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Basics of hydrodynamics




Definition of hydrodynamics

*+ Hydrodynamics is the macroscopic theory that studies the
motion of various fluids (including
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Archimedes  Leonhard Euler Daniel Bernoulli Claude-Louis Navier George Stokes
“ Key variables: u = u(¢,r) fluid velocity

n = n(t,r) particle density
€ =¢€(t,r) energy density
** Hydrodynamics is based on the conservation laws:
momentum, mass, and energy.




Key equations

** Navier-Stocks equation:
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Advection term

Diffusion term

) V(z -u)f

y dimension
boundary plate 4

(2D, movir;g) velocity u

fluid

shear stress,

du

gradient, -

dy

boundary plate (2D, stationary)
n Is the shear viscosity

Compressibility

¢ is the bulk viscosity




Key equations

*+ Heat transfer equation:
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+(¢(V - u)? Thermoconductivity = ‘h
~—__| Friction terms term riction terms
s is the entropy density Kk is the thermoconductivity

*» Continuity equation:
J =nu Iis the particle current density




Reynolds number and turbulence

** Reynolds number:

Re — nu;V ju; _ nulL _ %
anVjuz- T 1%

Re < 1 laminar (layered) flow Re> 1 turbulent (chaotic) flow

*+» Vortices and turbulence:
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Subfields of fluid dynamics

¢+ The number of subfields in fluid dynamics is numerous:
« Aerodynamics
« Magneto-hydrodynamics
« Geophysical fluid dynamics and meteorology
* Hemodynamics
* efc.




Hydrodynamics in solids and
experimental observations



Two main regimes

& Two types of collisions: momentum-relaxing (l,,r) and
momentum-conserving (¢ ).

Nonhydrodynamic regimes: [,z < lyc, L, where L is the sample size.

Hydrodynamic regime: [, < L < lyp.
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Gurzhi effect

** Schematic nonlinear dependence of resistance on

temperature ,_
Ballistic . \
regime lorr~L [N R(T) ~ 1 \
R(T)~T> stems
R(T) \\ from electron-
phonon
Interactions
RO~T20s L *
affected by N
e~ e~ collisions T T~ ‘\/L % T/]
lopr~L*/lee /\{ A~ Electron-impurity
o 7 J collisions
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Experimental observations

“* Gurzhi effect in 2D electron gas of (Al,Ga)As heterostructures

“* Viscous contribution to the resistance of 2D metal PdCoO,
(Poiseuille flow)

** Graphene

* Negative nonlocal resistance and whirlpools

« Higher than ballistic transport in constrictions

* Visualization of the Poiseuille flow via the Hall field profile
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Backflows in graphene and GaAs
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Electron flow through a constriction
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Visualizing electron flow: Hall voltage
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Visualizing electron flow: phase diagram
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Dirac fluid and WF law violation
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Preturbulent regimes in graphene
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Hydrodynamics in Weyl semimetals

“* Weyl semimetals WP,

| M| P | i | BT |

0 .50 100 150 200 250 300

I .
0 50 100 150 200 250 300
* Temperature (K) ‘ T (K)

21,2
Kp n°kp
— + pwP L=— L,=
p pO pl T ’ 0 382
v p=-2 ' width B=0
e VX ; vr
>
= >
Vav * Vav
Hydrodynamic Ohmic

19



Consistent hydrodynamic in Weyl
semimetals

[E.V. Gorbar, V.A. Miransky, |.A. Shovkovy, and P.O. Sukhachov, Phys. Rev. B 97,
121105(R) (2018); 97, 205119 (2018); 98, 035121 (2018)]
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Low energy Weyl fermions

Ho(k) — ( VRO - (ko— 1;'<—|— bo oo (£+ b) — bo ) .
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Berry curvature

*» Consider the adiabatic evolution of a system
At each time moment, the system is at its

instantaneous eigenstate
H = H(k),

H(k)pn(k) = €ndn (k).

¢ For a closed trajectory in the parameter space, the wave function is:
() =le Wi o dten(k(t) g (k)
*» The Berry phase and the Berry connection:

2(t) = f Ak A(K), A(k) = —

*» The Berry curvature:

Q = Vi x Ak), :>/'

ip! (k) Vi (k).
k
2= S o

The Berry curvature and its field
lines for the Weyl semimetal
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Chiral kinetic equation

+» Boltzmann

equation:

~ 2 ~
1By 2] aufs + { By £ g x Bol 4 (B B |1,

+ {Vp —e [EA X QA} — —(vp - Q)\)B)\} -V fx =|leon(f),[s~] Collision

C .
- integral

. fr— (0)
Anomalous velocity IQ/\ — )\h% I o — 2270

~ &
where E,=E),+ (]_/e)VEp,Vp = 6p(—:p, €p = Upp |:1 + E (B)\ ' Q)\)j| :

Distribution Fy = 1
function: AT clen—fup)—Ah(pwd—pal/T 4 1°

Fluid velocity Vorticity w = [V X u]/2
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Euler (Navier-Stokes) equation

¢ Euler (inviscid) equation for the charged electron liquid:

+VP+0(V)

(V) B)u(E - B (eu) (B . B
:—enE—i—l ‘Bx (enu—a w)]l—FU u(2 )—|—5CU ( )«
C 3 v VE

h »
uz)u el Electrostatic and

VAT QT
F F Lorentz forces

Dissipative terms
where w=c+ P, ¢B) s, olew) = O(1), o(&B) LS.
¢ Viscosity terms with shear n and bulk ¢ viscosities:

—nAu—(C—l—g)V(V-u).

Anomalous terms
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Energy conservation relation

“+ Energy conservation equation:

dpe + (V- 0w+ O(V) = —E-

Hydrodynamic term

(V)
sBB|- ‘ w) .

3

/

1

CME current

CVE contribution

** Viscosity and thermoconductivity terms:

—n(ulAu) — (C + Q) (u-V)(V-u)—kV- (VT — gVP> .

3
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Electric and chiral currents

s+ Currents:

J ~ —enu+ocE+k. VT + %Vﬂ,g, +loeWw
e

Chiral
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 Continuity relations and
Maxwell's equations:

Oips + (V- Js) = —

(V)

-

Chiral separation
effect (CSE)

c.V - E

VxE =

e’(E - B)

2m2h2¢c

VxB =

Chiral magnetic
effect (CME)
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Hydrodynamic AHE voltage

y Ly
U= — / Ey(y) dy — Uhydro + Ucs,
0
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The step-like dependence of the |- .20}

AHE voltage signifies the *

interplay of hydrodynamic and
topological effects
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Nonlocal transport in semi-infinite slab
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Summary

. The hydrodynamic regime is possible for charge carriers in
solids under certain experimentally realizable conditions.

. Among the most interesting hydrodynamic phenomena in
solids are the formation of vortices, the negative nonlocal
resistance, the Poiseuille-like flow, the breakdown of
Matthiessen's rule, etc.

. Consistent hydrodynamics is needed to correctly describe
topologically nontrivial chiral media such as Weyl semimetals.

. The interplay of the Chern-Simons terms and hydrodynamic
effects is manifested in the hydrodynamic AHE.

. Weyl nodes separation can be also manifested in the spatial
asymmetry of the electron flow.
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