer.
This is an insulating state that preserves all the symme-
tries and both the chiral and the gravitational anomaly
of a Weyl semimetal with 2Q = ⇡.

The insulator thus obtained is not a trivial one – it
possesses a Z4 topological order [42, 43]. The uncon-
densed one-, two- and three-fold vortices survive as non-
trivial gapped loop excitations in the topological order,
with inherited nontrivial braiding statistics when linked
with dislocations. There are also nontrivial particle ex-
citations. The Bogoliubov fermion in the paired state
survives as a neutral fermion excitation. The conden-
sation of 4⇡ vortices also leads to the emergence of a
charge-1/2 boson as a gapped excitation – this can be
understood as a point defect which, when taken around
the condensed 4⇡ vortex loop, acquires a Berry phase of
2⇡. Furthermore, due to a nontrivial mutual braiding
statistical phase of ⇡ between a ⇡ vortex and a 4⇡ vor-
tex, when linked with a dislocation, the condensation of
4⇡ vortices will also bind a 1/4-charge on a ⇡ vortex.

In fact, all of the above properties are closely related

• In this case vortex loop may intersect the extra half-
plane only once, inducing uncompensated 1/2 charge. 



Vortex condensation in FFLO state

• In this case vortex loop may intersect the extra half-
plane only once, inducing uncompensated 1/2 charge. 

• Two such charges will have semion exchange statistics: 

✓ = 2⇡2�xy =
⇡

2
<latexit sha1_base64="LPj5x690AGYUfmf10AeLcehGY/k=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgupCRV0I1QdOOygn1AE8tkOmmHTh7M3Igh5Cfc+CtuXCjiVnDn3zhts9DWA/dyOOdeZu7xYsEVWNa3sbC4tLyyWlorr29sbm2bO7stFSWSsiaNRCQ7HlFM8JA1gYNgnVgyEniCtb3R1dhv3zOpeBTeQhozNyCDkPucEtBSzzx2YMiA4Atcw07M73RXfBCQXvaQ5lp1fElopp08q+U9s2JVrQnwPLELUkEFGj3zy+lHNAlYCFQQpbq2FYObEQmcCpaXnUSxmNARGbCupiEJmHKzyVU5PtRKH/uR1BUCnqi/NzISKJUGnp4MCAzVrDcW//O6CfjnbsbDOAEW0ulDfiIwRHgcEe5zySiIVBNCJdd/xXRIdA6ggyzrEOzZk+dJq1a1T6q1m9NK/bKIo4T20QE6QjY6Q3V0jRqoiSh6RM/oFb0ZT8aL8W58TEcXjGJnD/2B8fkD4aKeDg==</latexit>

Wang & Levin 3-loop braidingB

(b)



Vortex condensation in FFLO state

• Two such charges will have semion exchange statistics. 

• This means that, inserting a dislocation in a crystal with 
condensed vortices will cost an energy O(L2)
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• This implies broken translational symmetry. 
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Vortex condensation in FFLO state

• Following the same logic, quadruple vortices have 
bosonic statistics and thus may be condensed without 

breaking any symmetries. 

• This is an insulating state that preserves the chiral 
anomaly and does not break any symmetries.
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Nontrivial generalization of FQHE to 3D 4

either charge conservation or translational symmetry and
has an electrical Hall conductivity �xy = e

2
/4⇡ and a

thermal Hall conductivity xy = (1/4⇡)(⇡2
k
2
BT/3). This

is an insulating state that preserves all the symmetries
and both the chiral and the gravitational anomaly of a
Weyl semimetal with 2Q = ⇡.

Condensation of 4⇡/e vortices leaves behind a Z4 topo-
logical order and leads to fractionalization of the electron
quantum numbers [32]. To understand the nature of this
order it is useful to describe the state we have obtained by
vortex condensation, using a parton construction instead,
which may be viewed as dual of the vortex condensa-
tion picture. Z4 gauge symmetry motivates the following
ansatz

c = b1b2f, (16)

where b1,2 are two flavors of charge e/2 spinless boson,
while f is a neutral spin-1/2 fermion. Eq. (16) is invariant
under

b1,2 ! i
n
b1,2, f ! (�1)nf, n 2 Z4. (17)

The neutral fermion experiences the same electronic
structure as the original Weyl semimetal and is assumed
to form the same FFLO state, that does not violate
translational symmetry. The neutral Fermi arc sur-
face state then leads to the thermal Hall conductivity
xy = (1/4⇡)(⇡2

k
2
BT/3), which is equivalent to a layered

p + ip superconductor [33]. The two-component charge-
e/2 boson forms a layered bosonic integer quantum Hall
state [34, 35], with each layer described by the Chern-
Simons theory

L =
1

4⇡

X

IJ

✏
µ⌫�

aIµKIJ@⌫aJ� � e

4⇡

X

I

✏
µ⌫�

Aµ@⌫aI�,

(18)
where

K =

✓
0 1
1 0

◆
. (19)

The layering periodicity coincides with the crystal peri-
odicity of the Weyl semimetal and does not break transla-
tional symmetry. This gives the electrical Hall conductiv-
ity of �xy = 2(e/2)2/2⇡ = e

2
/4⇡ per layer and the ther-

mal Hall conductivity xy = 0. This gapped insulating
state thus reproduces exactly the chiral and the gravita-
tional anomalies of the Weyl semimetal, while preserving
its translational and charge conservation symmetries.

In addition to realizing the chiral and the gravitational
anomalies of the Weyl semimetal, the above state also
provides a realization of the fractional quantum Hall ef-
fect (FQHE) in 3D, which may not be regarded as sim-
ple layering of weakly-coupled 2D FQHE systems. As
discussed above, a magnetic Weyl semimetal with two
Weyl nodes is an intermediate phase between an ordi-
nary 3D insulator with �xy = 0 and an integer quan-
tum Hall insulator with �xy = e

2
/2⇡. We may tune

�xy
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FIG. 2. (Color online) Hall conductivity as a function of

the magnetization with a fractional plateau corresponding to

�xy = e2/4⇡ three-dimensional FQHE.

between the two phases by varying a TR-breaking pa-
rameter, i.e. magnetization m. One may view this as
an analog of tuning the filling factor by an applied mag-
netic field in the case of the 2D quantum Hall e↵ect.
There are two critical values of the magnetization, mc1

and mc2, which correspond to transitions from the ordi-
nary insulator to the Weyl semimetal and from the Weyl
semimetal to the integer quantum Hall insulator corre-
spondingly. The function Q(m), which determines the
separation between the pair of Weyl points and the Hall
conductivity �xy(m) = e

2
Q(m)/2⇡2 as a function of the

magnetization, is model-dependent, but becomes univer-
sal near each critical point. For noninteracting electrons,
we have [17]

Q(m) ⇠ A1(m�mc1)
1/2

, ⇡ �A2(mc2 �m)1/2, (20)

where A1,2 are nonuniversal coe�cients. We then claim
that, in the presence of strong electron-electron interac-
tions, a fractional plateau may exist in �xy(m), at which
the Hall conductivity is quantized to half the value of the
integer plateau, �xy = e

2
/4⇡, as shown in Fig. 2. This

state shares some similarities with the recently proposed
fractional excitonic insulator [36], in the sense that it is
realized at stoichiometric band filling by gapping band-
touching points, instead of relying on a fractional filling
of a topologically-nontrivial band.
We would like to note that related issues have been

addressed before in Refs. [37, 38] (see also Refs. [39–41])
using an exactly solvable model of the Mott transition,
the Hatsugai-Kohmoto model [42]. This model is inte-
grable due to the interaction being restricted to satisfy
center-of-mass conservation in real space, which leads to

• In the presence of interactions, smooth evolution of the Hall 
conductivity with the magnetization in a Weyl semimetal may 

be interrupted by a half-quantized plateau. 

�xy =
e2
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Conclusions

• Both insulators and metals may be topological. 

• Topological metal is a metal, whose Fermi surface breaks up 
into disconnected sheets, each enclosing a “magnetic 
monopole in momentum space”, or Weyl node. 

• These nodes are topological objects and lead to observable 
phenomena: Fermi arc surface states, giant anisotropic 
magnetoresistance and dissipationless transport, non-Drude 
optical conductivity, 3D fractional quantum Hall effect, etc. 


