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Hydrodynamics for heavy-ion collisions
— status and recent developments -

Ulrich Heinz
{] | THE OHIO STATE UNIVERSITY

Theoretical Physics Colloquium, 26 May 2021
Largely based on work done by my students and postdocs:

Dennis Bazow, Chandrodoy Chattopadhyay, Lipei Du, Derek Everett,
Kevin Ingles, Dan Liyanage, Mauricio Martinez, Mike McNelis
Many Thanks!
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Overview

The Little Bang

final detected

Relativistic Heavy-Ion Collisions icle_distributions

made by Chun Shen fr’i:‘::com
— i o Hadronization
- Initial energy
density

& Hadron

pre-.
lequilibrium ; ;
|"dynamics viscous hydrodynamics

\Ji free streaming |

collision evolution |
t~0fm/c T~1fm/c T ~ 10 fm/c T ~ 10 fm/c

credit: Chun Shen
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Exploring the QCD phase diagram with heavy-ion collisions

7 Focus on:
Early Universe The Phases of QCD

: LHC Experiments Additional complexities when modeling heavy-ion

l collisions at lower energies:

B nontrivial interpenetration and energy deposition
dynamics;

o
=
=}
=
©
=
(9]
joR
5
[

m (3+1)-d, broken boost-invariance;

m equation of state (EoS) at zero strangeness but
nonzero electric and baryon charges;

® (non-equilibrium) dynamics of conserved charges:

B,Q S;
m QCD critical point: dynamics of critical fluctuations
Critical Point 3 and correlations (“critical slow modes”);
Hadron Gas O B hydrodynamization of fluctuations;

Nuclear ® back-reaction of non-equilibrium fluctuations on
Matter Neutron Stars bulk dynamics

f
900 MeV n ...
Baryon Chemical Potential
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Overview Dynamical initialization

w and diffusion Comparison with SPS and RHIC BES data o with critical fluctua

Initial conditions: (3+1)-d dynamical initialization

Collision geometry and maximum overlap time in Au-Au collisions [Shen & Schenke 1710.00881, Du et al. 1807.04721]

35
10.0} /53y = 200 GeV «/_SM; =19.6 GeV 7.7 GeV,323 fm
3.0
5.0 g on Ss —— Au+Au, b=0fm
4 2.
. S ® VNN foverlap
E oo
<
a3 19.6 GeV, 123 fm
-5.0 &
.’ 05 62.4 GeV,0.39 fm
-10.0| 0-5% Au+Au 200 GeV,0.12 fm
10 0.0 1.0 10 00 1.0 0% 50 100 150 200 250
z (fm) z (fm)

Vnn [GeV]

m At RHIC BES energies, the space-time history of nuclear interpenetration and energy deposition is complicated and depends
on transverse position;

® Hydrodynamic initial conditions have a complex (3+1)-d structure;
m Challenges:
m large model uncertainties, especially for baryon stopping [Denicol et al. 1804.10557; Bialas et al. 1608.07041; Du et al. 1807.04721;
Shen & Schenke 1710.00881];

m dynamical interface between (3+1)-d pre-hydrodynamics and hydrodynamics [Shen & Schenke 1710.00881; Akamatsu et al. 1805.09024;
Kanakubo et al. 1806.10329].
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Overview Dynamical initialization Violation of boost-invariance

Baryon flow and diffusion

Initial conditions: (3+1)-d dynamical initialization

UrQMD [Du QM2018]

String model [Shen & Schenke 1710.00881]

4.0,
3.5k
3.0F
2.5F

E20f
“asp

1.0F
0.5k

0-5% Au+AU@19.6GeV

0.0

6

Ulrich

Status of Hydrodynamics for HICs

7 [fm/c]

Energy deposition in central Au-Au collisions
AuAu @ 19.6 GeV b=0 fm

AuAu @ 200 GeV b=0 fm

35F 0-5% Au+Au@200GeV 3

|
=6 -4 -2 0 2 4

Theoretical Physics Colloquium, 5/26/2021

Comparison with SPS and RHIC BES data Hydro with critical fluctuations Conclusions
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Dynamical initialization

Conservation laws and source terms

The conservation laws are
d,T" = d, [Tﬂuld + 1 artlcle} =0,
duN* = d, [Nﬂuld +N art1cle} =0,
from which we can get the source terms for the fluid as

d ﬂuld = JSIs/OuI“CG( )E —d Tpartlcle(’r)7

dﬂNﬂuid = szource< )E —d Npartlcle(x) :

Ulrich Heinz (OSU) Status of Hydrodynamics for HICs Theoretical Physics Colloquium, 5/26/2021 6/38



Dynamical initialization

Source terms and thermalization

Baryon current and energy-momentum tensor of the particles are given by [D. Oliinychenko
and H. Petersen, Phys.Rev. C93 (2016) 034905]

;P
v
Tgarticle(t’ ’l") = Z #K(T - ri(t)a pi) ’
i i
pf
N}l)Larticle(t7 T) = Z blp%K(r - ri(t)v pl) .
i i

The smearing kernel in the rest frame is given by

1 _(wrf - 7'1rf,z')2
Ki(trﬁ $rf7pi) = %% (27r0'2)3/2 exXp |: 20_2 e(tform,i - trf)y
z —x;(t)?% — (ui - (x — 25(2)))?
= % (2 2)3/2 €xp |:< 1( )) 2(0_; ( l( ))) @(tform,i - trf)-
o

Ulrich Heinz (OSU) Status of Hydrodynamics for HICs Theoretical Physics Colloquium, 5/26/2021 71/38
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Source terms and thermalization

tform —t AT —0

1
O(trorm — 1) = 5 |tanh T YO

—_1 tiom =t
L{tanh(tste) 1]

08

===+ HeavisideTheta

00

0.0 05 1.0 1.5 20 25 30
t [fm/c]
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Dynamical initialization

Dynamical sources (illustration for central Au+Au @ 200 A GeV)

-
Energy-momentum source Jg,,ce Baryon number source pg)urce
101 f o fm
=0.5 fm/c =05 fm/c
- 60 15
s 5 .
- o .
1.0
. . o
) 40 = T .
5 L4 % ¥ A 3 y
5 .
- » .
- \ .
g 20 h . ‘ Ld 0
10 |1} 2o e c—— 09
: b =5 o 5 10
x [fm] 0 X [fm]
7= 0.5 fm/c
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Dynamical initialization

Dynamical sources (illustration for central Au+Au @ 200 A GeV)

Energy-momentum source J,

source Baryon number source pZ2 ..
fm™S
10% 1 1of fm
| =07 m/c i & =0.7 fm/c
: 0.75
s 20 5
0.50
- 1
15 = .
= 0 L
= 0.25
10 \ bd » )
-s} -5 p ” 0
'
5 -0.25
—10 L)) ey ey e e ————ret
-10 -5 O 3 10
. x [fm] -0.50

7 =0.7fm/c
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Dynamical initialization

Dynamical sources (illustration for central Au+Au @ 200 A GeV)

Energy-momentum source J7,

B
source Baryon number source pg . ce
10/ m fm4
[ 0.9 fm/c b |
‘ ety s =09 fm/c |
| 06
St s )
6 04
-
E o E o
> - 0.2
4
) '
s} 3 \ ’ 0
| .
2 |
| §-02
| |
- 10¢ - 10} |
0 5 ] 3 10 =10 -5 0 S 10
x [fm] 0 x [fmm] 04
7 =09 fm/c
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Dynamical sources (illustration for central Au+Au @ 200 A GeV)

-
Energy-momentum source Jg, ce Baryon number source pZ
10 fm_s o o
r=1.1 fm/c . : r=1.1fm/c
0.4
3 5
4
0.2
-E 0 3 E 0
. 0
2 . ’
i s |
" -0.2
—10 =10
1o = 10 -5 0 5 10
O x [fm]

7 =1.11fm/c

Ulrich Heinz (O
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Dynamical initialization

Evolution in the transverse plane (snapshots, central Au+Au @ 200 A GeV)

L. Du, QM2018: =05 fmfc e
) i ! o .
b,
£ | 4 = - > »
5 " | i a3
| | o,
N " -

C. Shen, QM2017:

r=1.40 fm

u (fn]

i}
r {fm)

@ In our model [Du QM2018], bumpiness of ppg is not correlated with that of e

JIrich Heinz (OSU)
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Initial longitudinal profiles for energy density

At BES energies, initial energy deposition in UrQMD is not boost-invariant: pus urinpreparation]

at production time at thermalization time at thermalization time

b) T, =02 fm

(€) Th =0.5 fm

0 2 4 4 2 0 2 4 4 2 0 2 4
s s s
e Initial distribution evolves towards boost-invariance by longitudinal free-streaming
o This evolution is faster at higher collision energies
e Large uncertainty in hydrodynamic initial conditions related to thermalization (formation) time

-4 2

Ulrich Heinz (OSU

Status of Hydrodynamics for HICs Theoretical Physics Colloquium, 5/26/2021 14/ 38



Violation of boost-invariance

Initial longitudinal profiles for net baryon number density

UrQMD initial conditions
[Du & UH in preparation]

at production time at thermalization time

() T = 0.5 fm

(B} Ty =05 fm

-4 -2 0 2 4 -4 -2 0 2 4
s 1s

String model initial conditions
[Shen & Schenke 1710.00881]

s

e Large model uncertainties in hydrodynamic initial conditions, especially for the net baryon density distribution!

h Heinz (OSU)
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Baryon flow and diffusion
Baryon flow and baryon diffusion

Conservation laws for energy, momentum and the conserved charges (w/o dynamical initialization):
d,LT‘“/=O7 with T‘“’=€u“u"—('ch—O—I'I)A‘“'+7\"“'7
d.N'"=0, with N =Nju" +nt (i=8B,Q,5).

Status of Hydrodynamics for HICs Theoretical Physics Colloquium, 5/26/2021 16/ 38
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Baryon flow and baryon diffusion

Conservation laws for energy, momentum and the conserved charges (w/o dynamical initialization):
d, ™ =0, with T'Y = Eut'u” — (Peq + MAHY + 77,
d.N' =0, with N =N +nf" (i=B,Q,5).

Required ingredients:

2 from an LQCD-based EoS with a CP

m Equation of State (E0S) Peq(E, N)

B At non-zero densities for (multiple) conserved charges: W07 — e
[Monnai et al. 1902.05095; Noronha-Hostler et al. 1902.06723] pp [MeVijney 300 \\\l 400
m With a critical point: 405 L~

T [MeV]

[P. Parotto et al. 1805.05249] [P. Parotto et al,.1805.05249]

Ulrich Status of Hydrodynamics for HICs Theoretical Physics Colloquium, 5/26/2021 16/ 38



Overview Dynamical initializatior

ariance  Baryon flow and diffusion  Compar

Baryon flow and baryon diffusion

Conservation laws for energy, momentum and the conserved charges (w/o dynamical initia"~

d,T* =0, with T = EuHu” — (Peq + M)AHY 4+ 77,
d.N'"=0, with N =Nju" +nt' (i=8,Q,5).

Required ingredients:

m Equation of State (EoS) Peq(E, N)

W At non-zero densities for (multiple) conserved charges:
[Monnai et al. 1902.05095; Noronha-Hostler et al. 1902.06723]

W With a critical point:
[P. Parotto et al. 1805.05249]

m Transport coefficients

m Shear and bulk viscosity (n/5)(s, T), (¢ /s)(w, T):
e.g. [Noronha-Hostler et al. 0811.1571; Denicol et al. 1512.01538; Soloveva et al. 1911.08547]
m Diffusion coefficient matrix r;; (1, T):

e.g. [Denicol et al. 1804.10557; Rougemont et al. 1507.06972; Fotakis et al. 1912.09103, 2102.08140]

Status of Hydrodynamics for HICs

son with SPS and RH

C BES data

o with critical fluctua

xation time approximation Cp=0.4

Holographic model

Baryon diffusion coefficients r g
from kinetic theory and holography
[Du et al=1807.04724)

Theoretical Physics Colloquium, 5/26/2021 16/ 38



Overview Dynamical initialization Violation of boost-invariance Baryon flow and diffusion

Baryon flow and baryon diffusion

Comparison with SPS and RHIC BES data

Conservation laws for energy, momentum and the conserved charges (w/o dynamical initialization):

d, T =0,
duN'=0,

with THY = Eul'u” — (Peq + M)AHY + 7",
with N/ =Nju" +nt (i=8B,Q,5).

Required ingredients:

m Equation of State (EoS) Peq(E, N)

W At non-zero densities for (multiple) conserved charges:
[Monnai et al. 1902.05095; Noronha-Hostler et al. 1902.06723]

m With a critical point:
[P. Parotto et al. 1805.05249]

m Transport coefficients

| Shear and bulk viscosity (1/s)(p, T), (¢ /s)(p, T):
€.g. [Noronha-Hostler et al. 0811.1571; Denicol et al. 1512.01538; Soloveva et al. 1911.08547]
m Diffusion coefficient matrix r (1, T):

e.g. [Denicol et al. 1804.10557; Rougemont et al. 1507.06972; Fotakis et al. 1912.09103, 2102.08140]
m (3+1)-d hydrodynamic simulation with conserved currents:

® MUSIC [Denicol et al. 1804.10557]
® BESHYDRO [Du & UH 1906.11181]

Status of Hydrodynamics for HICs

&[GeV fm™]

IS}

@

©n

Hydro with ¢

ritical fluctuations

Conclusions

(a)

N --t=2fm
=5 fm
=10fm
“ = - 1=20fm

(1+1)D comparison between MUSIC and BESHYDRO
[Du & UH 1906.11181], both using DNMR theory

[Denicol et al. 1004.5013, 1202.4551]

Theoretical Physics Colloquium, 5/26/2021
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Baryon flow and diffusion

Hydrodynamic code validation
Code validation is essential:

m for quantitative work need to
monitor where the code reaches its
limits

m numerical precision must not be
limiting factor in model-data
comparison

(

Status of Hydrodynamics for HICs Theoretical Physics Colloquium, 5/26/2021 17/38
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Hydrodynamic code validation

. . . . =, 50—, 20—, )
Code validation is essential: oyl N @ \ ® 0 ©

m for quantitative work need to
monitor where the code reaches its
limits

m numerical precision must not be

) 1 4 ) 1 2 3 45 ) 1 2 3 4 5
limiting factor in model-data x [fm] x [fm]
comparison 20 N @ © 200N\ »

\ i\
m example: Gubser flow for testing B/
transverse evolution Y Y AN =
0.5 .
0] -
U B B R 3
x [fm]

0.0] )
= 0.0 frmpmetmy
,,’,‘ N \ -.'\ '
/ -024 —0af 4 VW
= Vv a/
0.4 |
4
\ 1]
0.6) 1
L
ol 1]
0.8] i | Along x=y
/ \/
[€3) 1.0) \/ (h) osf (@
) 1 2 3 4 5 ) 1 2 3 4 5 ) 1 2 3 45
x [fm] x [fm] x[fm]

Test of transerverse evolution with Gubser flow [Du & UH 1906.11181]
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Overview Dynamical initialization Violation of boost-invariance

Hydrodynamic code validation
Code validation is essential:

m for quantitative work need to
monitor where the code reaches its
limits

m numerical precision must not be
limiting factor in model-data
comparison

m example: Gubser flow for testing
transverse evolution

m example: (1+1)-d test for
longitudinal evolution of baryon
flow and diffusion dynamics w/o
transverse gradients

n [fm™4]

Baryon flow and diffusion Comparison with SPS and RHIC BES data Hydro with critical fluctuations
35 I\\ N (@ 0.8 '«\ Il ®)
0 AVE AR
— o5k— NN _,_0.6 \ l,.\
! 1
£ 20 E 04 ANA
15 N~
:10—_’ S To2
S 0.0
0.03
7=1fm (C) '\ [ ,\ (d)
0.02 r=2fm f /\ 0.0020 i l”] ll| i
001} = el [ T 00015 It
Al , |
0.00— A E 00010 (/1 []]1
N N TRIR
-001 YRy 0.0005 M
\l
—o02p VWV 0.0000 \ A
-4 20 2 & R
s 7

Test of longitudinal evolution [Du et al. in preparation]
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Overv

Hydrodynamic code validation

iew Dynamical initialization Violatior

Code validation is essential:

for quantitative work need to
monitor where the code reaches its
limits

numerical precision must not be
limiting factor in model-data
comparison

example: Gubser flow for testing
transverse evolution

example: (1+1)-d test for
longitudinal evolution of baryon
flow and diffusion dynamics w/o
transverse gradients

for additional validation protocols
(which can also be used for other
codes) see

of boost-invariance

n [fm™#]

Baryon flow and diffusion Comparison with SPS and RHIC BES data Hydro with critical fluctuations
;(5) I\\ II \\ (a) 0.8 '«\ lll ®)
FZSP—‘I \J r0'6 4\\ ,p\‘
! I
£ 20 E 04 ARA
S 00
003
7=1fm (C) '\ [ ,\ (d)
002} —2mp 00020t I I
r=4fm | .
001} — Zom| AT A A f
00— F | £ 00010 ,|:|,'”,
< ™ " |
-0.01 \| | \\ | = 0.000SM
\l
-0y V V 0.0000 A'AYA
420 2 4 e
s 7

Test of longitudinal evolution [Du et al. in preparation]
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Overview Dynamical initialization Violation of boost-invariance

BESHYDRO documentation

Baryon flow and diffusion

Hgei £

iranan o] Mo, T ki i

Contents
1 bmtredersios

BES#YDRS Uner Mazmal

Comparison wi

1 SPS and RHIC BES data Hydro with critical fluctuations

Comipater Physics Communications

[reny—

(341

Upet T

ARTICLE (HE®

met baryon density”
Liirich Hemz =

e Muid dynamsics

Thie ey kg Wi 4o b vt or i e S
o e e i s o b i

e s v

Physics, internal workings and validation schemes are well documented:

m BESHYDRO paper [Du & UH 1906.11181]

m User manual

e e e o e

Conclusions

Detailed documentation and validation protocols for BESHYDRO allow to explore the inner workings of the hydrodynamic code, by
selectively turning on and off (or adding additional) terms describing specific physics mechanisms.

Status of Hydrodynamics for HICs
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Overview
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Baryon flow and diffusion Comparison with SPS and RHIC BES data

Baryon diffusion smoothes baryon density gradients

1
m Relaxation equation for baryon diffusion current: u” 8, n* = —— |n* — kKpV"

Tn

w
- +...
T

Baryon diffusion coefficient kg oc Cg controls response of the diffusion current to the driving force.

¥ [fm]

¥ [fm]

Ulrich Heinz (C

.5 fm (initial)

x[fm]

N.r=0.5 fm (initial) 35 N. =50 fm, shear+diffusion

0.10

30

25 008

2o 006

15 =
004

i

s 002

x(fm) x[fm)
Energy and baryon evolution in transverse plane [Du & UH 1906.11181}; & =

o

0 fm, shear
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0 fm, shear+diffusion

x[fm]
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Baryon diffusion smoothes baryon density gradients
1
m Relaxation equation for baryon diffusion current: u” 9, n** = — — |n* — kKpV# Lt + ...
Th
Baryon diffusion coefficient kg oc Cg controls response of the diffusion current to the driving force.
Energy density at 10.5 fm/c 8 Baryon density at 10.5 fm/c
150 ) ) —— nitial Profile ===~ RTA C; =04 Holographic Model
nitial Profile - RTAC, =04 Holographic Model
RTA G5 =005 — == RTACy=12
+ RTACp=005 === RTACy=12
T« 100
£
>
v
<
~
L
50
=3 ) 0 2 !
s

Energy and baryon evolution in longitudinal direction [Du et al. 1807.04721]

Toy model initial state profile from [Denicol et al. 1804.10557]
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Baryon diffusion smoothes baryon density gradients

1
m Relaxation equation for baryon diffusion current: u” 8, n* = —— |n* — kpV" Lad j| + ...

Th
Baryon diffusion coefficient kg o< Cg controls response of the diffusion current to the driving force.
Energy density at 10.5 fm/c 8] Baryon density at 10.5 fm/c -
150 \ - )
Initial Profile  ==== RTA Cy=04 —— Holographic Model Inital Profile RTACy=04 Holographic Model
weeees RTA Cy=005 === RTACy=12 s RTA Gy =005 - RTAG =12
6 1
g 100 &
= &
g g’ I
5 g
© ~ <
50
2 1
o 0 £
-4 -2 0 2 4 3 -1 0 1 3
n 115 s

Energy and baryon evolution in longitudinal direction (toy model) [Du et al. 1807.04721]

m Baryon diffusion leaves no pronounced signatures in the evolution of the energy density but smoothes out gradients in baryon
density [Du & UH 1906.11181].

® An active topic:

[Monnai 1204.4713; Shen et al. 1704.04109; Moritz et al. 1711.08680; Denicol et al. 1804.10557; Li & Shen 1809.04034; ...].
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Baryon flow and diffusion

Mixed diffusion of multiple conserved charges

Coupled relaxation equations for the diffusion currents i = B, Q, S [Fotakis et al. 1912.09103]:

uo,nt = ——

1
[nf‘ — n',-jV“ (lﬁ>:| +...
Tn T

Common relaxation time 7, for simplicity. Diffusion coefficient matrix r;; from kinetic theory.

Toy model with only longitudinal expansion (inviscid fluid, no transverse gradients):

& 05
£
£0.25
S
o
1=

& 05
E
g
s
©
£

ng /g [1/m?)

[ No Diffusion

Only

0
4 3 -2

A

o
2

- Diffusion Only

le No Diffusion 2 fmic ——
- £0.01 | T=3fm/c meme
L zo 0
°-001 | 1
i<
,Bal‘yon ‘ ‘ ‘ C ] Baryon ' T t
Diffusion

[
2
‘

ng /g [1/fm?)
o

Ful Diffusion’

A

£ 0.01 |- Matrix
€.

©

%)

IS

1 2 3 4 4 3 -2 -

) it I ) m,
Evolution of baryon and Strangeness densities in longitudinal direction [Fotakis et®al. 1912.09103]
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Overview Dynamical initialization Violation of boost-invariance Baryon flow and diffusion Comparison with SPS and RHIC BES data Hydro with critical fluctuations Conclusions

Hydrodynamic hybrid modeling of SPS and RHIC BES data

Here: focus on recent work from Chun Shen’s group [shen & Alzhrani 2003.05852]
building on earlier papers [shen & schenke 1710.00881, Denicol et al. 1804.10557) but w/o dynamical initialization

(See also [Karpenko et al. 1502.01978, Monnai et al. 1902.05095].)

e Initial ns profiles for energy and net baryon density from [penicol et al. 1804.10557], but with transverse profiles for
energy density e(x,y) = M(x, y) cosh(ycm(x, y)) and
longitudinal momentum density p,(x, y) = M(x, y) sinh(ycm(x, y)), with
invariant mass density profile M = m,,\/Tj‘ + Té + 2TATg cosh(2ybeam) (~ \/TaTp for /s > 5GeV)
of the two colliding nuclear thickness functions T4 and Tp in the transverse plane.

® Boost-invariant initial longitudinal flow profile assumed.
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Comparison with SPS and RHIC BES data

Hydrodynamic hybrid modeling of SPS and RHIC BES data

Here: focus on recent work from Chun Shen’s group [shen & Alzhrani 2003.05852]
building on earlier papers [Chen & schenke 171000881, Denicol et al. 1804.10557]
e nitial ns profiles for energy and net baryon density from [penicol et al. 1804.10557], but with transverse profiles for
energy density e(x,y) = M(x, y) cosh(ycm(x, y)) and
longitudinal momentum density p,(x, y) = M(x, y) sinh(ycm(x, y)), with
invariant mass density profile =M = m, \/TE‘ + T2 + 2TaTg cosh(2ybeam) (~ /TaTg for /s > 5GeV)
of the two colliding nuclear thickness functions T4 and Tp in the transverse plane.

charged hadron pseudorapidity distributions pion rapidity distributions (RHIC)
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Hydrodynamic hybrid modeling of SPS and RHIC BES data

Here: focus on recent work from Chun Shen’s group [shen & Alzhrani 2003.05852]
building on earlier papers [Chen & schenke 171000881, Denicol et al. 1804.10557]
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longitudinal momentum density p,(x, y) = M(x, y) sinh(ycm(x, y)), with
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Hydrodynamic hybrid modeling of SPS and RHIC BES data

Here: focus on recent work from Chun Shen’s group [shen & Alzhrani 2003.05852]
building on earlier papers [Chen & schenke 171000881, Denicol et al. 1804.10557]
e nitial ns profiles for energy and net baryon density from [penicol et al. 1804.10557], but with transverse profiles for
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Hydrodynamic hybrid modeling of SPS and RHIC BES data

Here: focus on recent work from Chun Shen’s group [shen & Alzhrani 2003.05852]
building on earlier papers (Chen & schenke 1710.00881, Denicol et al. 1804.10557]
e nitial ns profiles for energy and net baryon density from [penicol et al. 1804.10557], but with transverse profiles for
energy density e(x,y) = M(x, y) cosh(ycm(x, y)) and
longitudinal momentum density p,(x, y) = M(x, y) sinh(ycm(x, y)), with
invariant mass density profile =M = m, \/TE‘ + T2 + 2TaTg cosh(2ybeam) (~ /TaTg for /s > 5GeV)
of the two colliding nuclear thickness functions T4 and Tp in the transverse plane.
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Hydrodynamic hybrid modeling of SPS and RHIC BES data

Here: focus on recent work from Chun Shen’s group (shen & Alzhrani 2003.05852]
building on earlier papers [Chen & schenke 171000881, Denicol et al. 1804.10557]
e Initial 75 profiles for energy and net baryon density from [penicol et al. 1804.10557], but with transverse profiles for
energy density e(x,y) = M(x, y) cosh(ycm(x, y)) and
longitudinal momentum density p,(x, y) = M(x, y) sinh(ycm(x, y)), with
invariant mass density profile =M = m, \/Tf\ + Té + 2T4Tg cosh(2ybeam) (~ +/TaTp for /s > 5GeV)
of the two colliding nuclear thickness functions T4 and Tp in the transverse plane.
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Hydrodynamic hybrid modeling of SPS and RHIC BES data

Here: focus on recent work from Chun Shen’s group [shen & Alzhrani 2003.05852]
building on earlier papers (Chen & schenke 1710.00881, Denicol et al. 1804.10557]
e nitial ns profiles for energy and net baryon density from [penicol et al. 1804.10557], but with transverse profiles for
energy density e(x,y) = M(x, y) cosh(ycm(x, y)) and
longitudinal momentum density p,(x, y) = M(x, y) sinh(ycm(x, y)), with
invariant mass density profile =M = m, \/TE‘ + T2 + 2TaTg cosh(2ybeam) (~ /TaTg for /s > 5GeV)
of the two colliding nuclear thickness functions T4 and Tp in the transverse plane.

pion v; rapidity distribution proton v; rapidity distribution
e 0.20 g
0.0ik — V5 =200 GeV 7y ] F—— V/5=200GeV oy E
r =39 GeV iy o /5=39GeV g E
,,V/ "\._.\v\ e /5 =19.6 GeV ;| 0.10F ===+ /5 =19.6 GeV 7 4
002 i P Vs=T76GV o ] E Vs =T.7GeV oy
Rl ) Ve i 0.05F
= 0.00g 2 E =
= [ = ]
—0.021 N ]
_0.04]- (2) 10-40% Au+Au —0.15p5 B
i £ (b) 10-40% Au-+Au
oo b b b e b (.20 Lo b b b b 0 J0
—1.0 — 1. —U.0 . .0 ! Rl —1.0 — 1. —U.0 . .0 ! Rl
1.5 1.0 5 0.0 0.5 1.0 1.5 =15 1.0 0.5 0.0 0.5 1.0 1

Y
Status of Hydrodynamics for HICs Theoretical Physics Colloquium, 5/26/2021 27/38




Comparison with SPS and RHIC BES data

Hydrodynamic hybrid modeling of SPS and RHIC BES data

Here: focus on recent work from Chun Shen’s group [shen & Alzhrani 2003.05852]

building on earlier papers [Chen & schenke 1710.00881, Denicol et al. 1804.10557]
e nitial 75 profiles for energy and net baryon density from [penicol et al. 1804.10557], but with transverse profiles for
energy density e(x,y) = M(x, y) cosh(ycm(x, y)) and

longitudinal momentum density p,(x, y) = M(x, y) sinh(ycm(x, y)), with

invariant mass density profile =M = m, \/T/Z\ + T2 + 2TaTg cosh(2ybeam) (~ /TaTg for /s > 5GeV)
of the two colliding nuclear thickness functions T4 and Tp in the transverse plane.

® Many systematic features of hadron production data as functions of beam energy and
collision centrality, transverse and longitudinal momentum are qualitatively well
described by this approach.

® Main failure: rapidity distributions of (net) baryons and proton flow

m —> Need a better understanding of longitudinal initial conditions and baryon
stopping!
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Hydro with critical fluctuations

Critical fluctuations and their off-equilibrium dynamics

B A critical point features large fluctuations and correlations [Gitterman Rev. Mod. Phys. 1978].
Dependence on the correlation length & stronger in higher-order cumulants (e.g. K3 o< €4, Ky o< £7).

Non-monotonic beam energy dependence of the normalized cumulants proposed as telltale signature of the
QCD critical point [stephanov 0809.3450 & 1104.1627; Bzdak et al. 1906.00936]:
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Critical fluctuations and their off-equilibrium dynamics

B A critical point features large fluctuations and correlations [Gitterman Rev. Mod. Phys. 1978].
Dependence on the correlation length & stronger in higher-order cumulants (e.g. K3 o< €4, Ky o< £7).

Non-monotonic beam energy dependence of the normalized cumulants proposed as telltale signature of the
QCD critical point [stephanov 0809.3450 & 1104.1627; Bzdak et al. 1906.00936]:
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Illustration of the critical region and normalized quartic cumulant of proton multiplicity as a function of p (proxy for /syn)

Status of Hydrodynamics for HICs Theoretical Physics Colloquium, 5/26/2021 29/38



Overview Dynamical initializatior

olation of

boost-invariance Baryon flow and diffusion Comparison with SPS and RHIC BES data Hydro with critical fluctuations Conclusions

Critical fluctuations and their off-equilibrium dynamics

B A critical point features large fluctuations and correlations [Gitterman Rev. Mod. Phys. 1978].
Dependence on the correlation length & stronger in higher-order cumulants (e.g. K3 o< €4, Ky o< £7).

Non-monotonic beam energy dependence of the normalized cumulants proposed as telltale signature of the
QCD critical point [stephanov 0809.3450 & 1104.1627; Bzdak et al. 1906.00936]:
a -
T crossover (Ay = 0)
g 1st order
critical point

with max .
__baseline

freeze-out points
vE /5

i

B
Illustration of the critical region and normalized quartic cumulant of proton multiplicity as a function of p (proxy for /syn)
m Equilibration of such fluctuations is affected by critical slowing-down (Hohenberg & Halperin Rev. Mod. Phys. 1977].

Since the QCD matter created in heavy-ion collisions evolves very rapidly, off-equilibrium fluctuation effects
become essential [Berdnikov & Rajagopal hep-ph/9912274; Yi Yin 1811.06519];
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Critical fluctuations and their off-equilibrium dynamics

B A critical point features large fluctuations and correlations [Gitterman Rev. Mod. Phys. 1978].
Dependence on the correlation length & stronger in higher-order cumulants (e.g. K3 o< €4, Ky o< £7).
Non-monotonic beam energy dependence of the normalized cumulants proposed as telltale signature of the
QCD critical point [stephanov 0809.3450 & 1104.1627; Bzdak et al. 1906.00936]:

P crossover (A = 0)

Ist order

critical point

with max ’
_________________________ baseline
freeze-out points
vE /5

i

B

lllustration of the critical region and normalized quartic cumulant of proton multiplicity as a function of p (proxy for \/syyn)
m Equilibration of such fluctuations is affected by critical slowing-down (Hohenberg & Halperin Rev. Mod. Phys. 1977].
Since the QCD matter created in heavy-ion collisions evolves very rapidly, off-equilibrium fluctuation effects
become essential [Berdnikov & Rajagopal hep-ph/9912274; Yi Yin 1811.06519];
m Hydro+ framework: conventional hydrodynamics coupled to slowly evolving critical modes.
The slowest mode in the system created in heavy-ion collisions is 0(s/n)p [stephanov & vin 1712.10305].
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Hydro with critical fluctuations

Critical fluctuations: equilibrium value

m Introduce phase-space density for the slow degrees of freedom, ¢pq(x), via the Wigner transform of the
two-point correlation of 6(S/n)p [Stephanov & Yin 1712.10305; Xin An et al. 1902.09517, 1912.13456]:

sal) ~ [ (52 (x+ B2) 62 (x- B2) yeasn,

m Define the homogeneity length ¢ of the fluid and the correlation length & as the typical length scales for
variations of the 2-point correlator in x and Ax . Hydro+ assumes the scale separation ¢ > &.
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Critical fluctuations: equilibrium value

m Introduce phase-space density for the slow degrees of freedom, ¢pq(x), via the Wigner transform of the
two-point correlation of 6(S/n)p [Stephanov & Yin 1712.10305; Xin An et al. 1902.09517, 1912.13456]:

sal) ~ [ (52 (x+ B2) 62 (x- B2) yeasn,

m Define the homogeneity length ¢ of the fluid and the correlation length & as the typical length scales for
variations of the 2-point correlator in x and Ax . Hydro+ assumes the scale separation ¢ > &.

m In the hydrodynamic limit Q=|Q| — 0 the non-critical equilibrium value ¢ is (Stephanov & Yin 1712.10305; Akamatsu et al

1811.05081]
- % o
¢o= V(|- =
n n

where ¢, = nT(0(s/n)/OT), is the heat capacity. @ follows the medium evolution.
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Critical fluctuations: equilibrium value

m Introduce phase-space density for the slow degrees of freedom, ¢pq(x), via the Wigner transform of the
two-point correlation of 6(S/n)p [Stephanov & Yin 1712.10305; Xin An et al. 1902.09517, 1912.13456]:

sal) ~ [ (52 (x+ B2) 62 (x- B2) yeasn,

m Define the homogeneity length ¢ of the fluid and the correlation length & as the typical length scales for
variations of the 2-point correlator in x and Ax . Hydro+ assumes the scale separation ¢ > &.

m In the hydrodynamic limit Q=|Q| — 0 the non-critical equilibrium value ¢ is (Stephanov & Yin 1712.10305; Akamatsu et al

- 2 [y
¢0—V<(5Z> >—n‘;7

where ¢, = nT(0(s/n)/OT), is the heat capacity. @ follows the medium evolution.
m In the critical regime (Q > £71), ¢, is critically enhanced and the Q- and £-dependent equilibrium value is

G = o) = [() (&)

where spatial isotropy for the Q-dependence is assumed. [stephanov & Yin 1712.10305; Akamatsu et al. 1811.05081; Xin An et al. 1912.13456;

1811.05081]

1

1+ (Q€)?’

Rajagopal et al. 1908.08539]
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Critical fluctuations: off-equilibrium dynamics

m The slow-mode equations of motion are of relaxation form (sephanov & Yin 1712.10305; Akamatsu et al. 1811.05081; Xin An et al. 1912.13456]

ududq = —Tq(da — ¢a),

where u# is the flow velocity and u* 0y, is the time-derivative in local rest frame.

Status of Hydrodynamics for HICs Theoretical Physics Colloquium, 5/26/2021 31/38



Hydro with critical fluctuations

Critical fluctuations: off-equilibrium dynamics

m The slow-mode equations of motion are of relaxation form (sephanov & Yin 1712.10305; Akamatsu et al. 1811.05081; Xin An et al. 1912.13456]

ududq = —Tq(da — ¢a),

where u# is the flow velocity and u* 0y, is the time-derivative in local rest frame.

m Close to the critical point, the Q-dependent relaxation rate I is (Akamatsu et al. 1811.05081: Xin An et al. 1912.13456]

Fo = Fefi(Qg) = [z (%) (";)] [(QO(1 + (@)

where At is the heat conductivity. Note critical slowing down as {—o00, and limg—,o 'q = 0.
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Critical fluctuations: off-equilibrium dynamics

m The slow-mode equations of motion are of relaxation form (sephanov & Yin 1712.10305; Akamatsu et al. 1811.05081; Xin An et al. 1912.13456]

ududq = —Tq(da — ¢a),

where u# is the flow velocity and u* 0y, is the time-derivative in local rest frame.

m Close to the critical point, the Q-dependent relaxation rate I is (Akamatsu et al. 1811.05081: Xin An et al. 1912.13456]
_ _ At &o ? 2 2
Fo=Tefr(Q) =12 —( ) | =) | [(Q)*(1+ (Q&))],
Cpf I3
where At is the heat conductivity. Note critical slowing down as {—o00, and limg—,o 'q = 0.

m Dynamics of ¢q controlled by competition between macroscopic expansion and microscopic relaxation
processes, characterized by the “critical Knudsen number” (@ = 9-u = scalar expansion rate)

Kn(Q) = 0/Tq.

Slow modes with large critical Knudsen numbers will lag behind, not being able to follow the hydrodynamic
evolution of the equilibrium value ¢Q(X). [Berdnikov & Rajagopal hep-ph/9912274; Du et al. 2004.02719]
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Critical fluctuations: back-reaction to the fluid

m The slow modes are additional, non-thermal degrees of freedom, which contribute to the entropy density,

5(+)(e, n, @) = seq(e, n) + As, with [siephanov & vin 1712.10305) X = ¢q/Pq
00
) -05
As(e,n,d)):/dQL2 {log?—a—@Jr] <o! _10
(27T) ¢Q d)Q — log(x)-x+1
-15
Note: Contribution from long-wavelength (Q — 0) ol ®
modes suppressed by phase space. e e e
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Critical fluctuations: back-reaction to the fluid

m The slow modes are additional, non-thermal degrees of freedom, which contribute to the entropy density,

s(4) (e 0, @) = seq(e, n) + As, with stephanoy & vin 1712.10305) X = ¢q/Pq
00
) -05
As(e, n, ¢) = /dQLZ |:|og %a _9%a 1} <o! 10
(27T) ®q ®q — log(x)-x+1
-15
Note: Contribution from long-wavelength (Q — 0) ol ®
modes suppressed by phase space. e e e

m They modify the inverse temperature and chemical potential of the bulk medium,

O _ 1 )\ _n
ﬁ(+):< ae)¢: +AB, a(+):—<ﬁ)¢=;+&x,

and its pressure (“back-reaction of non-equilibrium slow mode dynamics on the bulk”):

P(+) = (s(+) = B+ acn) /By = p+ Bp.
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Slow-mode non-equilibrium dynamics in Gubser flow .t 20000719

Medium evolution: externally prescribed ideal Gubser flow [Gubser 100s.0006] With no back-reaction.

Temperature profile: T(7, r) = C/(7 cosh?/3 p(7, r)); other quantities from conformal EoS (e oc T4 and n oc T3).
parameterization of &

Parametrization: 30
25

p = 52/ ((/,L/ T)n) [Akamatsu et al. 1811.05081], Tao —&=4D
2 W
A1 o< T2, and £(T) from (Rajagopal et al. 1905.08539]. 15

(@)
_ _ 10

Gubser flow evolves at o« = /T =const. T 03 0 oS
T [GeV]

Snapshots of radial profiles for temperature T(r), scalar expansion rate 0(r), correlation length &(r):

temperature 7(r) expansion rate 6(r) correlation length £(r)
)
1.1
10 = r1=1fm
= : — r=2fm
-Eﬂ'g — —T=3fm

r [fm] ¥ [fm]
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Off-equilibrium slow-mode dynamics: expansion vs. thermalization

Enudsen number equilibrium value nonequilibrium value
300F 1y Q= 0.1 fm! 8 8 (e
A =& " g —T-itm
300} — =& T=2fm

doldgtéal
=

m Equation of motion:
(U7 8:+u"0,)pa = —Ta ($a—¢a)

m Equilibrium initial conditions:
bq(m0) = Pa(mo) at 7o = 1fm/c

— r=dm

=
= 200 / i \

a

1
|
[

& i

&

%‘4 — t=3fm !

s [
[

m Note: equilibrium value ¢ is
evolving and a “moving target”
for (bQ

0 - |
0123 43567 123 45+87 012 3 45+67
r[fm] 7 [fm] r [fm)

Dashed lines: £ = &o; solid lines: & = &(T) [Du et al. 2004.02719]

m Two counteracting effects at play: (1) initial fluctuation peak gets carried outward by advection (through the u"9,-term);
(2) relaxation (through I'q) towards the inward-moving equilibrium peak drags the fluctuation peak inward (hampered by
critical slowing-down).

m For small-Q modes (Q < f;a;) with large Kn(Q), thermalization is slow and advection wins over relaxation (top row);
vice versa for large-Q modes (Q >> &) with small Kn(Q) (bottom row).

max
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Hydro with critical fluctuations

Non-equilibrium fluctuation dynamics: feedback on entropy density

m Critical slow-mode dynamics:
(u"0r + u'0r)pq = —Ta(¢a — da)

Equilibrium value ¢q:

_ C E 2
$a = {(i) (50) ]fz(QE)
Relaxation rate I'q:
At ﬁo)z
Mg = — = .
Q [2 (Cpgz) (5 }fr(af)
Advection, critical growth of £, and medium

evolution of n, ¢p, At can be turned off and on and
effects studied separately [Duet al. 2004.02719].
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Non-equilibrium fluctuation dynamics: feedback on entropy density

m Critical slow-mode dynamics: —Asx10% [fm—3]

(u™0r + u'0r)bq = —Tq (dq — bq)

Equilibrium value ¢q:

sa=[(2) (5) a0

45
40
35
30
25
20
15
10

Relaxation rate I'q:

ro= [2 (%) (i‘))z] (Q8).

Advection, critical growth of £, and medium

T [fm]
SRR Y - N

evolution of n, ¢y, At can be turned off and on and 1 . 5
effects studied separately [Du et al. 2004.02719]. 0 1 2 3 4 5 6 7
m Overall feedback effect is tiny (see figure at right): 7 [fm]

As/seq ~ O(1074).

Space-time evolution of non-equilibrium correction to the entropy density
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Hydro with critical fluctuations

Non-equilibrium fluctuation dynamics: feedback on eccentricities

m Study linearized anisotropic deformations of Gubser profile at early time 7 < 1/q (Hatta et al. 1405.1984 & 1505.04226]:
2qr

/ n
D T(rr6) = Taall = ), Av= (—) cos(ng).

Tiso X —7 ——o———
PR er) T+ (ar)?
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Non-equilibrium fluctuation dynamics: feedback on eccentricities

m Study linearized anisotropic deformations of Gubser profile at early time 7 < 1/q (Hatta et al. 1405.1984 & 1505.04226]:

- C (2¢)¥/3 . . 2qr Y
Tiso =~ mmy T(7,r,¢) = Tiso(1 — €nAnd), An = m cos(ng) .

m Shown is n = 2 (ellipticity). Largest corrections to entropy from non-equilibrium fluctuations arise at points of
largest expansion rate, further enhanced by large correlation length:

~Aspx10* [fm™], T=3 fm ~Aspx 10" [fm™2], T=3fm
— i 45
14 | Ko
1.2 5 35
- _ - | —30
g 1.0 :E— g | 25
= 08 = = | 20
06 7 -5 15
| 10
04  -10 -10) 5

x [fm] X [fm]

(a): Temperature and flow profile for €3 = 0.15. (b,c): Asq with & = & (b) and with & = £(T) (c). [Du et al. 2004.02719].

m Overall feedback effect from non-eq. slow mode dynamics is tiny increase of the ellipticity (5e;/€; < 10™%).
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Limits of the Hydro+ framework

m Fundamental assumption of Hydro+: scale separation £ > £
(& = correlation length, £ = hydrodynamic homogeneity length);
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Limits of the Hydro+ framework

m Fundamental assumption of Hydro+: scale separation £ > £
(& = correlation length, £ = hydrodynamic homogeneity length);

B (1+1)-d Gubser flow has effectively only one macroscopic length scale parameter: £ ~ 1/6.
Scale separation thus requires £/¢ ~ £60 < O(1).
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Limits of the Hydro+ framework

m Fundamental assumption of Hydro+: scale separation £ > &

(& = correlation length, £ = hydrodynamic homogeneity length);

m (1+1)-d Gubser flow has effectively only one macroscopic length scale parameter: £ ~ 1/6.
Scale separation thus requires £ /¢ ~ £0 < O(1).
1/6 [fm]

£
17 7 30
16 é 27
el e
= -l 'E‘ 3
& 13 &4 18
[ 1
12 3 15
1.1 5 12
10 09
1 1
0123 43567 B° 0 123 456 7 WO°
r [fm]

r [fm]
(a) hydrodynamic homogeneity length £; (b) £ /€ ~ &6 [Du et al. 2004.02719]
m Hydro+ framework gets most strongly challenged close to the critical point. -
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Conclusions

m Part I: Dissipative hydrodynamics at non-zero net baryon density

m Hydrodynamics at low collision energies requires (3+1)D dynamical initialization and evolution with EoS at nonzero
conserved charge densities. Much recent progress along this direction, but baryon stopping and 3-d initial conditions for
baryon density still major source of theoretical uncertainty.

m Baryon diffusion affects specifically baryonic observables and should thus be included in hydrodynamic simulations for
Beam Energy Scan studies; non-baryonic observables (e.g. total charged multiplicity distributions) are insensitive to
baryon diffusion.

m BESHYDRO is designed for this purpose and well documented.

m Part II: Fluctuation dynamics near the QCD critical point

m Different aspects of the off-equilibrium dynamics controlling the evolution of critical fluctuations have been analyzed.
Important Q-dependent competition between advection and relaxation (thermalization).

m Back-reaction effects from off-equilibrium critical slow-mode dynamics on bulk evolution appear to be unmeasurably
small.
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Thank you very much!
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