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Outline
• Deep Inelastic Scattering (DIS) and the Electron-Ion Collider (EIC)
• Introduction to the proton spin puzzle

• Quark helicity at small x:
• Quark helicity distribution at small x & polarized dipoles
• Small-x evolution equations for quark helicity

• Solving the new evolution equations:
• Small-x asymptotics of quark helicity 
• Phenomenology: first fit of small-x polarized DIS data using evolution in x

• Gluon helicity, quark and gluon OAM at small x: results 

• Conclusions and Outlook
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Deep Inelastic Scattering (DIS) and 
the Electron-Ion Collider (EIC)
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Deep Inelastic Scattering

• One can probe the structure of a proton by shooting electrons 
at it at high energies, observing the electron recoil and proton 
breakup: this is called Deep Inelastic Scattering (DIS).

e-

proton

cf. Rutherford et al shooting alpha particles 
at a gold foil (1909)



DIS Movie
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Deep Inelastic Scattering
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p
ð

e
Here is a typical deep 
inelastic positron-proton 
scattering event. 

(ZEUS experiment at
HERA collider, DESY lab in 
Hamburg, Germany.)



DIS Experiments
• DIS experiments were done at SLAC, CERN, and HERA.

• There are presently DIS experiments running at Jefferson Lab 
and at CERN (COMPASS).  

• In Europe there is a proposal to build LHeC after LHC.

• In China there is also an EIC proposal being considered. 

• US DOE approved future construction of the US Electron-Ion 
Collider (EIC) in January 2020. (DOE granted EIC project CD0 in 
December 2019 and CD1 in July 2021.)



Electron-Ion Collider

• Initial discussions about the EIC started 
back in the mid- to late-1990s.

• There was a number of workshops in the 
late 1990s and in 2000s dedicated to EIC 
physics. 



Electron-Ion Collider (EIC) White Paper

• EIC WP was finished in late 
2012 + 2nd edition in 2014

• A several-year effort by a 
19-member steering 
committee + 58 co-authors

• arXiv:1212.1701 [nucl-ex]

• At the time EIC could be 
sited either at Brookhaven 
or at Jefferson Lab. 



2015 Nuclear Physics Long Range Plan
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National Academies Review
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DOE Announcement on EIC
January 9, 2020EIC is to be built at BNL

July 2021: CD1 granted



QCD at EIC Physics Topics

• Spin and Nucleon Structure
• Spin of a nucleon
• Transverse momentum distributions (TMDs)
• Spatial imaging of quarks and gluons (GPDs)

• QCD Physics in a Nucleus
• High gluon densities and saturation
• Quarks and Gluons in the Nucleus
• Connections to p+A, A+A, and cosmic ray physics



Ø Photon carries 4-momentum       , its virtuality is   µq

Kinematics of DIS

Ø Photon hits a quark in the proton carrying momentum            
with p being the proton’s momentum. Parameter         is 
the Bjorken x variable.

pxBj

Q2 = �qµ q
µ

xBj



Physical Meaning of Q
Uncertainty principle teaches us
that

!»DD lp
which means that the photon 
probes the proton at the 
distances of the order (ħ=1) 

Q
l 1~D

Large Momentum Q  = Short Distances Probed

Q
l 1~D



Physical Meaning of Bjorken x

High Energy   =  Small x

Then the energy of the collision

E ⇠ p ⇠ 1

xBj

𝑝

𝑥!" 𝑝

proton

target
at rest

The quarks and gluons that interact with
the target have their typical momenta on the
order of the typical momentum in the target,

𝑥!" 𝑝 ≈ 𝑞 ≈ 𝑚.



Gluons and Quarks at Small-x
• There is a large number of small-x gluons (and sea quarks) in a proton:

• G(x, Q2) , q(x, Q2) = gluon and quark number densities / parton 
distribution functions (q=u,d, or S for sea).
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10-210-3
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 HERAPDF1.0

 experimental uncertainty

 model uncertainty

 parametrization uncertainty
 

x

xf
xuV

xdV

xS 

xG HERA
Q2 = 10 GeV2
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x (# gluons or quarks)

=fraction of the proton momentum they carry



Gluons and Quarks in the Proton

ð There are many quarks, anti-quarks and gluons at small-x !

ð How do we reconcile this result with 
the picture of the proton made up of 
three valence quarks?

ð Qualitatively we understand that 
these extra (sea) quarks and gluons 
are emitted by the original three 
valence quarks in the proton. 



Proton Spin Puzzle: 
an Introduction
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Proton Spin

Our understanding of nucleon spin structure has evolved:

• In the 1980’s the proton spin was thought of as a sum of constituent 
quark spins (left panel)

• Currently we believe that the proton spin is a sum of the spins of valence 
and sea quarks and of gluons, along with the orbital angular momenta 
of quarks and gluons (right panel)
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Helicity Distributions
• To quantify the contributions of quarks and gluons to the proton spin 

on defines helicity distribution functions: number of quarks/gluons with 
spin parallel to the proton momentum minus the number of 
quarks/gluons with the spin opposite to the proton momentum:  

• The helicity parton distributions are

with the flavor-singlet quark helicity distribution

and ∆𝐺(𝑥, 𝑄!) the gluon helicity distribution.
21

�f(x,Q2) ⌘ f+(x,Q2)� f�(x,Q2)

�⌃ ⌘ �u+�ū+�d+�d̄+�s+�s̄



Proton Helicity Sum Rule

• Helicity sum rule (Jaffe&Manohar, 1989):

with the net quark and gluon spin

• Lq and Lg are the quark and gluon orbital angular momenta (OAM)

1

2
= Sq + Lq + Sg + Lg

Sq(Q
2) =

1

2

1Z

0

dx�⌃(x,Q2) Sg(Q
2) =

1Z

0

dx�G(x,Q2)
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Constituent Quark Model Expectation

• In the constituent quark model of the 
proton, the picture is simple: two spin-up
quarks and one spin-down quark, as 
shown in the left panel. 

• This predicts that all of the proton spin is carried by the quarks, such that

• Done? 
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Proton Spin Puzzle
• The spin puzzle began when the EMC collaboration measured the 

proton g1 structure function ca 1988. Their data resulted in

• It appears (constituent) quarks do not carry all of the proton spin 
(which would have corresponded to                 ).

• Missing spin can be
• Carried by gluons
• In the orbital angular momenta of quarks and gluons
• At small x:

• Or all of the above!

1

2
= Sq + Lq + Sg + Lg

Sq(Q
2) =

1

2

1Z

0

dx�⌃(x,Q2)

Can’t integrate down to zero, use xmin instead!

Sg(Q
2) =

1Z

0

dx�G(x,Q2)
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Current Knowledge of Proton Spin

• The proton spin carried by the quarks is 
estimated to be (for                          )

• The proton spin carried by the gluons is (for
, STAR+COMPASS+HERMES+…)

• Unfortunately, the uncertainties are large. 
Note also that the x-ranges are limited, 
with more spin (positive or negative) 
possible at small x.

Sq(Q
2 = 10GeV2) ⇡ 0.15÷ 0.20

SG(Q
2 = 10GeV2) ⇡ 0.13÷ 0.26

0.001 < x < 1

0.05 < x < 1
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The DGLAP Equation

• The Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution equation is a 
renormalization group equation describing variation of parton distributions with 
Q2. Diagrammatically we can represent it as follows:

• For the helicity-dependent case the equations read

(DPij are the spin-dependent splitting functions). 
26
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DGLAP Evolution: the Physics Meaning

ProtonProton
(x, Q  )2(x, Q  )o

2

partons

6 o 6

partons

oQ < Q

l = 1 / Q l = 1 / Q
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As we increase the resolution (decrease 1/Q), 
we “see” more partons:

Indeed, this RG flow is on the cover of Peskin& Schroeder: 



How DGLAP works

Q o
2 Q 2 Q2

ln 1/x

measure the
distribution here

DGLAP will give
its value here

DGLAP
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y

shorter distances
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• One still needs to measure the PDFs at the initial
scale Q0

2 (at all values of x). Then the DGLAP equation
would predict the PDFs at higher Q2. 

• In practice one parametrizes the x-dependence of 
PDFs at Q0

2 and varies the parameters until they fit 
the data at all available Q2. 

• Problem/feature: DGLAP equation does not quite 
predict the x-dependence of PDFs. The x-dependence is 
strongly affected by the initial conditions at Q0

2.

• Consequence: DGLAP cannot predict how much spin
there is at small x!



How much spin is there at small x?

29

2 x (quark
spin)

gluon
spin

• E. Aschenauer et al, arXiv:1509.06489 [hep-ph], (DSSV = de Florian, Sassot, 
Stratmann, Vogelsang, DGLAP-based helicity PDF extraction from data)

• Uncertainties are very large at small x! (EIC may reduce them.)

http://arxiv.org/abs/arXiv:1509.06489


Gluons and Quarks at Small-x
• There is a large number of small-x gluons (and sea quarks) in a proton:

• G(x, Q2) , q(x, Q2) = gluon and quark number densities / parton 
distribution functions (q=u,d, or S for sea).
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x (# gluons or quarks)

=fraction of the proton momentum they carry



Our goal
• The goal is to constrain theoretically the amount of proton spin 

and OAM coming from small x.

• Any existing and future experiment probes the helicity 
distributions and OAM down to some xmin . 

• At very small x (for the proton), saturation sets in: that region 
likely carries a negligible amount of proton spin. But what 
happens at larger (but still small) x?

31

LG(Q
2) =

1Z

0

dxLG(x,Q
2)
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Philosophy of our approach

• DGLAP equation evolves in Q2, it does not evolve in x. 
• Hence, DGLAP-based analyses (DSSV, NNPDF, standard JAM) 

cannot predict the x-dependence of PDFs.
• If we want to predict helicity PDFs at small x, we need a different 

evolution equation evolving in x.
• Such helicity evolution equations were constructed by D. Pitonyak, 

M. Sievert, and YK, 2015-2018 using an approach similar to the 
BFKL/BK/JIMWLK evolution (applied to the unpolarized distributions). 
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The BFKL Equation

The BFKL equation for the number of gluons N reads:

Balitsky, Fadin, Kuraev, Lipatov ‘78

Start with N gluons in the proton’s wave function. As we increase 
the energy a new gluon can be emitted by either one of the N 
gluons. The number of newly emitted particles is proportional to N. 

N gluons   

a new gluon is emitted as energy increases

it can be emitted off of any of the N gluons



Helicity Evolution at Small x
• To understand how much of the proton’s spin is at small x one 

can construct a helicity analogue of the BFKL equation:

• This new helicity evolution equation is subtle, 
since it must keep track of both quark and 
gluon helicities. (Other small-x evolution
equations, BFKL/BK/JIMWLK, only have 
gluons at leading order.)
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polarized
proton polarized

quarkD. Pitonyak, M. Sievert, Y.K. ‘15-’18 polarized
gluon

Q2

Q2
0

polarized

DGLAP
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Quark Helicity at Small x

YK, D. Pitonyak, M. Sievert, arXiv:1511.06737 [hep-ph], arXiv:1610.06197 [hep-ph];
YK, M. Sievert, arXiv:1505.01176 [hep-ph], arXiv:1808.09010 [hep-ph].
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Dipole picture of DIS

proton
γ∗

Q2

γ∗

1

0

β

1− β

r10

t

z

36

<latexit sha1_base64="JXEJujk6ov7J1qoTx4YBFxPSJZk="></latexit>

Wµ⌫ =
1

4⇡Mp

Z
d4x eiq·x hP |jµ(x) j⌫(0)|P i

<latexit sha1_base64="FeCrP6YWIo0dX5c/gVV7NytqKok="></latexit>

qµ =

✓
Q2

2q�
, q�, 0?

◆

Large q- à large x- separation

<latexit sha1_base64="wLz35lnj7N5MTs2f/OYCWBtz1Ww="></latexit>

q(x,Q2) =
1

4⇡

1Z

�1

dx� eixP
+x�

hP |q̄(x�)�+U q(0)|P i

Same is true for PDFs: small x means large x- spead

x+x-



Dipole picture of DIS

• At small x, the dominant 
contribution to DIS structure 
functions does not
come from the handbag 
diagram.

• Instead, the dominant terms 
comes from the dipole 
picture of DIS, where the 
virtual photon splits into a 
quark-antiquark pair, which 
then interacts with the 
target.

γ∗

q

µ ν

P

k, r
k′, r′

k, r′′

q

γ∗
x⊥ x⊥
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Quark Helicity Distribution at Small x

• One can show that the quark helicity PDF (DS) at small-x can be 
expressed in terms of the polarized dipole amplitude:
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Polarized Dipole: non-eikonal small-x physics
• All flavor-singlet small-x helicity observables depend on one object, 

“polarized dipole amplitude”:

• Double brackets denote an object with energy suppression scaled out:DD
O

EE
(z) ⌘ zs

D
O

E
(z)

polarized quark: eikonal propagation,
non-eikonal spin-dependent interaction

unpolarized quark
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Polarized fundamental “Wilson line”
• To complete the definition of the polarized dipole amplitude, we need to 

construct the definition of the polarized “Wilson line” Vpol, which is the leading 
helicity-dependent contribution for the quark scattering amplitude on a 
longitudinally-polarized target proton. 

• At the leading order we can either exchange one non-eikonal t-channel gluon 
(with quark-gluon vertices denoted by blobs above) to transfer polarization 
between the projectile and the target, or two t-channel quarks, as shown above. 
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Polarized fundamental “Wilson line”

• In the end one arrives at (KPS ‘17; YK, Sievert, ‘18; cf. Chirilli ’18; Altinoluk et al, ‘20)

• We have employed an adjoint light-cone Wilson line 
• Note the simple physical meaning of the first term:
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Evolution for Polarized Quark Dipole
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One can construct an evolution equation for the polarized dipole:

Spin-dependent (non-eikonal) vertex
polarized
particle

box =
target shock
wave (proton)

similar to the 
unpolarized
BK evolution
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Evolution for Polarized Quark Dipole
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Large-Nc Evolution
• In the strict DLA limit and at large Nc, we get (here G is an auxiliary 

function we call the ‘neighbor dipole amplitude’) (KPS ‘15)

• The initial conditions are given by the Born-level graphs
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Resummation parameter:

Double-logarithmic approximation (DLA) 



Quark Helicity at Small x:
Asymptotics and Phenomenology

YK, D. Pitonyak, M. Sievert, arXiv:1610.06188 [hep-ph], arXiv:1703.05809 [hep-ph]; 
D. Adamiak, W. Melnitchouk, D. Pitonyak, N. Sato, M. Sievert, YK, 2102.06159 [hep-ph].  
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Quark Helicity at Small x

• These equations can be 
solved both numerically 
and analytically. 
(KPS ‘16-’17)

• The small-x asymptotics of quark helicity is (at large Nc) 
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Small-x Polarized DIS Data

• We have analyzed all existing world polarized DIS 
data with x<0.1=x0 , 𝑄! > 𝑚"

! (122 data points) 
using the large-NC KPS evolution with the Born-
inspired initial conditions (8 parameters for 2 
flavors, 11 parameters for 3 flavors).

• It worked well, with c2/Npts =1.01 
(cf. JAM16: c2/Npts =1.07) 

• Small-x evolution starts at x0=0.1 ! (cf. x0=0.01 for 
unpolarized BK/JIMWLK evolution) Our approach 
fails at larger x as expected 
(x0=0.3 gives c2/Npts =4.75).
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Where to start small-x evolution

• The evolution starts at x=x0, and 
continues toward smaller x. 

• The quality of our fit rapidly 
deteriorates for x0>0.2, as expected 
from a small-x approach. 

• In unpolarized BK/JIMWLK evolution, 
typically x0=0.01, so the fact that our 
fit works up to such a high x0 is quite 
remarkable. 



Prediction for g1 structure function

Thick band: 1s CL; thin band: impact of EIC data. With the EIC pseudo-data we have 1096 data points.

g1 structure function ≈ spin-dependent part of 𝜎#$%
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Predictions for helicity PDFs

D. Adamiak, W. Melnitchouk, 
D. Pitonyak, N. Sato, M. Sievert & YK, 
2102.06159 [hep-ph], in the 
JAM Collaboration framework.
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Our (red) error
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region. We can 
predict spin at small x.
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Small-x quarks impact on the proton spin
• Potentially negative 10-20% of the proton spin may be 

carried by small-x quarks (JAMsmallx, preliminary): 
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Speculation on a path to resolving 
the spin puzzle

• Above we discussed quark helicity at small x. Let’s add the orbital angular 
momentum (OAM) (Hatta & Yang, ’18; YK ‘19):

• So, the net quark (1/2) helicity+OAM = (-1/2) helicity.
• For x<0.001 we thus expect (preliminary!)

• Add to this the larger-x numbers 

• We get

1
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EIC & Spin Puzzle 
• Parton helicity distributions are sensitive to low-x physics. 
• EIC would have an unprecedented low-x reach for a polarized DIS 

experiment, allowing to pinpoint the values of quark and gluon 
contributions to proton’s spin:

• DG and DS are integrated over x in the 0.001 < x < 1 interval.
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Beyond Quark Helicity 
at Small x and at Large Nc

YK, D. Pitonyak, M. Sievert, arXiv:1706.04236 [nucl-th];
YK, F. Cougoulic, arXiv:1910.04268 [hep-ph], arXiv:2005.14688 [hep-ph]; 
YK, Y. Tawabutr, arXiv:2005.07285 [hep-ph];
A. Tarasov, Y. Tawabutr, YK, 2104.11765 [hep-ph].
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Small-x Helicity Evolution at large Nc&Nf

• The resulting equations are (KPS ‘15)
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Small-x Helicity Asymptotics at large Nc&Nf
• Large Nc&Nf equations can be solved only numerically, due to their 

complexity. This was done by Y. Tawabutr & YK in arXiv:2005.07285 [hep-ph].
• The solution exhibits an interesting qualitative change compared to large-

Nc: it oscillates with ln(1/x)!
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Helicity JIMWLK
• To go beyond the large-Nc and large-Nc&Nf limits need to write down a helicity analogue of 

JIMWLK evolution. 
• This has been done recently (F. Cougoulic, YK, arXiv:1910.04268 [hep-ph], arXiv:2005.14688 

[hep-ph]):
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Regular (spin-averaged) JIMWLK

Polarized gluon emissions

Polarized quark emissions

Life-time ordered!
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Helicity McLerran-Venugopalan Model

• The initial conditions for helicity JIMWLK are given by the helicity MV model, 
with the weight functional (F. Cougoulic, YK, 2005.14688 [hep-ph])

• Here 

• The parameters                              are ~ “saturation scales” of helicity-plus 
and helicity-minus partons. 
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Single-logarithmic corrections

• Small-x helicity evolution equations have been constructed very recently to the 
single-logarithmic order (SLA) + running coupling 
(Tarasov, Tawabutr, YK, 2104.11765 [hep-ph]).

• DLA: 

• SLA: 

• Include exact LO DGLAP splitting functions. Unprecedented precision for small-x
helicity evolution.
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Asymptotics of helicity PDFs and OAM
• At large Nc we have obtained the following small-x asymptotics:

• At large Nc & Nf we have obtained
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KPS ‘17, YK ‘19

Y. Tawabutr, YK ‘20

(cf. Y. Hatta & D.-J. Yang, 2018 
for the quark OAM equality)
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Conclusions

We have constructed new evolution equations in x for the quark and gluon helicity distributions. 
We can now predict the x-dependence of helicity PDFs at small x.

These equations have now been studied at large-Nc and large-Nc&Nf, yielding the small-x
asymptotics of DS(x, Q2), DG(x, Q2), and OAM distributions. 

First successful fit of polarized world DIS data for x<0.1 done using solely the small-x helicity 
evolution (JAMsmallx). There is a clear possibility of a significant amount of proton spin to be found 
at small x, about 20% in the quark sector alone.

More precise and comprehensive phenomenology to come in the future (helicity+OAM), in 
preparation for EIC, with the aim of resolving the proton spin puzzle.  
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INT held two programs on 
EIC 
physics, one in 2010 and 
another one in 2018: both 
resulted in published 
proceedings. 

INT Programs on EIC
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Quark Helicity Observables at Small x

• One can show that the g1 structure function and quark helicity PDF 
(Dq) and TMD at small-x can be expressed in terms of the polarized 
dipole amplitude (flavor singlet case): 

• Here s is cms energy squared, zi=L2/s, 
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Polarized Dipole Amplitude
• The polarized dipole amplitude is then defined by

with the standard light-cone 
Wilson line
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“Neighbor” dipole

• There is a new object in the evolution equation – the neighbor dipole 
amplitude.

• This is specific for the DLA evolution. Gluon emission may happen in one 
dipole, but, due to transverse distance ordering, may `know’ about another 
dipole:

• We denote the evolution in the neighbor dipole 02 by 

0

1

0

1

2 2, z′

3, z′′

x2
21 z

0 � x2
32 z

00

�02, 21(z
0)

66



Resummation Parameter
• For helicity evolution the resummation parameter is different from BFKL, BK or 

JIMWLK, which resum powers of leading logarithms (LLA)                               

• Helicity evolution resummation parameter is double-logarithmic (DLA):

• The second logarithm of x arises due to transverse momentum (or transverse 
coordinate) integration being logarithmic both in the UV and IR.

• This was known before: Kirschner and Lipatov ’83; Kirschner ’84; Bartels, 
Ermolaev, Ryskin ‘95, ‘96; Griffiths and Ross ’99; Itakura et al ’03; Bartels and 
Lublinsky ‘03. 
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Helicity Evolution Ingredients
• Unlike the unpolarized evolution, in one step of helicity evolution 

we may emit a soft gluon or a soft quark (all in A-=0 LC gauge of 
the projectile): 

• When emitting gluons, one emission is eikonal, while another one is 
soft, but non-eikonal, as is needed to transfer polarization down 
the cascade/ladder.
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Helicity Evolution: Ladders
• To get an idea of how the helicity evolution works let us try 

iterating the splitting kernels by considering ladder diagrams 
(circles denote non-eikonal gluon vertices):

• To get the leading-energy asymptotics we need to order the 
longitudinal momentum fractions of the quarks and gluons (just 
like in the unpolarized evolution case)

obtaining a nested integral
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Helicity Evolution: Ladders

• However, these are not all the logs of energy one can get 
here. Transverse momentum (or distance) integrals have UV 
and IR divergences, which lead to logs of energy as well.

• If we order gluon/quark lifetimes as (Sudakov-b ordering)

we would get integrals like

also generating logs of energy. 
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Helicity Evolution: Ladders

• To summarize, the above ladder diagrams are parametrically 
of the order 

• Note two features: 
• 1/s suppression due to non-eikonal exchange
• two logs of energy per each power of the coupling!
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Gluon OAM: small-x asymptotics
• For the gluon OAM, we arrive at the following relation

where

• We conclude that 

• Note that with the DLA accuracy we could also simply 
conclude that
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Beyond Helicity and OAM

• Similar small-x analysis was applied to transversity (Sievert, YK, 2018), yielding

• and to the quark Sivers function, obtaining the spin-dependent odderon 
contribution, such that (M. Gabriel Santiago, YK, later this month)

with the non-perturbative accuracy, it seems.
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