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Short reminder

 Flat Minkowski space-time in arbitrary coordinates  (  - Cartesian 
coordinates). Metric  and connection  (describing the parallel 
transport of a vector and covariant derivatives),  can be 
found from coordinate transformation  and have the following 
properties:


1.  invariant (length) interval,  


2.  connection is symmetric, 


3.    : metricity - length of a vector is constant at the parallel 
transport


4.  Covariant derivatives commute, 

xμ = fμ(ξi) ξi

gμν(x) Γα
μν

dVμ = − Γμ
ναVνdxα

xμ = fμ(ξi)

ds2 = gμνdxμdxν

Γα
μν = Γα

νμ

gμν;α = 0

∇μ ∇ν − ∇ν ∇μ = 0
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 Geometric approach to gravity, 
Riemann geometry

• distances: symmetric metric tensor                          
. Same as 1.


• parallel transport of the vector, covariant derivative:                       
;   symmetric connection  . 

Same as 2


• metricity, local Minkowski structure:                                       
  is a function of the metric . Same as 3.


• Commutator of covariant derivatives: Riemann tensor 
. Different from 4!

ds2 = gμνdxμdxν

dVμ = − Γμ
ναVνdxα Γα

μν = Γα
νμ

gμν;α = 0 ⟶ Γα
μν gμν

Vα;μ;ν − Vα;ν;μ = Rβ
αμνVβ
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 Geometric approach to gravity, 
Cartan geometry, 1922-1925

• distances: symmetric metric tensor                          
. Same as 1.


• parallel transport of the vector, covariant derivative:                       
;   arbitrary connection  . New 

object: torsion tensor . Different from 2!


• metricity, local Minkowski structure (same as 3):                                       
  is a function of the metric  and torsion 


• Commutator of covariant derivatives: Riemann tensor 
. Different from 4!

ds2 = gμνdxμdxν

dVμ = − Γμ
ναVνdxα Γα

μν ≠ Γα
νμ

Tα
μν = Γα

μν − Γα
νμ

gμν;α = 0 ⟶ Γα
μν gμν Tα

μν

Vα;μ;ν − Vα;ν;μ = Rβ
αμνVβ
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 Geometric approach to gravity, 
non-metricity

• distances: symmetric metric tensor  . Same as 1.


• parallel transport of the vector, covariant derivative:                       
;   arbitrary connection  . New object: 

torsion tensor . Different from 2!


• non-metricity.   New object: non-metricity tensor  
 is a function of the metric ,  torsion  and non-metricity 

tensor . Length of the vectors changes with parallel transport. 
Different from 3!


• Commutator of covariant derivatives: Riemann tensor 
. Different from 4!

ds2 = gμνdxμdxν

dVμ = − Γμ
ναVνdxα Γα

μν ≠ Γα
νμ

Tα
μν = Γα

μν − Γα
νμ

gμν;α = Qμνα ≠ 0
⟶ Γα

μν gμν Tα
μν

Qμνα

Vα;μ;ν − Vα;ν;μ = Rβ
αμνVβ
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 Geometric approach to gravity, 
Weyl theory (1918)

• distances: symmetric metric tensor  . Same as 1.


• Symmetric connection  . Same as 2.


• non-metricity.   New object - vector field : non-metricity tensor 
is reduced to   is a function 
of the metric  and vector field . Different from 3!


• Commutator of covariant derivatives: Riemann tensor 
. Different from 4!

ds2 = gμνdxμdxν

Γα
μν = Γα

νμ

Aμ
gμν;α = Qμνα = − 2Aαgμν ≠ 0 ⟶ Γα

μν
gμν Aμ

Vα;μ;ν − Vα;ν;μ = Rβ
αμνVβ
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Dynamics, Einstein-Hilbert 
metric action  (1915)

• Lowest order action (without cosmological 
constant) is  





• The dynamical variable is  , variation with 
respect to   gives vacuum Einstein equations. 
(We use mostly positive metric.) 

M2
P

2 ∫ d4x |g | R

gμν
gμν
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Dynamics,  
Palatini action (1919)

Palatini gravity


Basic structures: metric  (distances) and symmetric connection   =  . Riemann 
curvature tensor is expressed via connection  as:


                  


Lowest order action (without cosmological constant) is


                                           


The dynamical variables are  and   , variation with respect to   gives metricity
, i.e. the relation between  and  , the variation with respect to   gives 

vacuum Einstein equations.


                          Palatini pure gravity is equivalent to metric gravity

gμν Γρ
νσ Γρ

σν

Rρ
σμν = ∂μΓρ

νσ − ∂νΓρ
μσ + Γρ

μλΓ
λ
νσ − Γρ

νλΓ
λ
μσ

M2
P

2 ∫ d4x |g | R

Γρ
νσ gμν Γρ

νσ
gμν;α = 0 Γρ

νσ gμν gμν
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Same as in 

metric gravity
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Same as in 

metric gravity

Holst term

Same as in 

metric gravity

Barbero-Immirzi parameter

Einstein-Cartan gravity


Basic structures: metric  (distances) and  connection     . Riemann 
curvature tensor is expressed via connection  as: 


                 


New object - torsion tensor:   


Lowest order action (without cosmological constant) is


                                


The dynamical variables are  and   , variation with respect to   gives the relation 
between  and  , the variation with respect to   gives vacuum Einstein equations. On 
the solution  and .


                          Einstein-Cartan pure gravity is equivalent to metric gravity

gμν Γρ
νσ ≠ Γρ

σν

Rρ
σμν = ∂μΓρ

νσ − ∂νΓρ
μσ + Γρ

μλΓ
λ
νσ − Γρ

νλΓ
λ
μσ

Tρ
νσ = Γρ

νσ − Γρ
σν

M2
P

2 ∫ d4x |g | R +
M2

P

2γ ∫ d4x |g | ϵμνρσRμνρσ

Γρ
νσ gμν Γρ

νσ
Γρ

νσ gμν gμν
gμν;α = 0 Tρ

νσ = 0

Metric, Palatini and  
Einstein-Cartan gravities



 EC gravity as a gauge theory
Existence of electromagnetic field - U(1) global invariance of fermion 
Lagrangian promoted to be local


Gluons, W+, W- Z and 𝜸 of the Standard Model - SU(3)xSU(2)xU(1) global 
invariance of SM fermion Lagrangian promoted to be local


Existence of gravitational field - Poincare invariance of SM fermion 
Lagrangian promoted to be local?


Gauging of the Poincare group:  Utiyama (1956), Kibble (1961) , Sciama 
(1962,1964).
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EC gravity as a gauge theory
Basic gauge fields


•  -  tetrad one-form (frame field, translations), I=0,1,2,3


•   - spin connection one form (gauge field of the local Lorentz group). 
Euclidean: SO(4)~SU(2)LxSU(2)R


•  : curvature 2-form


Pure gauge action: 


                             


                  Again, equivalent to metric gravity

eI

ωIJ

FIJ = dωIJ + ωI
KωKJ

M2
P

4 ∫ ϵIJKLeIeJFKL +
M2

P

2γ ∫ eIeJFIJ
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EC gravity with matter fields

Once matter fields are added, the equivalence between different formulation 
of gravity is lost:


Couplings to 


• scalar fields:   (or )  


• and to fermion fields via covariant derivative  


lead to modified relation between the spin connection and tetrad (or 
Christoffel symbols and the metric). Torsion is non-zero.


                                        Physics is different!

ϕ2ϵIJKLeIeJFKL ϕ2R

DΨ = dΨ +
1
8

ωIJ[γI, γJ]Ψ

14



Bosonic action in EC gravity 
with Higgs field

Inclusion of the scalar field (Higgs field of the Standard Model, unitary gauge)


Scalar action


           


Gravity part


                  


For  we get the Palatini action with non-minimal coupling.

Sh = ∫ d4x −g (−
1
2 (∂μh)

2
− U(h)), U(h) =

λ
4 (h2 − v2)2

Sgrav =
1
2 ∫ d4x −g(M2

P + ξh2)R

+
1
2γ̄ ∫ d4x −g(M2

P + ξγh2)ϵμνρσRμνρσ

+
1
2 ∫ d4xξηh2∂μ( −gϵμνρσTνρσ)

1/γ̄ = ξγ = ξη = 0
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Same as in 

metric gravity

Holst term

Nieh-Yan 

invariant

Three non-minimal couplings:

 ξ, ξγ, ξη



Bosonic action in EC gravity 
with Higgs field

• Torsion is not dynamical


• Same number of degrees of freedom as in the metric gravity + scalar field : 2 (graviton) +1 
(scalar)


• Equivalent metric theory : use the Weyl transformation of the metric field 


                                                


Metric action:


       


                                       

gμν → Ω2gμν, Ω2 = 1 +
ξh2

M2
P

Smetric =
M2

P

2 ∫ d4x |g | R − [ 1
2Ω2

(∂μh)2 +
U
Ω4 ] −

3M2
P

4(γ2 + 1) (
∂μη̄
Ω2

+ ∂μγ)
2

γ =
1

γ̄Ω2 (1 +
ξγh2

M2
P ), η̄ =

ξηh2

M2
P
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Flat potential:

essential for inflation

Modified kinetic term:

essential for non-perturbative generation 

of the electroweak scale and inflation



Inflation
Metric action:


       


                 ,     


                                                               


Smetric =
M2

P

2 ∫ d4x |g | R − [ 1
2Ω2

(∂μh)2 +
U
Ω4 ] −

3M2
P

4(γ2 + 1) (
∂μη̄
Ω2

+ ∂μγ)
2

γ =
1

γ̄Ω2 (1 +
ξγh2

M2
P ), η̄ =

ξηh2

M2
P

Ω2 = 1 +
ξh2

M2
P
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Flat potential:

essential for inflation

Modified kinetic term:

essential for non-perturbative generation 

of the electroweak scale and inflation

0

λM4/ξ2/16

λM4/ξ2/4

U(χ)

0 χ

0

λ v4/4

0 v

Standard Model

Metric Higgs inflation (Bezrukov, MS): 
in limit of the vanishing Holst term, 

   take .


Palatini Higgs inflation (Bauer, Demir): 
in limit of the vanishing Holst term, 

  take 


γ̄ → ∞, ξγ = 0, ξη = ξ

γ̄ → ∞, ξγ = 0, ξη = 0



Stages of Higgs Inflation

• Chaotic initial conditions: large fields on 
the plateau inflate, the small fields do not


• Slow roll making the universe flat, 
homogeneous and isotropic, and 
producing fluctuations leading to structure 
formation: clusters of galaxies, etc


• Heating of the Universe : energy stored 
in the Higgs field goes into the particles 
of the Standard Model - Higgs makes 
the Big Bang


• Radiation dominated stage of the 
Universe expansion starts, leading to 
baryogenesis, dark matter production, 
nucleosynthesis…
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Metric and Palatini Higgs 
inflations













Advantages of the Palatini formulation:


• Parametrically larger UV cutoff


• More robust relation between low energy and 
high energy parameters


• Natural relation between Fermi and Planck scales

Sgrav.+h. = ∫ d4x −ĝ{ −
M2

P

2
R̂ +

1
2

K(h)(∂μh)
2

−
λ

4Ω4
h4}

dh
dχ

=
1

K(h)

Sgrav.+h. = ∫ d4x −ĝ{ −
M2

P

2
R̂ +

1
2 (∂μ χ)

2
− U(χ)}

U(χ) =
λ
4

F(χ)4

19

UV cutoff at  h = 0 :
Λ ∼ MP /ξ

UV cutoff at  h = 0 :
Λ ∼ MP / ξ
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By varying continuously the Higgs coupling to the Nieh-
Yan term, one can deform one model into another!

New types of the Higgs inflation (see also Langvik, 
Ojanpera, Raatikainen and  Rasanen, 2007.12595):


• “Nieh-Yan Higgs inflation”: vanishing Holst term, 
.


• “Holst Higgs inflation”, .


• Generic Einstein-Cartan Higgs inflation.

γ̄ → ∞, ξγ = 0

ξγ = ξη = 0

Generic EC Higgs inflation



Nieh-Yan Higgs inflation
Vanishing Holst term,  γ̄ → ∞, ξγ = 0
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Metric

Palatini



Generic Einstein-Cartan Higgs 
inflation
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Generic Einstein-Cartan Higgs 
inflation

 Observations:


• Inflation is a generic phenomenon.


• Large parts of the parameter space reproduce the predictions of either metric or 
Palatini Higgs inflation. 


• The spectral index ns is mostly                                                                   
independent of the choice of                                                                          
couplings and lies very close to                                                                                                 

 .


• The tensor-to-scalar ratio                                                                                         
r can vary  between 1 and 10-10. 
Detection of r in near future?


ns = 1 − 2/N
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Fermion action in EC gravity 
and  Dark Matter production

Inclusion of fermions

Fermion action:


           



                                               


Real parameters   are non-minimal fermion couplings. They 
vanish in the case of zero torsion, but in the general case, they 
contribute to the interactions between the fermionic currents in 
the effective metric theory. 

Sf =
i

12 ∫ ϵIJKLeIeJeK(Ψ̄(1 − iα − iβγ5)γLDΨ − DΨ(1 + iα + iβγ5)γLΨ)
DΨ = dΨ +

1
8

ωIJ[γI, γJ]Ψ

α, β
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Fermion action in EC gravity 
and  Dark Matter production

Integrating out torsion one arrives at new universal four-fermion interaction:





Vector current: 


Axial current: 

∫ d4x −g
3

16M2
P(γ2 + 1) ((1 + 2γβ − β2)A2

μ + 2α(γ − β)AμVμ − α2V2
μ)

Vμ = N̄γμN + ∑ X̄γμX

Aμ = N̄γ5γμN + ∑ X̄γ5γμX
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New fermion -  
dark matter particle All fermions of the SM



Einstein-Cartan  portal to  
dark matter 

The four - fermion interaction opens up the production channel of N-particles through the annihilation of 
the SM fermions X, via the reaction  .The kinetic equation corresponding to this 
reaction takes the form 


                                        


 Abundance:


 with coefficient  is different for Dirac and Majorana 

fermions,


                                   

X + X̄ → N + N̄

( ∂
∂t

− Hqi
∂

∂qi )fN(t, →q ) = R(→q , T )

ΩN

ΩDM
≃ 3.6 ⋅ 10−2Cf( MN

10keV )(
Tprod

MP )
3

Cf

CM =
9
4 {24(1 + α2 − β2)2 + 21(1 − (α + β)2)2}

CD =
9
4 {45(1 + α2 − β2)2

+ 21(1 − (α + β)2)2 + 24(1 − (α − β)2)2}
27

Maximal production 
temperature



Einstein-Cartan  portal to  
dark matter 

After the Higgs inflation the reheating is almost instantaneous (DeCross, Kaiser,  
Prabhu, Prescod-Weinstein, Sfakianakis; Ema, Jinno, Mukaida, Nakayama ; Rubio, 
Tomberg; Bezrukov, Shepherd), so we can take , with                                                




Two “natural” choices of non-minimal couplings :


•  (absence of non-minimal couplings).  Then for Palatini Higgs inflation 
the correct DM abundance is obtained for  GeV fermion, Dirac or 
Majorana.


•   (the universal UV cutoff ). Then for Palatini Higgs 
inflation the correct DM abundance is obtained for a keV scale fermion. 


            A new mechanism for production of sterile neutrino Dark matter!

Tprod = Treh

Treh ≃ ( 15λ
2π2geff )

1
4 MP

ξ

α, β

α = β = 0
(3 − 6) × 108

α ∼ β ∼ ξ Λ ∼ MP / ξ
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Einstein-Cartan  portal to  
dark matter 

Application to the νMSM
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Non-perturbative generation of 
the electroweak scale
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Why the Fermi scale (mass of the Higgs boson, mH) ~ 100 GeV is so much smaller than 
the quantum gravity Planck scale  MP ~ 1019 GeV? Many proposals: supersymmetry, extra 
dimensions, and composite Higgs boson, predicting new particles at the Fermi scale, to 
be found at the LHC. However, none were discovered so far.


Proposal (Shkerin, MS, 1803.08907): there is only one fundamental scale in Nature - MP 
and the electroweak scale is generated from it non-perturbatively. The huge difference 
between mH and MP is due to the tunnelling phenomena in gravity and the Higgs mass is 
related to the Planck scale as   with S ~ 80. 


• 1928, Gamow’s theory of 𝛼-decay,                                                                        
uranium-238 → thorium-234 + 𝛼,


 


• 1951, Townes, Ammonia Maser, 





• Mass gap in BCS superconductors





m2
H = M2

Pe−S

Γ = Eboundinge−S < < < Ebounding

ω = Eboundinge−S < < < Ebounding

Tc ∼ EDe−1/NV



Fermi scale generation 
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Scalar theory plus EC gravity. For simplicity let’s take the theory without Holst and Nieh-Yan 
terms (i.e. gravity in Palatini formulation). The action (metric -+++): 


                            


Scale invariant “matter” with . The cutoff of the theory (onset of perturbation 

theory breaking)  


We want to compute the Higgs vev: 


                                             


SE is the euclidean action of the model. 


Remarks:


• Euclidean path integral for gravity may not be well defined due to the problem with the 
conformal factor of the metric 


• We will ignore this problem and follow the crowd: Hawking; Coleman, de Luccia; 
Veneziano; ..., Isidori, Rychkov, Strumia, Tetradis; ... Branchina, Messina, Sher;.. 

ℒφ,g

g
=

1
2

(M2
P + ξφ2)R −

1
2

(∂φ)2 − V(φ)

V(φ) =
λ
4

φ4

Λ ∼ MP / ξ

⟨φ⟩ ∼ ∫ 𝒟φ𝒟gμνφe−SE



Fermi scale generation 
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For small  ≪ MP - gravity is irrelevant – no contribution to the vev of the Higgs 
from scalar loops. 


•  Challenge: account for contributions with  ≫ MP . Theory for large : 


                               


Important properties of this action: 


•  Scale-invariance


• Planck scale is dynamical,  


• Conjecture: contribution of large Higgs fields  to path integral is 
better to be found in the Einstein frame 


• Redefinition of the Higgs field to make canonical kinetic term 


                       

φ

φ φ

ℒ = −
1
2

ξφ2R +
1
2

(∂φ)2 +
λ
4

φ4

MP(φ) ∝ ξφ

φ > MP / ξ

dχ
dφ

=
1
Ω

⟹ φ =
MP

ξ
sinh (

ξχ
MP )



Fermi scale generation 
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Resulting action 


     


Most important: 


             


Modification of the action and equations of motion!                                                       
Equations of motion for   contain a source term  new classical solutions. 
Semiclassical parameter: , analogue of  in WKB approximation.  


Similar to 


- computation of  for large N ,


- computation of multi-particle production in Khlebnikov, Rubakov, Tinyakov ’91,


- proof of confinement in 3D Georgi-Glashow model,  in Polyakov ’76. 

S = ∫ d4x − ̂g{ −
M2

P

2
R̂ +

∂μ χ∂μχ
2

+
λM4

P

4ξ2
sinh4 (

ξχ
MP )}

⟨φ(x)⟩ ∼ ∫ 𝒟𝒜𝒟φ(x)𝒟gμνφ(x)e−SE ⟹ ∫ 𝒟𝒜𝒟χ𝒟 ̂gμνe
ξχ(x)
MP

−SE

χ δ(x) ⟶
ξ 1/ℏ

∫ dxxNe−x2

⟨exp(∫ Aμdvμ)⟩

source term



Fermi scale generation 
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Field equations in the Einstein frame for maximally O(4) symmetric metric                                                  


                                                  


                                        


                                          


Boundary conditions at infinity : :  . 


The action is singular, since   when r → 0. Add to the action higher dimensional 
operators, regularising the singularity.  We also require that these operators: 


•do not introduce new degrees of freedom 


•do not spoil asymptotic scale invariance, when h → ∞ 


Example (other operators work as well) :  

ds2 = f 2(r)dr2 + r2dΩ2
3

∂r ( r3χ′ 

f ) − r3fU′ (χ) = −
ξ

2π2MP
δ(r)

6 − 6f 2 +
2r2f 2U(χ)

M2
P

−
r2χ′ 2

M2
P

= 0

r → ∞ f 2(r) → 1, χ(r) → 0

χ → ∞

δℒδ= −
δ

M8
PΩ8 (1 +

δ
Ω2 )(∂μh)
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Fermi scale generation 
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See also:

Rasanen and Rasanen, 1709.07853;

Rasanen, 1811.09514;

Karananas, Michel and Rubio, 

2006.11290 


The hierarchy between the Planck and the Fermi scales may be a natural phenomenon 
when the SM is classically conformal,  is large and the gravity is of the Palatini type! In the 
metric theory the source term  is replaced by  and the action is too 
small.

ξ
ξδ(r) δ(r)/(6 + 1/ξ)

Natural choice:  :  the same cutoff δ ∼ ξ2 Λ ∼ MP / ξ
Requirement of the 
correct hierarchy. 
Parametrically S ∝ ξ

Constraint from 
inflation

Constraint from 
t-quark mass: 

positive  at the 
scale of inflation

λ



Conclusions

Einstein-Cartan gravity is an interesting theory with the following properties:


• It has the same number of degrees of freedom as the metric gravity


• Higgs inflation is a natural consequence of EC gravity with universal 
prediction for , and with r which can be as small as 
10-10 and as large as the present experimental limit


• It leads to a new universal mechanism for fermion dark matter production 
operating for masses as small as few keV and as large as  
GeV


• It may lead to an explanation why the Fermi scale is much smaller than 
the Planck scale, using non-perturbative semiclassical effects - new type 
of singular instanton

ns = 1 − 2/N ≃ 0.96

(3 − 6) × 108
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