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1. Liquids and supercritical fluids
- problem of  theoretical description
- phonons in liquids and liquid energy

2. Fundamental bounds: 
viscosity, thermal conductivity, speed of  sound

3. Viscosity of  quark-gluon plasma



gas-like? solid-like?
(hydrodynamic vs elastic
description) 

General outlook on liquids
gases:

fluidity
viscosity
…

solids:

density
bulk modulus
heat capacity

duality of  liquids

Review paper: Trachenko and Brazhkin, Rep Prog Phys 2016



Gases, solids 

Liquids

Energy and heat capacity of matter

Egas=3NT/2

Esolid=3NT

Eliquid=?

Landau&Lifshitz, Statistical Physics: 
“The absence of smallness of particle vibrations…
Interactions in a liquid are both strong and system-specific 
Liquid energy can not be calculated in general form”

Landau school: “liquids have no small parameter”
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Experiments: liquid Hg

• Van Der Waals, hard-spheres models of  liquids etc: ideal-gas cv=3kB/2

• Can liquid cv be understood on the basis of  collective modes as in solids?



Failure of  first-principles description
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Solids:

Liquids:
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N=3 – already complicated. N=4 – only qualitative picture

Number of  bifurcations, new stationary points and collective modes around 
them increases exponentially with N. 

The problem becomes exponentially complex and intractable for large N



Frenkel reduction

τ - time between 
particle jumps

t<τ : solid
t>τ : liquid
ω>ωF=1/τ : liquid supports solid-like collective modes. 
ω<ωF=1/τ : hydrodynamic modes

Prediction: liquid supports two transverse modes with ω>ωF
and one longitudinal mode (propagating in two different regimes) 

Reduction: assuming equivalent conditions for bifurcations and 
stationary points of  all generations in a homogeneous system on average
U=8πGrΔr2 and τ~exp(U/T) after each bifurcation



J Frenkel, Nature 1935 (Frenkel vs Landau)

 liquids are different from 
solid glasses quantitatively 
(by τ) but not 
qualitatively:
Large τ (τ > t) : solid glass
Small τ (τ < t) : liquid 

 Landau rejected 
(symmetry breaking&order
parameter ideas)

 liquid-glass transition: 
remarkably, debate 
continues (80 years!)



Solid-like elastic modes in liquids

• ω>ωF=1/τ : ωτ>1 – strictly non-hydrodynamic solid-like modes. 
Outside hydrodynamic description
Generalized hydrodynamics tries, but faces issues

• Can solid-like transverse modes with ω extending to ωD exist in 
liquids?



Experimental evidence for transverse collective modes

Started with viscous liquids and Brillouin scattering
B2O3, Grimsditch et al, PRL 1989
Glycerol, Scarponi et al, Glycerol, PRB 2004 

See our ROPP 2016 review for details



Ruzicka et al PRB 2004

G Baldi: dispersion curves in glasses 
and polycrystals are similar

Giordano, Monaco PNAS 2010
Giordano, Monaco PRB 2011

Hosokawa et al JPCM 2013
Same results for liquid 
Fe, Cu, Zn (JPCM 2015)

Propagation length of quasi-harmonic 
modes ~ 1 nm, comparable to room-T 
metals (Jain&McGaughey, PRB 2016)

Transverse collective modes from inelastic X-ray scattering



T=250 K T=300 K

Transverse collective modes from 
MD-calculated transverse intensity maps C(k,ω)

PRL 2017

More on this later



in glass, consider all phonons: E=3NT

in liquids, consider the energy shear modes with ω>1/τ

Disordered systems:
harmonic frequencies are well-defined (k-points are not)

𝐸liquid 𝐸 𝜔,T)g(ω)dω

Energy per mode (even though with small prop. length) is kBT.
Add the energy of the longitudinal mode
Add the energy of diffusing atoms

Liquid energy
(calculating the “impossible”)

Vibrational energy of a disordered system



Liquid energy
(calculating the “impossible”)
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1. Equation for liquid energy with no fitting parameters

2. Depends on ωF (or τ, widely available) but not on system-specific correlation
functions and interatomic potentials (available only for a narrow set of liquids
like Ar). Energy does not depend on these in our approach (but does in the
L&L argument)

3. τ can be the same for liquids with very different structure and interactions => 
the results are more universal than previously thought

4. Simple: this theory of a liquid is no more complicated than a theory of a solid

5. Explains experimental data

 dVrgrUNNTE )()(
22

3 
VS



Theory and experiment:

Take experimental τ and calculate cv=dE/dT directly.
Experimental SUPERCRITICAL data are from NIST

Experimental decrease of  cv is due to 
progressive loss of  transverse modes 
with temperature



Theory and MD simulations: calculate τ directly (PRE 2017)

ρ
ρ=1.5 g/cm3

ρ=1.9 g/cm3

ρ=8 g/cm3

ρ=11 g/cm3

FeAr



Can a theory of liquid heat capacity, in fact, exist?

 Good agreement for 21 metallic, noble, molecular and network 
hydrogen-bonded liquids in a wide range of temperature and pressure

 No fitting parameters used. Parameters correspond to physically 
sensible G∞~ GPa, τD~0.1 ps (τD is fixed at their solid experimental values)

 Despite many pessimistic statements, liquids emerge as exciting 
systems amenable to theoretical understanding in a consistent picture



Back to low temperature: k-gap in the transverse spectrum
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K-gap!
(rather than frequency gap ω=1/τ,
frequency gap =0)
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Rep. Prog. Phys. 2016



Observe the gap in MD simulations

LJ and CO2 empirical potentials, calculate transverse current 
correlation function C(k,t)=<Jx(-k,t)J(k,0)>, J=Σ[kvi]exp(-ikri(t)). 

~120,000 atoms in MD simulations

Rather than using a fitting function, we average over 20 different runs 

Fourier transforms of  C(k,t) gives intensity maps (structure factor)

Physical interpretation of  the gap:

The gap is related to the length scale in liquids del = cτ
over which shear stress is relaxed (shear wave propagation length) del = cτ



T=250 K

T=350 K

T=450 K

T=300 K

T=400 K

T=500 K

Intensity maps C(k,ω)
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PRL 2017



Supercritical Ar

Subcritical Ar

Supercritical CO2

Dispersion curves
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PRL 2017
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Type equation here.

τ is calculated as structural relaxation time 
from the decay of  the intermediate scattering function



Why is Frenkel-gap approximation so successful
for liquid thermodynamics?

The frequency corresponding to 
kg=1/(cτ) is ω=1/τ

Frenkel approximation neglects the
low-ω crossover to ω=ck.

This works because:
1. Propagating modes are above kg, so 
there is a frequency gap for 
propagating modes.

2. The density of  states of  modes 
around kg is g(ω)~

/
~0 from 
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Back to liquid thermodynamics:
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What Lagrangian or field theory gives this?
(thought to be impossible)

𝐿 𝑐2 + 𝜑1 𝜑2

𝜑1= 𝜑0exp(-t/𝜏) cos(kx-ωt)
𝜑2= 𝜑0exp(t/𝜏) cos(kx-ωt)

(the energy is constant and positive)

Need two fields Trachenko, PRE 2017):

ω 𝑐2𝑘2
1
τ2  

ω 𝑐2𝑘2
1
τ2  

A longer paper is: Baggioli et al, Phys. Rev. D 2020



Recent book by J Proctor: 
The Liquid and Supercritical Fluid States of  Matter

talks about liquids and their understanding on the basis of  our theory



• Gapped momentum states: 
review paper Baggioli et al, Physics Reports 2020

• Similarities between liquids and holographic models: 
k-gap, viscoelastic behaviour etc

Baggioli & Trachenko, Phys. Rev. D, JHEP 2019



Higher temperature: 
Supercritical fluids

Decaffination (non-toxic) 
of coffee and tea, CO2

supercritical fluids: 
green and effective

Purification and extraction 
of unwanted solvents, CO2

plants to treat toxic and hazardous 
wastes: “supercritical H2O 
oxidation” as alternative to 
incineration and landfills

Extraction and removing of 
actinides in nuclear waste, CO2

Supercritical H2 in 
Jupiter, Saturn, 
exoplanets, brown dwarfs



Higher temperature: Frenkel line

Crossover at cv=2 at the Frenkel line in the supercritical region
Nature Comm. 2013

𝐸 𝑁𝑇 3
𝜔F

𝜔D
What happens when ωF->ωF and cv=2?  

The Frenkel line separates two different dynamical states
2012-2013: PRL 2013, Physics Today 2012



Recent experimental evidence for the crossover at the Frenkel line

1. supercritical Ne, X-ray scattering. Prescher et al, PRB 2017 

2. supercritical N2, Proctor JPC Lett 2018

3. supercritical CH4 and C2H6, X-ray scattering and Raman. Smith et al, 
PRE 2017, Proctor et al JPC 2018

4. supercritical CO2, neutron scattering. Marinakis et al, PRE 2020

5. Earlier experiments in supercritical water.

Review on condmat



The Frenkel line corresponds to τ≈τD

Important change is the inability to support rigidity (solid-like shear 
modes) at ANY frequency: rigidity is lost completely due to 

the supercritical system crosses over from “rigid” liquid to “non-
rigid” gas-like fluid

Collective modes at the Frenkel line
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• Mean-free path concept used for dilute gases only. But at high energy(temperature) 
should also apply to dense systems such as supercritical fluids

• Calculate the energy of  the longitudinal mode with wavelength λ > l

• Take l from experimental η as η=1/3 vρl

Heat capacity above the Frenkel line

Good agreement with experimental data of  cv with no fitting parameters
(Nature Comm. 2013)
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General outlook on liquids

hydrodynamic? solid-like elastic?

duality of  liquids

• Historically: hydrodynamic approach (Navier-Stokes, Langevin etc) and 
its extrapolations to generalized hydrodynamics (sometimes criticised)

• Less so: solid-like approach

Trachenko, PRE 2017: The same equations for liquid modes follow if  we 
(1) generalize hydrodynamic equations to include solid-like elastic 
response or
(2) generalize solid-state elasticity equations to include hydrodynamic flow

Symmetry of  liquid description



Minimal quantum viscosity

KSS theory: viscosity has no minima
(contrary to liquids)

η /s> ħ/(4π



Minimal quantum viscosity

Low T: η η0𝑒𝑥𝑝

High T: η = 𝜌𝑣𝐿

At the minimum/crossover, L=a, v=τD
= 𝜔D𝑎, 𝜌

ηmin = (same from η=GτD)

a=3-6 Å, =1 THz, m=2-40 -> 
ηmin=10-5-10-4 Pa s

νmin = 𝜔D𝑎2

Generally, η is impossible to predict. 
But we can do this at the minimum (FL): 



νmin = 𝜔D𝑎2

Minimal quantum viscosity: how small can ν get?

ħ = 

ER = 2ħ

aB = ħ

νmin = 
𝟏

𝟒𝝅
ħ

𝒎𝒆𝒎

Trachenko & Brazhkin, Science Adv. 2020

In (0.5-3) agreement with experiments. 

(charge cancels out, depends on masses only)



Minimal quantum viscosity: how small can ν get?

νmin = 
𝟏

𝟒𝝅
ħ

𝒎𝒆𝒎

“Fundamental kinematic viscosity” (for H): νmin = 
𝟏

𝟒𝝅
ħ

𝒎𝒆𝒎𝒑
=10-7 m2/s

Introduce “elementary viscosity”

ι has absolute minimum 

ιm = 
ħ

𝟒𝝅
𝒎𝒑

𝒎𝒆
≈ 

ι = ηa3 = νm = 
ħ

𝟒𝝅

Trachenko & Brazhkin, Science Adv. 2020



η /s= ħ/(4π

why the difference with real liquids?

We have

There is an extra factor not present in KSS

νmin = 
𝟏

𝟒𝝅
ħ

𝒎𝒆𝒎

νmin = 
𝟏

𝟒𝝅
ħ

𝒎𝒆𝒎

𝟏
𝒔𝒎

𝒎
𝒎𝒆
≈ 16-21

Details in Trachenko & Brazhkin, Science Adv. 2020



Purcell question in the famous paper “Life at low Reynolds number” 1977: 

“The viscosities have a big range but they stop at the same place. I don't understand that'‘
Says that Weisskopf explained it to him.

νmin = 
𝟏

𝟒𝝅
ħ

𝒎𝒆𝒎



Eddington, Dirac, Gamow etc. 

Antropic principle (lately by S Weinberg)

Multiverses

νmin = 
𝟏

𝟒𝝅
ħ

𝒎𝒆𝒎

Barrow: “fundamental constants are bio-friendly”

ħ sets viscosity of  water and biological processes



Upper bound for the speed of  sound

Two dimensionless fundamental constants:

fine-structure constant α = 𝟏
𝟏𝟑𝟕

proton-to-electron mass ratio  𝒎𝒑

𝒎𝒆
= 1836

The upper bound for the speed of  sound in condensed matter (solids and liquids):
Start with K=f*E/a3 or from ωD=vkD

E=ER => v= α 𝒎𝒆

𝟐𝒎

𝟏
𝟐 𝒄

𝒗𝒖

𝒄
= α 𝒎𝒆

𝟐𝒎𝒑

𝟏
𝟐

Trachenko, Monserrat, Pickard&Brazhkin, Science Adv 2020



v= α 𝒎𝒆

𝟐𝒎

𝟏
𝟐 𝒄

Upper bound for the speed of  sound

m=mp => vu=36,100 m/s

Trachenko, Monserrat, Pickard&Brazhkin, Science Adv 2020



Upper bound for the speed of  sound: news like “fast”



Minimal thermal diffusivity

αm = vL= 𝜔D𝑎2= νmin = 
𝟏

𝟒𝝅
ħ

𝒎𝒆𝒎



Minimal thermal diffusivity

Trachenko, Baggioli, Brazhkin, Behnia Phys Rev B 2021



Quark-gluon plasma: kinematic viscosity

νmin = 
𝟏

𝟒𝝅
 ħ

𝒎𝒆𝒎𝒑
= 10-7 m2/s

QGP: η ~ 1011 Pa · s
ρ (sT)~1018 kg/m3

both non-relativistic and
relativistic (using experimental η/s)

νQGP = 10-7 m2/s

(Despite very different forces and
16 orders of  magnitude
larger η and ρ)

SciPost Physics 2021



Quark-gluon plasma: kinematic viscosity

Similar flow despite dramatic differences in energy, 
temperature, charge and so on?

𝜌 = η



Quark-gluon plasma: kinematic viscosity

νQGP = 10-7 m2/s

Despite very different forces/energies and 16 orders of  magnitude larger η and ρ

Why so similar? Don’t fully understand yet

1. For liquids, minimal νm does not depend on energy, charge or distance:
νm~Ea2 but E=ħ2/(2ma2)

2. At the minimum at the Frenkel line, η≈ρvL≈ρva ≈p/a2~(pa~ħ)=ħ/a3 =>
νm =ħ/m. If m=mp, νm =10-7 m2/s

3.   ν~D(gas)~a2/τ. At the Frenkel line crossover, τ= τ0 and νm= a2/τ0. 
If τ0=τPl=ħ/(kT), νm =a2kTQGP/ħ. With a=0.5 fm and T~1012 K, νm =10-7 m2/s

In condensed-matter terms, QGP appears to be close to the dynamical crossover 
similar to the Frenkel line. 

Why useful: QGP is dense, strongly-interacting and non-perturbative just like liquids are
=> theoretical problems

Prediction: higher temperature => higher gas-like viscosity. 



Thank you

and thanks to my co-authors and collaborators


