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• Why do this? 
• The elements involved in the scaling with Nc 
• Example applications 
• [For NNN see Phillips/Schat PRC 88 (2013) 3, 034002.]

Using the Large-Number-of-Colors Limit of QCD to 
Find the Relative Sizes of Nucleon-Nucleon 
Interaction Contributions to a Given Process

a.k.a.``how to walk in with a Lagrangian/potential and walk out knowing which 
interactions (in the standard model or beyond) are most important according to 

large Nc’’



WHY USE NC TO ANALYZE/ORDER OPERATORS?

• Exploit “hidden” symmetry of QCD 
• 1/Nc as expansion parameter 
• Some things simplify as Nc becomes large 
• Enhanced symmetries as Nc becomes large: SU(3) -> SU(Nc) 
• Guidepost for: 
✴ Theories for which there is no data 
✴ High order calculations 
✴ Choosing which experiments to do first 
✴ Choosing which simulations to do first



New particle 
New symmetry 
New idea

bag of 
interactions

<latexit sha1_base64="zSFo36pVkUQCZGko8awBYfoT9sE=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cq9gOaUDbbTbt0sxt2N0oJ/RtePCji1T/jzX/jps1BWx8MPN6bYWZemHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1jJVhLaI5FJ1Q6wpZ4K2DDOcdhNFcRxy2gnHN7nfeaRKMykezCShQYyHgkWMYGMl379nw5HBSsmnSr9ac+vuDGiZeAWpQYFmv/rlDyRJYyoM4VjrnucmJsiwMoxwOq34qaYJJmM8pD1LBY6pDrLZzVN0YpUBiqSyJQyaqb8nMhxrPYlD2xljM9KLXi7+5/VSE10FGRNJaqgg80VRypGRKA8ADZiixPCJJZgoZm9FZIQVJsbGlIfgLb68TNpnde+ifn53XmtcF3GU4QiO4RQ8uIQG3EITWkAggWd4hTcndV6cd+dj3lpyiplD+APn8wfMrpGK</latexit>)
operator

<latexit sha1_base64="iCAIadnsB3fETnznSHIgqojbNns=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIQqHMlKJuhEI3CoIV7AXaYcikaRuamQzJGaEMfQg3voobF4q4deHOtzFtZ6GtPxz4+M85JOf3I8E12Pa3lVlZXVvfyG7mtrZ3dvfy+wdNLWNFWYNKIVXbJ5oJHrIGcBCsHSlGAl+wlj+qTfutB6Y0l+E9jCPmBmQQ8j6nBIzl5YtJlxKBbyZewkOY4Etc8xx8a6poqGyobKhLexK0ly/YJXsmvAxOCgWUqu7lv7o9SeOAhUAF0brj2BG4CVHAqWCTXDfWLCJ0RAasYzAkAdNuMjtqgk+M08N9qUyFgGfu742EBFqPA99MBgSGerE3Nf/rdWLoX7jm2igGFtL5Q/1YYJB4mhDuccUoiLEBQhU3f8V0SBShYHLMmRCcxZOXoVkuOWelyl2lUL1O48iiI3SMTpGDzlEVXaE6aiCKHtEzekVv1pP1Yr1bH/PRjJXuHKI/sj5/AJ+9m20=</latexit>

Lint = C1O1 + C2O2 + · · ·

low energy coefficient spin,isospin,momentum structure

WALK IN WITH:

WALK OUT WITH:

<latexit sha1_base64="icmjWth2iwMv2ZVpOumFsjYZy2A=">AAACBXicbZDLSgMxFIYzXmu9jbrURbAIglBmSlE3QqEb3bVgL9AOQyaTaUMzyZBkhDJ048ZXceNCEbe+gzvfxrSdhbb+cODjP+eQnD9IGFXacb6tldW19Y3NwlZxe2d3b98+OGwrkUpMWlgwIbsBUoRRTlqaaka6iSQoDhjpBKP6tN95IFJRwe/1OCFejAacRhQjbSzfPmnf1H0XNk1dwLpfMVQx1Meh0Mq3S07ZmQkug5tDCeRq+PZXPxQ4jQnXmCGleq6TaC9DUlPMyKTYTxVJEB6hAekZ5CgmystmV0zgmXFCGAlpims4c39vZChWahwHZjJGeqgWe1Pzv14v1dG1l1GepJpwPH8oShnUAk4jgSGVBGs2NoCwpOavEA+RRFib4IomBHfx5GVoV8ruZbnarJZqd3kcBXAMTsE5cMEVqIFb0AAtgMEjeAav4M16sl6sd+tjPrpi5TtH4I+szx9kIJVf</latexit>

V = C1Q1 + C2Q2 + · · ·

<latexit sha1_base64="j83VhjEFP7SzDE18FPpvWG1DAmQ=">AAACInicbVDLSgMxFM34rPVVdekmWAQXUmZkfBRRCt3oroJ9QDsMmUymDc1MhiQjlKHf4sZfceNCUVeCH2OmnYW23pDLuefcS3KPFzMqlWl+GQuLS8srq4W14vrG5tZ2aWe3JXkiMGlizrjoeEgSRiPSVFQx0okFQaHHSNsb1jO9/UCEpDy6V6OYOCHqRzSgGClNuaVq3bWPYd2twmudrQymljnWVQ/7XMlL2NNHs/ZV3T2dVlPFLZXNijkJOA+sHJRBHg239NHzOU5CEinMkJRdy4yVkyKhKGZkXOwlksQID1GfdDWMUEikk05WHMNDzfgw4ELfSMEJ+3siRaGUo9DTnSFSAzmrZeR/WjdRwYWT0ihOFInw9KEgYVBxmPkFfSoIVmykAcKC6r9CPEACYaVdLWoTrNmV50HrpGKdVew7u1y7ze0ogH1wAI6ABc5BDdyABmgCDB7BM3gFb8aT8WK8G5/T1gUjn9kDf8L4/gE/TJ6q</latexit>

C4, C9 > C1, C10 > · · · ; C4 = C5; · · ·

observable=function of      and      at leading order in Nc       
<latexit sha1_base64="XcZqhYM+2bEC208mNb2W18P4sN0=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9VjoRW8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoNxfea3n1BpHstHM0nQj+hQ8pAzaqz0UO9X+6WyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadog3BW355lbQuK95VpXpfLdfu8jgKcApncAEeXEMNbqEBTWAwhGd4hTdHOC/Ou/OxaF1z8pkT+APn8wfEeI1+</latexit>

C4
<latexit sha1_base64="ahlrpZta1KRppgn5KKBpyLasK4A=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexK8HEL5KK3iOYByRJmJ73JkNnZZWZWCCGf4MWDIl79Im/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwqs381hMqzWP5aMYJ+hEdSB5yRo2VHmq9m16x5JbdOcgq8TJSggz1XvGr249ZGqE0TFCtO56bGH9CleFM4LTQTTUmlI3oADuWShqh9ifzU6fkzCp9EsbKljRkrv6emNBI63EU2M6ImqFe9mbif14nNeG1P+EySQ1KtlgUpoKYmMz+Jn2ukBkxtoQyxe2thA2poszYdAo2BG/55VXSvCh7l+XKfaVUvcviyMMJnMI5eHAFVbiFOjSAwQCe4RXeHOG8OO/Ox6I152Qzx/AHzucPzAyNgw==</latexit>

C9

<latexit sha1_base64="CFzXkogkBCpkmls1G8ICq3TX/1o=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4KokUdVlwo7sKthXaUCaTSTt2MhNmbgoh9B/EnX6JO3HrH/gh7p20WdjWAwOHc+6de+/xY840OM63VVpb39jcKm9Xdnb39g+qh0cdLRNFaJtILtWjjzXlTNA2MOD0MVYURz6nXX98k/vdCVWaSfEAaUy9CA8FCxnBYKROfxJI0INqzak7M9irxC1IDRVoDao//UCSJKICCMda91wnBi/DChjhdFrpJ5rGmIzxkPYMFTii2stm207tM6MEdiiVeQLsmfq3I8OR1mnkm8oIw0gve7n4n9dLILz2MibiBKgg80Fhwm2Qdn66HTBFCfDUEEwUM7vaZIQVJmACWvhpQsxlVOUjvCyViRgC9qcVk5O7nMoq6VzU3ct6475Ra94ViZXRCTpF58hFV6iJblELtRFBT+gZvaI368V6tz6sz3lpySp6jtECrK9fWpGeXQ==</latexit>...



1. Begin with an overcomplete basis including all possible structures 
(and/or understand the impact of any Fierz reductions). 

2. Determine spin-isospin scaling of single nucleon matrix elements. 
3. Determine spin-isospin scaling of two-nucleon matrix elements (e.g., 

relevant for scattering). 
4. Establish source of momenta in the operators. 
5. Count the number of external pions. 
6. Remember the subtraction point dependence of the low energy 

coefficients. 
7. [Delta issues]

ELEMENTS NEEDED TO DETERMINE LARGE-NC SCALING:



WHAT DOES A NUCLEON LOOK LIKE IN LARGE NC?
• Pauli: antisymmetric under interchange of any two quarks 
• product wavefunction:  
• singlet in color degrees of freedom 

• ground state spatially symmetric  
• symmetric representation in spin-isospin 

<latexit sha1_base64="7e29kl01kx3iiPvKH5mcApeRxZ8=">AAACNHicbZBNS8MwGMfT+TbnW9Wjl+AQPI1WRD0OvCheJrgX2EpJs3QLS5OQpMIo+1Be/CBeRPCgiFc/g1lXQTcfCPz5Pa/5R5JRbTzvxSktLa+srpXXKxubW9s77u5eS4tUYdLEggnViZAmjHLSNNQw0pGKoCRipB2NLqf59j1Rmgp+Z8aSBAkacBpTjIxFoXvTk5qGWT5oAnuGJkTDGdPS1iC2QCmfQ1SLnIZu1at5ecBF4ReiCopohO5Try9wmhBuMENad31PmiBDylDMyKTSSzWRCI/QgHSt5MjuDH5uPbKkD2Oh7OMG5vR3R4YSrcdJZCsTZIZ6PjeF/+W6qYkvgoxymRrC8WxRnDJoBJw6CPtUEWzY2AqEFbW3QjxECmFjfa5YE/z5Ly+K1knNP6ud3p5W69eFHWVwAA7BMfDBOaiDK9AATYDBA3gGb+DdeXRenQ/nc1ZacoqeffAnnK9vQemtqw==</latexit>

 color ⇥  spatial ⇥  spin ⇥  isospin

<latexit sha1_base64="M5fY3h0zdUKP192NUhTqVRSdiLs="></latexit>

3⇥ 3⇥ 3 = · · ·+ 1 )  3colors =
1p
6
(bgr � brg + grb� gbr + rbg � rgb)

<latexit sha1_base64="9fwFa3SB7md+DmPrWSTEGh/9zp4="></latexit>

Nc ⇥Nc ⇥Nc · · ·| {z }
Nc

= · · ·+ 1 )  Nccolors =
<latexit sha1_base64="gpQwJ7IuT6kjzUM7PYriy64slp0="></latexit>

...

9
>>>>>>>>>=

>>>>>>>>>;

Nc

<latexit sha1_base64="a0c0zVjoelJ3O1wyy9zCamlbVB0="></latexit>

· · ·
| {z }

Nc“bosonic” quarks



SPIN UP PROTON MADE OF NC QUARKS
<latexit sha1_base64="AMk1yQS9w684dAeyEM1Hl4Vo7F4=">AAACEXicbVDLSsNAFJ34rPVVdelmsAiuSqJF3QgFN7qRCvYBbSiT6U07dDIJM5NCCP0Icadf4k7c+gV+iHsnbRa29cDA4Zx75957vIgzpW3721pZXVvf2CxsFbd3dvf2SweHTRXGkkKDhjyUbY8o4ExAQzPNoR1JIIHHoeWNbjO/NQapWCiedBKBG5CBYD6jRBup9dCj+AZf9Eplu2JPgZeJk5MyylHvlX66/ZDGAQhNOVGq49iRdlMiNaMcJsVurCAidEQG0DFUkACUm07XneBTo/SxH0rzhMZT9W9HSgKlksAzlQHRQ7XoZeJ/XifW/rWbMhHFGgSdDfJjjnWIs9txn0mgmieGECqZ2RXTIZGEapPQ3E9jai4DmY1w0ySMxUATb1I0OTmLqSyT5nnFuaxUH6vl2n2eWAEdoxN0hhx0hWroDtVRA1E0Qs/oFb1ZL9a79WF9zkpXrLznCM3B+voFLpKdmw==</latexit>

Nc = 3

3 spin-1/2 quarks make a total spin 1/2 or 3/2 baryon

and symmetric under interchange of any two quarks

orthogonal to 
<latexit sha1_base64="6A6iWdoRjs51NYisKtTx7qvsMkY="></latexit>

J�| """i =
1p
3
(| ""#i+ | "#"i+ | #""i)

(distributed, symmetrize)
<latexit sha1_base64="pSPv+6153XrgGvGRlEaaO6y7d40="></latexit>

1p
6
[uud] [2 ""# � ("# + #") "]

see, e.g., Manohar hep-ph/9802419; 
X. Ji https://www.physics.umd.edu/courses/Phys741/xji/chapter3.pdf 

<latexit sha1_base64="mtZv/M7ZPGo7ljVps9mbIHrslA4="></latexit>

1p
18

⇣
[uud] [2 ""# � "#" � #""] + [duu] [2 #"" � ""# � "#"] + [udu] [2 "#" � #"" � ""#]

⌘

<latexit sha1_base64="GimcuoYBrAflhcFN+TF9IEziRsQ="></latexit>

=
1p
18

⇣
2 [u " u " d #]S � [u " u # d "]S

⌘



SPIN UP PROTON MADE OF NC QUARKS
<latexit sha1_base64="AMk1yQS9w684dAeyEM1Hl4Vo7F4=">AAACEXicbVDLSsNAFJ34rPVVdelmsAiuSqJF3QgFN7qRCvYBbSiT6U07dDIJM5NCCP0Icadf4k7c+gV+iHsnbRa29cDA4Zx75957vIgzpW3721pZXVvf2CxsFbd3dvf2SweHTRXGkkKDhjyUbY8o4ExAQzPNoR1JIIHHoeWNbjO/NQapWCiedBKBG5CBYD6jRBup9dCj+AZf9Eplu2JPgZeJk5MyylHvlX66/ZDGAQhNOVGq49iRdlMiNaMcJsVurCAidEQG0DFUkACUm07XneBTo/SxH0rzhMZT9W9HSgKlksAzlQHRQ7XoZeJ/XifW/rWbMhHFGgSdDfJjjnWIs9txn0mgmieGECqZ2RXTIZGEapPQ3E9jai4DmY1w0ySMxUATb1I0OTmLqSyT5nnFuaxUH6vl2n2eWAEdoxN0hhx0hWroDtVRA1E0Qs/oFb1ZL9a79WF9zkpXrLznCM3B+voFLpKdmw==</latexit>

Nc = 3
<latexit sha1_base64="h7WVtbAfmjZQGDtQfeYLV+VGBDI="></latexit>

2 [u " u " d #]� [u " u # d "]

<latexit sha1_base64="Dx75K55o3Lw8jYEydgOyFdo5K+w=">AAACD3icbVDLSsNAFJ3UV62vqks3g0VwVRKpj41QcKMbqWBtoQ1lMr1ph04mYWZSCKHfIO70S9yJWz/BD3HvpM3Cth4YOJxz79x7jxdxprRtf1uFldW19Y3iZmlre2d3r7x/8KTCWFJo0pCHsu0RBZwJaGqmObQjCSTwOLS80U3mt8YgFQvFo04icAMyEMxnlGgjNe979Pq8V67YVXsKvEycnFRQjkav/NPthzQOQGjKiVIdx460mxKpGeUwKXVjBRGhIzKAjqGCBKDcdLrsBJ8YpY/9UJonNJ6qfztSEiiVBJ6pDIgeqkUvE//zOrH2r9yUiSjWIOhskB9zrEOcXY77TALVPDGEUMnMrpgOiSRUm3zmfhpTcxnIbISbJmEsBpp4k5LJyVlMZZk8nVWdi2rtoVap3+WJFdEROkanyEGXqI5uUQM1EUUMPaNX9Ga9WO/Wh/U5Ky1Yec8hmoP19Qt7FJ1J</latexit>

Nc = 5
<latexit sha1_base64="m4pv0w3fjovPwGAc9AU0HWeJXjQ="></latexit>

3 [u " u " u " d # d #]� [u " u " u #]S [d " d #]S · · ·

<latexit sha1_base64="F7cTVvtObwEligRzBELK4jQ9d6I="></latexit>

4 [u " u " u " u " d # d # d #]� [u " u " u " u #]S [d " d # d #]S · · ·<latexit sha1_base64="Bi5mgNj/VvtClmq/oUcSG8zONxY=">AAACD3icbVDLSsNAFJ3UV62vqks3wSK4KomIdSMU3OhGKpi20IYymU7aoZOZMHNTKKHfIO70S9yJWz/BD3HvpM3Cth4YOJxz79x7TxBzpsFxvq3C2vrG5lZxu7Szu7d/UD48amqZKEI9IrlU7QBrypmgHjDgtB0riqOA01Ywus381pgqzaR4gklM/QgPBAsZwWAk76FHbmq9csWpOjPYq8TNSQXlaPTKP92+JElEBRCOte64Tgx+ihUwwum01E00jTEZ4QHtGCpwRLWfzpad2mdG6duhVOYJsGfq344UR1pPosBURhiGetnLxP+8TgLhtZ8yESdABZkPChNug7Szy+0+U5QAnxiCiWJmV5sMscIETD4LP42JuYyqbISfTmQiBoCDacnk5C6nskqaF1X3qnr5eFmp3+eJFdEJOkXnyEU1VEd3qIE8RBBDz+gVvVkv1rv1YX3OSwtW3nOMFmB9/QJ+Yp1L</latexit>

Nc = 7

<latexit sha1_base64="ikpZFWAO09SoyMebtlYEuDPR5C8=">AAACFXicbVDLSgMxFM3UV62vqks3wSIIQpkpRd0IBTe6kQr2AdOhZNJMG5pJhiRTGIZ+hrjTL3Enbl37Ie7NtLOwrQcCh3Puzb33+BGjStv2t1VYW9/Y3Cpul3Z29/YPyodHbSViiUkLCyZk10eKMMpJS1PNSDeSBIU+Ix1/fJv5nQmRigr+pJOIeCEachpQjLSR3Ic+vqnBEF5Ap1+u2FV7BrhKnJxUQI5mv/zTGwgch4RrzJBSrmNH2kuR1BQzMi31YkUihMdoSFxDOQqJ8tLZylN4ZpQBDIQ0j2s4U/92pChUKgl9UxkiPVLLXib+57mxDq69lPIo1oTj+aAgZlALmN0PB1QSrFliCMKSml0hHiGJsDYpLfw0weYyIrMRXpqImA818qclk5OznMoqadeqzmW1/livNO7zxIrgBJyCc+CAK9AAd6AJWgADAZ7BK3izXqx368P6nJcWrLznGCzA+voFS6eeqw==</latexit>

Nc = 2m+ 1

<latexit sha1_base64="APNezyaAiOrkO9fpC0Cg9Qesa1c="></latexit>

[u " u " u " · · ·u "| {z }
2m+1

d # d # d # d # · · · d #| {z }
m

]

Nc
<latexit sha1_base64="gfrWXRbWWgt6GrZSqSjc3s/qNyA="></latexit><latexit sha1_base64="gfrWXRbWWgt6GrZSqSjc3s/qNyA="></latexit><latexit sha1_base64="gfrWXRbWWgt6GrZSqSjc3s/qNyA="></latexit><latexit sha1_base64="gfrWXRbWWgt6GrZSqSjc3s/qNyA="></latexit>

<latexit sha1_base64="CFzXkogkBCpkmls1G8ICq3TX/1o=">AAACEHicbVDLSsNAFJ3UV62vqks3wSK4KokUdVlwo7sKthXaUCaTSTt2MhNmbgoh9B/EnX6JO3HrH/gh7p20WdjWAwOHc+6de+/xY840OM63VVpb39jcKm9Xdnb39g+qh0cdLRNFaJtILtWjjzXlTNA2MOD0MVYURz6nXX98k/vdCVWaSfEAaUy9CA8FCxnBYKROfxJI0INqzak7M9irxC1IDRVoDao//UCSJKICCMda91wnBi/DChjhdFrpJ5rGmIzxkPYMFTii2stm207tM6MEdiiVeQLsmfq3I8OR1mnkm8oIw0gve7n4n9dLILz2MibiBKgg80Fhwm2Qdn66HTBFCfDUEEwUM7vaZIQVJmACWvhpQsxlVOUjvCyViRgC9qcVk5O7nMoq6VzU3ct6475Ra94ViZXRCTpF58hFV6iJblELtRFBT+gZvaI368V6tz6sz3lpySp6jtECrK9fWpGeXQ==</latexit>...

<latexit sha1_base64="SO9yXU72wOH8CCMXUsYDqk5uPY0=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBje4q2Ae2Q8mkmTY0kwx5VIahfyHu9EvciVv3foh7M+0sbOuBwOGce3PvPUHMqNKu++0U1tY3NreK26Wd3b39g/LhUUsJIzFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjG8yvz0hUlHBH3QSEz9CQ05DipG20qOBPRMjKcVTv1xxq+4McJV4OamAHI1++ac3ENhEhGvMkFJdz421nyKpKWZkWuoZRWKEx2hIupZyFBHlp7ONp/DMKgMYCmkf13Cm/u1IUaRUEgW2MkJ6pJa9TPzP6xodXvsp5bHRhOP5oNAwqAXMzocDKgnWLLEEYUntrhCPkERY25AWfppgexmR2Qg/TYThQ42Cacnm5C2nskpaF1Xvslq7r1Xqd3liRXACTsE58MAVqINb0ABNgAEHz+AVvDkvzrvz4XzOSwtO3nMMFuB8/QJh+5/6</latexit>

u "
<latexit sha1_base64="SO9yXU72wOH8CCMXUsYDqk5uPY0=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBje4q2Ae2Q8mkmTY0kwx5VIahfyHu9EvciVv3foh7M+0sbOuBwOGce3PvPUHMqNKu++0U1tY3NreK26Wd3b39g/LhUUsJIzFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjG8yvz0hUlHBH3QSEz9CQ05DipG20qOBPRMjKcVTv1xxq+4McJV4OamAHI1++ac3ENhEhGvMkFJdz421nyKpKWZkWuoZRWKEx2hIupZyFBHlp7ONp/DMKgMYCmkf13Cm/u1IUaRUEgW2MkJ6pJa9TPzP6xodXvsp5bHRhOP5oNAwqAXMzocDKgnWLLEEYUntrhCPkERY25AWfppgexmR2Qg/TYThQ42Cacnm5C2nskpaF1Xvslq7r1Xqd3liRXACTsE58MAVqINb0ABNgAEHz+AVvDkvzrvz4XzOSwtO3nMMFuB8/QJh+5/6</latexit>

u "

<latexit sha1_base64="SO9yXU72wOH8CCMXUsYDqk5uPY0=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBje4q2Ae2Q8mkmTY0kwx5VIahfyHu9EvciVv3foh7M+0sbOuBwOGce3PvPUHMqNKu++0U1tY3NreK26Wd3b39g/LhUUsJIzFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjG8yvz0hUlHBH3QSEz9CQ05DipG20qOBPRMjKcVTv1xxq+4McJV4OamAHI1++ac3ENhEhGvMkFJdz421nyKpKWZkWuoZRWKEx2hIupZyFBHlp7ONp/DMKgMYCmkf13Cm/u1IUaRUEgW2MkJ6pJa9TPzP6xodXvsp5bHRhOP5oNAwqAXMzocDKgnWLLEEYUntrhCPkERY25AWfppgexmR2Qg/TYThQ42Cacnm5C2nskpaF1Xvslq7r1Xqd3liRXACTsE58MAVqINb0ABNgAEHz+AVvDkvzrvz4XzOSwtO3nMMFuB8/QJh+5/6</latexit>

u "
<latexit sha1_base64="SO9yXU72wOH8CCMXUsYDqk5uPY0=">AAACFHicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBje4q2Ae2Q8mkmTY0kwx5VIahfyHu9EvciVv3foh7M+0sbOuBwOGce3PvPUHMqNKu++0U1tY3NreK26Wd3b39g/LhUUsJIzFpYsGE7ARIEUY5aWqqGenEkqAoYKQdjG8yvz0hUlHBH3QSEz9CQ05DipG20qOBPRMjKcVTv1xxq+4McJV4OamAHI1++ac3ENhEhGvMkFJdz421nyKpKWZkWuoZRWKEx2hIupZyFBHlp7ONp/DMKgMYCmkf13Cm/u1IUaRUEgW2MkJ6pJa9TPzP6xodXvsp5bHRhOP5oNAwqAXMzocDKgnWLLEEYUntrhCPkERY25AWfppgexmR2Qg/TYThQ42Cacnm5C2nskpaF1Xvslq7r1Xqd3liRXACTsE58MAVqINb0ABNgAEHz+AVvDkvzrvz4XzOSwtO3nMMFuB8/QJh+5/6</latexit>

u "

<latexit sha1_base64="sUGDKnkPJi6Bq1MV8CZ786E3lZc=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBje4q2Ae0Q7mTSdvQTDIkmZZh6G+IO/0Sd+LWrR/i3vSxsK0HAodz77n35gQxZ9q47reT29jc2t7J7xb29g8Oj4rHJw0tE0VonUguVSsATTkTtG6Y4bQVKwpRwGkzGN5N680RVZpJ8WTSmPoR9AXrMQLGSp0Qd0I5FqCUHHeLJbfszoDXibcgJbRArVv8sWaSRFQYwkHrtufGxs9AGUY4nRQ6iaYxkCH0adtSARHVfja7eYIvrBLinlT2CYNn6l9HBpHWaRTYzgjMQK/WpuJ/tXZierd+xkScGCrIfFEv4dhIPA0Ah0xRYnhqCRDF7K2YDEABMTampUkjYn9G1XSFn6UyEX0DwaRgc/JWU1knjauyd12uPFZK1YdFYnl0hs7RJfLQDaqie1RDdURQjJ7RK3pzXpx358P5nLfmnIXnFC3B+foF9B6g0A==</latexit>

d #
<latexit sha1_base64="sUGDKnkPJi6Bq1MV8CZ786E3lZc=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4KjNS1GXBje4q2Ae0Q7mTSdvQTDIkmZZh6G+IO/0Sd+LWrR/i3vSxsK0HAodz77n35gQxZ9q47reT29jc2t7J7xb29g8Oj4rHJw0tE0VonUguVSsATTkTtG6Y4bQVKwpRwGkzGN5N680RVZpJ8WTSmPoR9AXrMQLGSp0Qd0I5FqCUHHeLJbfszoDXibcgJbRArVv8sWaSRFQYwkHrtufGxs9AGUY4nRQ6iaYxkCH0adtSARHVfja7eYIvrBLinlT2CYNn6l9HBpHWaRTYzgjMQK/WpuJ/tXZierd+xkScGCrIfFEv4dhIPA0Ah0xRYnhqCRDF7K2YDEABMTampUkjYn9G1XSFn6UyEX0DwaRgc/JWU1knjauyd12uPFZK1YdFYnl0hs7RJfLQDaqie1RDdURQjJ7RK3pzXpx358P5nLfmnIXnFC3B+foF9B6g0A==</latexit>

d #



Dashen, Jenkins, Manohar PRD 49 4713 (1994); 51 2849(E) (1995); 51 3697 (1995); 
Manohar “Large N QCD” hep-ph/9802419.

NUCLEONS IN LARGE NC

Nc
<latexit sha1_base64="gfrWXRbWWgt6GrZSqSjc3s/qNyA="></latexit><latexit sha1_base64="gfrWXRbWWgt6GrZSqSjc3s/qNyA="></latexit><latexit sha1_base64="gfrWXRbWWgt6GrZSqSjc3s/qNyA="></latexit><latexit sha1_base64="gfrWXRbWWgt6GrZSqSjc3s/qNyA="></latexit>

X

Xoperator insertion

cannot calculate the 
nonperturbative matrix 

elements but can determine 
how they scale with Nc

hN |q†1q|Ni . Nc ; hN |q†�i⌧aq|Ni . Nc ; hN |q†⌧aq|Ni . 1 ; hN |q†�iq|Ni . 1
<latexit sha1_base64="ymzYZ06aDygDl+jw0aZfEMVvMw4="></latexit>

|proton "i = ("# "# "# · · · ")⌦ (ud ud ud ud · · ·u)
<latexit sha1_base64="8DQcs5nLqUTlZiE2/Fr666WwuAo="></latexit>

nucleon N = n, p
<latexit sha1_base64="GhPvJE4TUN7x2wcjL5eiGIY8Jes="></latexit>

<latexit sha1_base64="jnOlPLtMQAsOBSqexCz6CCYcOKg="></latexit>

bosonic quark



MORE NC COUNTING:

loop diagrams need to be finite as      becomes large<latexit sha1_base64="YOQBRJgKykm6IDU2h3tKd4fAJak="></latexit>

Nc

<latexit sha1_base64="v0MmzCYUmGcK5yY1QepXeiueYa8="></latexit>

�
✓
11

3
Nc �

2

3
NF

◆
g3

16⇡2
+ · · · <latexit sha1_base64="ig7GANzU25sVKPv/lbMj/w83RGs="></latexit>)

<latexit sha1_base64="1BDsl4u6lx8lDtH9zso3PqJpD28="></latexit>

g ! gp
Nc

<latexit sha1_base64="q31jlg0qH7caUiCOK/1QctRTyvU="></latexit>⌦<latexit sha1_base64="q31jlg0qH7caUiCOK/1QctRTyvU="></latexit>⌦

<latexit sha1_base64="LCBOJOoqUwu0Fx9gdsbrGfnAIag="></latexit>

>

<latexit sha1_base64="LCBOJOoqUwu0Fx9gdsbrGfnAIag="></latexit>

>

quark loop
<latexit sha1_base64="bPRXpWHh4e1f1vq6id9oxWeK4R4="></latexit>

h0|q†�i⌧aq|⇡i ⇠
p

Nc
<latexit sha1_base64="ZSiBpu+4bUtORdLyIcVCaMHuPXw="></latexit>

) f⇡ ⇠
p

Nc

pion decay constant

<latexit sha1_base64="7565aoCq+hgO1AFd+ufVGsCYTNI="></latexit>

⇠ Nc



⇠ gp
Nc

gp
Nc

N2
c ⇠ Nc

NchN2|
O

(n)
IS

Nn
c

|N1ihN4|
O

(n0)
IS

Nn0
c

|N3i

 I, S channel

N4N3

N2N1

hN 0
|
O

(n)
IS

Nn
c

|Ni 
1

N |I�S|
c

Manohar, “Large N QCD” in Probing the 
Standard Model of Particle Interactions,” 

ed. F. David and R. Gupta, 2008

:.

:.

N1 N2

N3 N4

Kaplan and Savage, PLB365(1996)244; 
Kaplan and Manohar, PRC 56 (1997) 76; 

Mehen, Stewart, and Wise, PRL83 (1999)931; 
Banarjee, Cohen, Gelman PRC 65 034011 

(2002)

p ⇠ N0
c

<latexit sha1_base64="8NRxQ8itQY1R+PkzFP7ysfNHwpQ="></latexit>

NN SCATTERING IN LARGE NC



<latexit sha1_base64="zAkElzsTYW8huVfCsNRXTsfkkbI="></latexit>

HHartree = Nc

X

n

X

s,t

vstn

✓
S
i

Nc

◆s ✓
I
a

Nc

◆t ✓
G

ia

Nc

◆n�s�t

<latexit sha1_base64="pxI1x/R/8y2BIRMyJl1AEzoD4g8="></latexit>

Si = q†�iq
<latexit sha1_base64="AHOcgUBTs1yit8ea/qGphmqTtTs="></latexit>

Gia = q†�i⌧aq
<latexit sha1_base64="05Ybir+aO0QmMew2Ct5ev8L4IS4="></latexit>

Ia = q†⌧aq

<latexit sha1_base64="vYW2FLKSKOSPgFdleQ1+WFSfaxg="></latexit>

 nucleon

Hartree
=

NcY

i=1

�i

<latexit sha1_base64="o2a1n2xFGVTq1busMZKH0QdX2e8="></latexit>

L = Cscalar(N
†N)(N†N) + Ctensor(N

†�iN)(N†�iN)

<latexit sha1_base64="7Cbhd2CL5Sc/h5FyXuXDKT/bWa4="></latexit>

hN 0|S|Ni ⇠ hN 0|I|Ni ⇠ 1, hN 0|G|Ni ⇠ hN 0|1|Ni ⇠ Nc

MATCH TO THE LARGE-NC HARTREE FORM

[operator reduction…]Dashen, Jenkins, Manohar PRD 51 3697.

EXAMPLE:

<latexit sha1_base64="QUHpuyneLHV21bREAb+aeNerNVQ="></latexit>

) Cscalar(1)1(1)2 + Ctensor(S)1(S)2 ⇠ CscalarN
2
c + CtensorN

0
c

<latexit sha1_base64="kz4KVZo31RPPwplF3/GHtT/Z1WA="></latexit>

) Cscalar ⇠ Nc , Ctensor ⇠ N�1
c



SOURCE OF MOMENTUM DEPENDENCE IN OPERATOR

Does it come from a relativistic correction?
<latexit sha1_base64="8pQCL+rvjMb05z06YhGCBTZiDjA="></latexit>

MN ⇠ hN |q†1q|Ni . Nc

<latexit sha1_base64="YVOF/ETwSszcx4nWvqBYKUAQOBE="></latexit>

hN�(~p
0
1)N�(~p

0
2)|O|N↵(~p1)N�(~p2)i

<latexit sha1_base64="eZz1ZDaK/T+2JaKmvjbgQ+85Pq4="></latexit>

~p± = ~p 0 ± ~p

<latexit sha1_base64="bM0w8OqFYntxYG+FJ+DIvbmfxtE="></latexit>

~p 0 = ~p 0
1 � ~p 0

2, ~p = ~p1 � ~p2

<latexit sha1_base64="+ZSftVZvIrRYHTnL751yOOisqLA="></latexit>

~p� ⇠ 1 , ~p+ ⇠ N�1
c .

velocity:
<latexit sha1_base64="AuFnwMKcfrbDZ2r8Yfi2kQPWKUI="></latexit>

p

MN
⇠ 1

Nc



THE TROUBLE WITH FIERZING

• Spin-flavor symmetry is in the context of baryons 
• Operator reductions are in the context of matrix elements 
• Spin-flavor scaling is in the context of matrix elements

• Fierzing can exchange       and 

• Fierzing can be used to eliminate isospin completely from strong 
interaction NN operators 

<latexit sha1_base64="dy1qMFr468y94JwtbGV/ananyhI="></latexit>

~p+
<latexit sha1_base64="YKBhGhjnhQvgsFcpU9cKj7L1lXI="></latexit>

~p�



Girlanda  PRC 77, 067001 (2008)
lowest order S-P wave transitions:  momentum will play a role

1

2

<latexit sha1_base64="LCBOJOoqUwu0Fx9gdsbrGfnAIag="></latexit>>

<latexit sha1_base64="LCBOJOoqUwu0Fx9gdsbrGfnAIag="></latexit>>

LOW ENERGY 2N PARITY VIOLATION ILLUSTRATES (MOST OF) THE STEPS

<latexit sha1_base64="56S+xAfSLkcAM33mshb9FJ3zVCg="></latexit>

G̃5 ⇠ Nc

G2 ⇠ G6 ⇠ N0
c

G1 ⇠ G̃1 ⇠ N�1
c

<latexit sha1_base64="f9IqjKrm5zurvlXeMrzdQvzYobg="></latexit>

) G1N
�1
c

⇥
(S)1(1)2 + (1)1(S)2

⇤
+ · · · ⇠ G1N

�1
c Nc + · · ·

<latexit sha1_base64="pKZzAMACuBH+/iWpvjZkIOkuR5E="></latexit>

V minimal
Girlanda =� G1~p+ · (~�1 � ~�2)

� iG̃1~p� · (~�1 ⇥ ~�2)

� iG2~p� · (~�1 ⇥ ~�2)(⌧1 + ⌧2)
3

� iG̃5~p� · (~�1 ⇥ ~�2)Iab⌧a1 ⌧ b2

+
i

2
G6~p� · (~�1 + ~�2)(⌧1 ⇥ ⌧2)

3



Girlanda  PRC 77, 067001 (2008)
lowest order S-P wave transitions:  momentum will play a role

<latexit sha1_base64="+O6K9QAJ9+yWb4atvV+xX417gdM="></latexit>

V minimal
Girlanda =� G1~p+ · (~�1 � ~�2)

� iG̃1~p� · (~�1 ⇥ ~�2)

� iG2~p� · (~�1 ⇥ ~�2)(⌧1 + ⌧2)
3

� iG̃5~p� · (~�1 ⇥ ~�2)Iab⌧a1 ⌧ b2

+
i

2
G6~p� · (~�1 + ~�2)(⌧1 ⇥ ⌧2)

3 .

1

2

<latexit sha1_base64="LCBOJOoqUwu0Fx9gdsbrGfnAIag="></latexit>>

<latexit sha1_base64="LCBOJOoqUwu0Fx9gdsbrGfnAIag="></latexit>>

LOW ENERGY 2N PARITY VIOLATION ILLUSTRATES (MOST OF) THE STEPS

<latexit sha1_base64="56S+xAfSLkcAM33mshb9FJ3zVCg="></latexit>

G̃5 ⇠ Nc

G2 ⇠ G6 ⇠ N0
c

G1 ⇠ G̃1 ⇠ N�1
c

<latexit sha1_base64="f9IqjKrm5zurvlXeMrzdQvzYobg="></latexit>

) G1N
�1
c

⇥
(S)1(1)2 + (1)1(S)2

⇤
+ · · · ⇠ G1N

�1
c Nc + · · ·



cf. Zhu et al. NPA 748 435 (2005)

<latexit sha1_base64="fskR06S4Kgxqj9uuecKe02cfr4c="></latexit>

G1 = �A+
1 +A+

3 � 2A�
3

G̃1 = �A�
1 � 2A+

3 +A�
3

G2 = �1

2

�
A�

2 +A+
2 +A+

4

�

G̃5 = �
�
A�

5 +A+
5

�

G6 = �A�
6 +A+

2 �A+
4

<latexit sha1_base64="39i/Nfkxbzhr4laXU1/rwrYIpm0="></latexit>

V nonminal

= A+
1 ~p+ · (~�1 � ~�2)

+A�
1 ~p� · i(~�1 ⇥ ~�2)

+A+
2 ~p+ · (~�1⌧

3
1 � ~�2⌧

3
2 )

+
1

2
A�

2 ~p� · i(~�1 ⇥ ~�2)(⌧1 + ⌧2)
3

+A+
3 ~p+ · (~�1 � ~�2)~⌧1 · ~⌧2

+A�
3 ~p� · i(~�1 ⇥ ~�2)~⌧1 · ~⌧2

+A+
4 ~p+ · (~�1⌧

3
2 � ~�2⌧

3
1 )

+A+
5 ~p+ · (~�1 � ~�2)Iab⌧a1 ⌧ b2

+A�
5 ~p� · i(~�1 ⇥ ~�2)Iab⌧a1 ⌧ b2

� 1

2
A�

6 ~p� · (~�1 + ~�2)i(⌧1 ⇥ ⌧2)
3

<latexit sha1_base64="FlVf2+qMxpiW9NHLDFaC20Kl7zI="></latexit>

G1 ⇠ Nc

G̃1 ⇠ Nc

G2 ⇠ N0
c

G̃5 ⇠ Nc

G6 ⇠ N0
c

Schindler,rps,Vanasse  
PRC 93 2 025502 (2016)



WHAT ABOUT PIONS?

chiral perturbation theory includes pions via

<latexit sha1_base64="DJXk0M3Fsev+37KoYpfs/q4qLnM="></latexit>

exp

✓
i

2f⇡
�a⌧a

◆

pions

<latexit sha1_base64="aRzQ+G0bQdkWWI14BZTUU+yklA8="></latexit>

f⇡ ⇠
p

Nc

Richardson, Schindler, Pastore, rps PRC 103 5 055501 (2021)

<latexit sha1_base64="zTUt68TAtm6OQaE+Ndd1B2X4+ME="></latexit>
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2

✓
1� 1

2f2
⇡

�a�a

◆�
N†N

� �
N†⌧3N

�
+

1

4f2
⇡
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N†⌧aN

��



HOW WELL DOES THIS WORK?

partial wave basis vs large-N counting basis 

L(S)
0 = �C(3S1)

0 (NTPiN)†(NTPiN)� C(1S0)
0 (NTPaN)†(NTPaN)

<latexit sha1_base64="MoxCCvwh9s9LUrHH0CTWsb3Fv4M="></latexit><latexit sha1_base64="MoxCCvwh9s9LUrHH0CTWsb3Fv4M="></latexit><latexit sha1_base64="MoxCCvwh9s9LUrHH0CTWsb3Fv4M="></latexit><latexit sha1_base64="MoxCCvwh9s9LUrHH0CTWsb3Fv4M="></latexit>

Pi =
1p
8
�2�i⌧2

<latexit sha1_base64="Sic/xzneo5dLWiKpL+HyjOKPQtc="></latexit><latexit sha1_base64="Sic/xzneo5dLWiKpL+HyjOKPQtc="></latexit><latexit sha1_base64="Sic/xzneo5dLWiKpL+HyjOKPQtc="></latexit><latexit sha1_base64="Sic/xzneo5dLWiKpL+HyjOKPQtc="></latexit>

Pa =
1p
8
�2⌧2⌧a

<latexit sha1_base64="GWQB+j4pVrTCFbCLzMUSJpjMj6g="></latexit><latexit sha1_base64="GWQB+j4pVrTCFbCLzMUSJpjMj6g="></latexit><latexit sha1_base64="GWQB+j4pVrTCFbCLzMUSJpjMj6g="></latexit><latexit sha1_base64="GWQB+j4pVrTCFbCLzMUSJpjMj6g="></latexit>

=> C(3S1)
0 = C(1S0)

0
<latexit sha1_base64="F5SDP9Fj/V8jD1bs2Z7vI19WuT0="></latexit><latexit sha1_base64="F5SDP9Fj/V8jD1bs2Z7vI19WuT0="></latexit><latexit sha1_base64="F5SDP9Fj/V8jD1bs2Z7vI19WuT0="></latexit><latexit sha1_base64="F5SDP9Fj/V8jD1bs2Z7vI19WuT0="></latexit>

= �1

2
Cscalar(N

†N)(N†N)� 1

2
Ctensor(N

†�iN)(N†�iN)
<latexit sha1_base64="OzhVXX6CdoSgpNa4zDOzv2LggK4="></latexit><latexit sha1_base64="OzhVXX6CdoSgpNa4zDOzv2LggK4="></latexit><latexit sha1_base64="OzhVXX6CdoSgpNa4zDOzv2LggK4="></latexit><latexit sha1_base64="OzhVXX6CdoSgpNa4zDOzv2LggK4="></latexit>

large�!
Nc

�1

2
Cscalar(N

†N)(N†N)
<latexit sha1_base64="VArsMy6/3dqurVnlM+e/GbbmFNY="></latexit><latexit sha1_base64="VArsMy6/3dqurVnlM+e/GbbmFNY="></latexit><latexit sha1_base64="VArsMy6/3dqurVnlM+e/GbbmFNY="></latexit><latexit sha1_base64="VArsMy6/3dqurVnlM+e/GbbmFNY="></latexit>

a(1S0) ⇥ � 1
8 MeV

a(3S1) � 1
36 MeV

scale dependence

C(S)
0 (µ) =

4⇡

M

1
1

a(S) � µ
<latexit sha1_base64="LFPQBmgQ8aeuODQ0aZnrFYfiKpM="></latexit><latexit sha1_base64="LFPQBmgQ8aeuODQ0aZnrFYfiKpM="></latexit><latexit sha1_base64="LFPQBmgQ8aeuODQ0aZnrFYfiKpM="></latexit><latexit sha1_base64="LFPQBmgQ8aeuODQ0aZnrFYfiKpM="></latexit>

requires
µ > 140 MeV

<latexit sha1_base64="BH+sURoS4kjbNBTjw8nsIrbKWxI="></latexit><latexit sha1_base64="BH+sURoS4kjbNBTjw8nsIrbKWxI="></latexit><latexit sha1_base64="BH+sURoS4kjbNBTjw8nsIrbKWxI="></latexit><latexit sha1_base64="BH+sURoS4kjbNBTjw8nsIrbKWxI="></latexit>

Large N result

Kaplan and Savage, PLB 365 (1996) 244; Mehen, Stewart, Wise PRL 83 (1999) 931

expect 30% corrections

NN scattering S-wave no derivatives 



TWO-DERIVATIVE TERMS: S-WAVE

SCHINDLER, SINGH, AND SPRINGER PHYSICAL REVIEW C 00, 004000 (2018)

form as408




C
(1S0 )
2

C
(3S1 )
2

C (SD)

C (1P 1 )

C (3P 0 )

C (3P 1 )

C (3P 2 )





=





−4 12 4
−4 12 4

0 0 −12
−4 −36 −12
− 4

3 − 4
3 4

−2 −2 −4
−1 −1 0








C1·1
CG·G
C ′

G·G



. (26)

The linear combinations409

CD
1 ≡ C1·1 + 9CG·G + 3C ′

G·G, CD
2 ≡ C1·1 + CG·G,

CD
3 ≡ C ′

G·G (27)

“block-diagonalize” the P waves,410





C
(1S0 )
2

C
(3S1 )
2

C (SD)

C (1P 1 )

C (3P 0 )

C (3P 1 )

C (3P 2 )





=





2 −6 −2
2 −6 −2
0 0 −12

−4 0 0
0 − 4

3 4
0 −2 −4
0 −1 0








CD

1

CD
2

CD
3



. (28)

The dependence of the partial-wave-basis coefficients on the411

leading-order coefficients in the large-Nc-counting basis can412

vary by large (compared to Nc = 3) factors. For example,413

there is a relative factor of 9 between the C1·1 and CG·G contri-414

butions to the 1P 1 coupling in Eq. (26). These large numerical415

factors highlight that while the large-Nc expansion corrections416

are 1/N2
c = 1/9 ∼ 10% at this order, other physics can ob-417

scure this counting. This is why a dual-expansion (large-Nc418

along with EFTπ/) treatment is important, and why large-Nc419

predictions alone need to be treated as trends with potentially420

substantial errors rather than strict rules for ordering the421

relative size of observables.422

A. S waves423

As Nc → ∞ the prediction from Eq. (26) is424

C
(3S1 )
2

C
(1S0 )
2

∣∣∣∣∣
LO-in-Nc

= 1. (29)

As discussed above, the LECs are not observables and are425

renormalization-point dependent. In the PDS renormalization426

scheme, the ratio of the S-wave couplings is given by427

C
(3S1 )
2

C
(1S0 )
2

= r (3S1 )

r (1S0 )

(
µ − 1/a(1S0 )

)2

(
µ − 1/a(3S1 )

)2 , (30)

where the experimentally extracted values [38]428

a(1S0 ) = − 23.7148 ± 0.0043 fm, r (1S0 ) = 2.750 ± 0.018 fm,
(31)

a(3S1 ) = 5.4112 ± 0.0015 fm, r (3S1 ) = 1.7436 ± 0.0019 fm
(32)

FIG. 1. The ratio C
(3S1 )
2 /C

(1S0 )
2 of Eq. (29) as a function of the

renormalization scale µ (black curve). The gray band shows the
large-Nc prediction with 10% (dark gray) and 30% (light gray)
variation. The hatched region indicates the range of µ over which
the large-Nc prediction is satisfied to 30%.

are the scattering lengths and effective ranges in the 1S0 and 429
3S1 channels. Figure 1 shows the µ dependence of this ratio. 430

The LO-in-Nc prediction is satisfied within a 30% error over 431

a wide range of µ. Placing a 10% or 30% error bar on the 432

large-Nc prediction is not meant to be a rigorous analysis of 433

how a 10% error on the large-Nc basis coefficients translates 434

to the expected error on the ratio, but is simply an estimate 435

to see if expected trends are satisfied. Although corrections 436

to individual LECs are expected to be O(1/N2
c ) ≈ 10%, the 437

inclusion of the 30% error on the ratio is motivated by the 438

analogous analysis of the LO-in-EFTπ/ results discussed in 439

Sec. IV. 440

This range of µ agrees with the one found for the LO-in- 441

EFTπ/ LECs discussed in Sec. IV, which is consistent with 442

the fact that the µ dependence of the two-derivative LEC in a 443

given S-wave channel is related to that of the corresponding 444

zero-derivative LEC through the renormalization group. 445

B. P waves 446

The P -wave LECs are renormalization scale independent 447

to this order in EFTπ/. Their values can be determined from 448

fits to P -wave phase shifts (see Appendix B for details). For 449

the following discussion we will use the central values 450

C (3P 0 ) = 6.6 fm4, C (3P 1 ) = −6.0 fm4,

C (3P 2 ) = 0.57 fm4, C (1P 1 ) = −22 fm4. (33)

These values are in agreement with those of Ref. [20], which 451

were extracted from the Nijmegen potential model at 1 MeV. 452

Taking into account different energy ranges used in the fits and 453

different models, the potential model extraction of scattering 454

data yields uncertainties on the values of Eq. (33) of less 455

than 5%. Below we will extract values for the large-Nc basis 456

coefficients to compare with our predictions. The truncation of 457

the large-Nc expansion at a given order introduces theoretical 458

uncertainties that should be taken into account in the fits. A 459

rigorous treatment of these errors is beyond the scope of this 460

work. Instead, as very rough estimates of the expected theo- 461

retical uncertainty of O(1/N2
c ), we include 10% errors on the 462

“experimental” coefficients of Eq. (33) and apply naive error 463
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propagation to estimate errors on the large-Nc LECs extracted464

from the fit. But this should be interpreted with caution and465

the quoted errors should not be considered rigorous. As usual466

with large-Nc predictions it is more appropriate to speak of467

trends than of predictions with rigorous error estimates.468

1. 3PJ waves469

At LO-in-Nc, the 3P J -wave LECs depend upon only two470

independent parameters; a relationship exists amongst the471
3P J -wave LECs. There are several ways to express this. First,472

consider473

C (3P 0 ) + C (3P 1 )

C (3P 2 )

∣∣∣∣∣
LO-in-Nc

= 10
3

≈ 3.3. (34)

As can be seen from the numerical values in Eq. (33), this is a474

ratio of small numbers that depends on large cancellations and475

is therefore very sensitive to the numerical inputs. Using the476

central values of Eq. (33) gives a ratio of about 1, apparently in477

serious disagreement with the large-Nc prediction. However,478

if the procedure described in Sec. V B is used for roughly479

estimating errors, the result is 0.95 ± 1.6. An equivalent al-480

ternative is481

C (3P 0 ) − 4
3C (3P 2 )

−C (3P 1 ) + 2C (3P 2 )

∣∣∣∣∣
LO-in-Nc

= 1. (35)

Using the central values of Eq. (33) gives 0.82. Normally482

distributed uncorrelated 10% errors about the central values483

of the partial-wave couplings yield 0.82 ± 0.12, which is484

consistent with a LO-in-Nc prediction.485

2. 1P1 and 3PJ waves486

At LO-in-Nc, the LEC for the 1P 1-wave depends on an487

independent set of couplings compared to the 3P J waves, as488

is most easily seen from the lowest four rows of Eq. (28).489

In particular, the 3P J waves in isolation only depend on two490

independent combinations of LO LECs in the large-Nc basis.491

Including the 1P 1 requires all three LO-in-Nc LECs and it492

is interesting to discover which values for the large-Nc-basis493

LECs at LO are preferred by only the µ-independent partial494

waves. Using the last four rows of Eq. (26) we find that a495

simultaneous fit of the three LO-in-Nc LECs to the central496

values of the 1P 1 and 3P J couplings yields497

C1·1 = −0.36 ± 0.26 fm4, CG·G = 0.12 ± 0.08 fm4,

C ′
G·G = 1.6 ± 0.12 fm4, (36)

where the errors are obtained by propagating 10% errors498

assigned to Eq. (33). But such a result is not to be taken too499

seriously because we have not attempted to fit to all seven500

partial waves. In the next two sections we consider large-Nc501

relationships that involve the µ-dependent LECs.502

C. S-D-mixing term and 3PJ waves503

The EFTπ/ LEC for the S-D-mixing term is given at its504

leading order by [1,39]505

C (SD) = E
(2)
1

3√
2
C

(3S1 )
0 , (37)

FIG. 2. The ratio of Eq. (38) as a function of the renormalization
scale µ (black curve). The gray band shows the large-Nc prediction
with 10% (dark gray) and 30% (light gray) variation. The hatched
region indicates the range of µ over which the large-Nc prediction is
satisfied to 30%.

where E
(2)
1 is the (µ-independent) LO coefficient in a mo- 506

mentum expansion of the S-D-mixing parameter ε̄1.1 On 507

dimensional grounds E
(2)
1 scales as (1/!π/)2 ∼ 2 fm2. But the 508

value extracted from partial-wave data is about five times 509

smaller: E
(2)
1 ∼ 0.4 fm2 [10,39]. This has led to the con- 510

clusion that the S-D-mixing coefficient C (SD) is unnaturally 511

small.2 512

A LO-in-Nc relationship involving the S-D-mixing LEC 513

and 3P J -wave LECs is 514

1
3

C (SD)

C (3P 1 ) − 2C (3P 2 )

∣∣∣∣
LO-in-Nc

= 1. (38)

Figure 2 shows the µ dependence of this ratio. Agreement 515

with the LO-in-Nc prediction is found at lower values of µ 516

compared to those found in Fig. 1. But taking into account 517

1Because of the slow convergence of the expansion in E
(n)
1 (where n

is the order in the expansion), C (SD) is sometimes expressed in terms
of ηSD , the asymptotic D/S ratio of the deuteron [39].

2We thank G. Rupak for a discussion of this point.

FIG. 3. The ratio of Eq. (38) as a function of the renormalization
scale µ (black curve) with the value of C (SD) a factor of 3 larger
than its physical value. The gray band shows the large-Nc prediction
with 10% (dark gray) and 30% (light gray) variation. The hatched
region indicates the range of µ over which the large-Nc prediction is
satisfied to 30%.
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FIG. 4. The ratio of Eq. (39) as a function of the renormalization
scale µ (black curve). The gray band shows the large-Nc prediction
with 10% (dark gray) and 30% (light gray) variation. The hatched
region indicates the range of µ over which the large-Nc prediction is
satisfied to 30%.

the suppression of C (SD) brings the preferred µ value of the518

large-Nc prediction of Eq. (38) back into alignment with the519

µ range preferred by the large-Nc prediction of Eq. (29).520

For example, with the physical value of E
(2)
1 , matching the521

large-Nc expectation for the ratio of Eq. (38) requires µ ∼522

70 MeV. Allowing for some of the suppression to be due523

to variations within natural ranges and taking C (SD) to be a524

factor of 3 (instead of 5) larger than its physical value, Fig. 3525

shows agreement with the LO-in-Nc prediction in the range526

105 ! µ ! 150 MeV.527

D. Relationship involving all L ! 2528

The block-diagonal form of Eq. (28) shows that at LO in529

the large-Nc expansion530

C
(3S1 )
2 − 1

6C (SD)

− 1
2C (1P 1 ) + 6C (3P 2 )

∣∣∣∣∣
LO-in-Nc

= 1. (39)

Figure 4 shows this ratio as a function of µ. Agreement within531

expected 30% corrections is found for the range 110 ! µ !532

135 MeV. A fit of the three LO-in-Nc coefficients to all seven533

partial-wave couplings at µ = 120 MeV yields534

C1·1 = −0.58 ± 0.17 fm4, CG·G = 0.42 ± 0.05 fm4,

C ′
G·G = 0.76 ± 0.05 fm4, (40)

where the errors are estimated by assuming normally dis-535

tributed uncorrelated 10% errors about the central values536

of the partial-wave couplings extracted from experimental537

inputs for a choice of µ = 120 MeV (see the discussion538

of error estimates in Sec. V B). While the central values539

FIG. 5. The ratio of Eq. (39) as a function of the renormalization
scale µ (black curve) with the value of C (SD) a factor of 3 larger
than its physical value. The gray band shows the large-Nc prediction
with 10% (dark gray) and 30% (light gray) variation. The hatched
region indicates the range of µ over which the large-Nc prediction is
satisfied to 30%.

of Eq. (40) do not appear to be very close to those ob- 540

tained in Sec. V B 2, these are the more appropriate LECs 541

because the fit involves all partial waves. Following the 542

discussion of Sec. V C we now consider how these coef- 543

ficients change if we allow the anomalously small C (SD)
544

coefficient to be three times its experimental value. In that 545

case, we obtain (still at µ = 120 MeV) the following large-Nc 546

coefficients: 547

C1·1 = −0.59 ± 0.17 fm4, CG·G = 0.10 ± 0.07 fm4,

C ′
G·G = 1.72 ± 0.15 fm4. (41)

Interestingly, these values are more consistent with those 548

found in Sec. V B 2, indicating that a larger value for C (SD)
549

is more compatible with physics in the P -wave sector. The 550

plot for the large-Nc ratio of Eq. (39) with C (SD) three times 551

its physical value is shown in Fig. 5. Agreement with the 552

large-Nc prediction is found for 115 ! µ ! 145 MeV. 553

VI. RESULTS TO N2LO IN Nc 554

As seen in Sec. III, four additional independent operators 555

contribute at N2LO in the large-Nc expansion. While both 556

central- (C1·1, CG·G) and tensor-type (C ′
G·G) interactions are 557

present at LO-in-Nc and receive additional N2LO-in-Nc con- 558

tributions (Cτ ·τ , Cσ ·σ , and C ′
σ ·σ , respectively), the spin-orbit 559

contribution (
↔
C1·σ ) to the 3P J waves is a new feature at 560

N2LO-in-Nc. As a result, with seven independent couplings 561

and seven partial waves, the LO relations discussed above no 562

longer hold. For example, as can be seen from Eq. (20), the 563

two S-wave LECs are no longer predicted to be the same. 564

Instead their ratio takes the form 565

C
(3S1 )
2

C
(1S0 )
2

∣∣∣∣∣
N2LO-in-Nc

=
C1·1 − 3CG·G − C ′

G·G − 3Cτ ·τ + Cσ ·σ + 1
3C ′

σ ·σ
C1·1 − 3CG·G − C ′

G·G + Cτ ·τ − 3Cσ ·σ − C ′
σ ·σ

. (42)

The modification of the other ratios considered at LO-in-Nc is provided in Appendix C. 566
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�����
LO-in-Nc

= 1
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= 0.82± 0.12
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Experimental support for 
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P� : � 16MN

1(1� �a(1S0))

0

@C(3S1�1P1)

C0
(1� 5

9
�a(

1S0))� 2

3
�a(

1S0)
C(1S0�3P0)
(�I=2)

C0

1

A

= (1.8± 1.8)⇥ 10�7
<latexit sha1_base64="b/88pFFAS30NWT9D4AJi/PgKdik="></latexit>

)
<latexit sha1_base64="qyVWKwvTHXWJ16BCVWCVoanJoD4="></latexit>

4
C(3S1�1P1)

C0
+ 12

C(1S0�3P0)
(�I=2)

C0
= (�4.5± 0.9)⇥ 10�10 MeV�1

<latexit sha1_base64="I0SsVst5UEDRf0Kj9ZQw7FGw0OY="></latexit>

4.0
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= (�1.8± 1.8)⇥ 10�10 MeV�1
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Motivation for KITP 2018 and INT 2022 non-parity conservation workshops
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V.A.Knyaszkov et al., NPA 197 (1972) 241.
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COMPARE TO EXISTING PV MEASUREMENTS AND LIMITS?



What about NPDGamma?
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dimensionless factors can always modify things  
look for trends rather than sharp predictions

<latexit sha1_base64="SvUS3qR8Mo/U4SpXrguCXLYOjDA="></latexit>

C(3S1�3P1)

C(3S1)
0

⇡ (1.8± 0.8)⇥ 10�12 MeV�1



<latexit sha1_base64="uK26nMW5SiiZko+MuPHkcVbSqO0="></latexit>

[C(3S1�1P1)/C0]⇥ 1011

f=1 -1.8 -3.1

f=0.5 1.5 -4.1

f=0.01 4.0 -5.0

f=0 4.7 -5.2

<latexit sha1_base64="acCYbeJiNGtExw0LKNiUSyDyduQ="></latexit>

P exp limit
� ⇥ f

<latexit sha1_base64="V9VIs2GK2vs6CnEBJIMO811iuLo="></latexit>

[C(1S0�3P0)
(�I=2) /C0]⇥ 1011
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CONCLUSIONS

• Ordering interactions on the basis of large-Nc can be useful when no 
other info is available. 

• Rules give the largest Nc behavior possible, but additional cancellations 
are always possible 

• Trends rather than predictions are obtained. 
• Take care not to “mix and match” theories that have different degrees of 

freedom and/or have subtraction point issues; low energy coefficients are 
not observables. 

• So far, reasonable agreement in all NN cases that have been checked. 
• It is always possible that random numbers will destroy this order 
• Nice to have another expansion parameter to use in dual expansion 
• Looking at expansions around enhanced symmetry points can be 

insightful


