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Spin

• Most quantum object in Nature:  Spin  has two basis 
1
2

{ | ↑ ⟩, | ↓ ⟩}

By Tatoute - Own work, CC BY-SA 4.0, https://commons.wikimedia.org/w/
index.php?curid=34095239

Stern-Gelach Experiment with Ag atoms (1922)



Relativistic particles: Helicity

• Relativistic massless particles: , where  is called helicity


• Under the parity  transformation (P),  and , 
and helicity flips sign under P 


• Any observable that correlates  and  breaks Parity symmetry !

⃗S = h
⃗p

| ⃗p |
h

⃗x → − ⃗x ⃗S → ⃗S ⃗p → − ⃗p

⃗S ⃗p

⃗S ⃗p



Parity breaking in Electro-Weak Theory

• Lee-Yang's proposal (1956) and the Wu's experiment (1956)

⃗S 60Co

60Co → 60Ni + e + ν̄

60Ni

e

ν̄

⟨ ⃗S ⋅ ⃗pe⟩ < 0 ⃗pe



-polarization in RHICΛ
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STAR measurement of global Λ 
polarization. Figure from Nature 548, 
62-65(2017) (STAR) 

 (uds)-baryon self-analyzes its spin direction (1950)




Life-time  with weak decay to 


N.B.  for  due to CP-conservation

Λ
dW
dΩ

=
1

4π
(1 + α cos θ) , α = 0.642

τ ∼ 10−10s p + π−

α = − 0.642 Λ̄



Proton Spin Puzzle

ℏ
2

= Lquark + Lgluon

Lquark < Lgluon !!!

⃗S total =
ℏ
2

Topological Fluctuations 
flipping Quark Helicity

Q: Where does the 
angular momentum go? 

(Tarasov-Venugopalan)

Topological Fluctuations



Chiral Anomaly

Axial charge=(Blue)-(Red)

Axial charge  is the net helicity densitynA

It is P-odd and CP-odd (C-even)

Chiral Anomaly :    (P-,CP-odd)
dnA

dt
=

e2

2π2
⃗E ⋅ ⃗B

⃗E

⃗B
∂μJμ

A

Triangle Diagram

nA = N(qL) + N(q̄L) − (N(qR) + N(q̄R))



Chiral Magnetic Effect

Spin alignment in magnetic field 
leads to momentum alignment to 

induce a net charge current

    and             ⃗J =
e2

2π2
μA

⃗B ⃗JA =
e2

2π2
μ ⃗B

Power 


  

P = ⃗E ⋅ ⃗J =
dnA

dt
μA =

e2

2π2
⃗E ⋅ ⃗BμA

→ ⃗J =
e2

2π2
μA

⃗B
 (Nielsen-Ninomiya)

(Fukushima-Kharzeev-Warringa, Vilenkin, Son-Zhitnitsky)



Iso-baric Ru-Zr at RHIC

Hunting for CME in heavy- ion collisions. 
Let us now focus on the search for CME 
signals in heavy- ion collisions. The 
CME predicts a separation of positive 
and negative charges in the QGP fireball 
along the axis of magnetic field. To 
illustrate how this happens in a real- world 
collision event, the charge separation in 
the x–y plane transverse to the beam axis z 
is shown in FIG. 4a. Owing to fluctuations 
in the positions of the nucleons inside the 
incident nuclei, the created fireball does not 
really look almond- shaped as depicted in 
simple cartoons (as in FIG. 3a), but instead 
is lumpy and distorted. Nevertheless, one 
could experimentally identify a ‘principal 
axis’ (indicated by Ψ2 in FIG. 4a) for the 
dominant elliptical shape in each collision 
event. This axis and the beam axis together 
define the event plane. Similarly, owing to 
fluctuations, the direction of magnetic field 
B is close to, but is not perfectly aligned 
along the y axis. Such azimuthal fluctuations 
and the correlations between the B and Ψ2 
directions can be quantified: on average, 
they are perpendicular to each other, but 
with a sizeable spread40. As we shall see, 
these fluctuations are important to take into 
account in experimental measurements. 
In practice, experimentalists identify Ψ2 in 

every event and infer the B direction with 
the help of simulations.

The CME induces a charge separation 
along the B field for the quarks in the 
QGP, for example with more positive 
quarks on one side of the fireball and more 
negative quarks on the other side. Upon 
hadronization (the conversion process from 
QGP into a hadron gas) at the late time of 
a collision, the charge separation pattern is 
inherited by the resulting charged hadrons. 
This geometric pattern, coupled with a 
strong radial flow (driven by the pressure 
gradients in QGP) leads to a specific signal: 
for a given event, the positive hadrons are 
preferably emitted along B, whereas the 
negative hadrons are emitted in the opposite 
direction, or vice versa. To make an analogy, 
this is measuring an electric dipole moment 
(EDM) of the entire QGP.

Depending on the chirality of the QGP 
fireball, the CME current is either parallel 
or antiparallel to B. That means that the 
correspondence between positive/negative 
charges and north/south emission angles 
would flip from event to event with equal 
probability for the two configurations. 
Simply measuring the anticipated dipole 
pattern of the charged hadrons by averaging 
over many collision events would give a null 

result. This is not surprising: as previously 
mentioned, QCD does not break parity 
globally, and thus on average the QGP 
should have zero EDM. All we can hope 
for is to measure the variance (that is, the 
‘square’) of this event- by- event charge 
separation pattern.

Experimentalists found a clever way of 
doing just this, by measuring the angular 
correlations between charged hadrons. 
Despite the dipole orientation being either 
along or against the direction of magnetic 
field, the emission pattern (see FIG. 4a) is 
such that along the axis perpendicular to the 
event plane Ψ2, the strong radial flow pushes 
extra positive charges to move together 
in one direction, while the extra negative 
charges move together in the opposite 
direction. As a result, two same- sign (SS) 
hadrons tend to be produced side- by- side 
whereas two opposite- sign (OS) hadrons 
tend to be produced back- to- back. These 
charge- dependent two- hadron correlation 
patterns remain the same despite flipping 
the orientation of the CME- induced dipole 
in the fireball. The difference between the 
angular correlations of SS and OS pairs 
can thus be a signal of the CME, as first 
proposed in REF.51. Such charge- asymmetry 
correlation measurements can be done 
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Fig. 3 | Extremely strong magnetic field in a heavy-ion collision. a | A 3D 
illustration of a typical off- central heavy- ion collision is shown in the left 
panel. Two large nuclei initially travel at almost the speed of light down the 
beamline (z axis) in opposite directions, with their centres displaced with 
respect to each other along the x axis. Shortly after the impact, a hot quark–
gluon plasma (QGP) forms in the overlap fireball zone (indicated as the ellip-
soidal shape in the middle) where a large amount of kinetic energy from the 
initial nuclei is deposited and transformed into thermal energy. The side 
portions of the nuclei, with spectator nucleons not actively involved in the 
collision, continue to move along and part ways with the fireball. The spec-
tator protons create a brief pulse of extremely strong magnetic field B that 

penetrates the QGP. This field points approximately along the out- of- plane 
direction (y axis) that is perpendicular to the reaction plane spanned by the 
x–z axes40. b | Quantitative simulation results for the distribution of magnetic 
field direction (indicated by small arrows) and strength (indicated by colour 
scheme) on the x–y plane for gold–gold (AuAu) collisions at the Relativistic 
Heavy Ion Collider (RHIC). In the centre of the created QGP, the B field 
reaches an extreme magnitude, of the order of 1015 T or more, which is the 
strongest magnetic field known in today’s Universe. New effects arising from 
such an extreme magnetic field have been explored both experimentally 
and theoretically101–106. Panel a is adapted with permission from REF.107,  
APS/Cairn Cain. Panel b is adapted with permission from REF.39, Elsevier.
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Taken from Kharzeev-Liao, Nature Reviews Physics, 
Volume 3, 55–63 (2021)

nuclear charge Z, would differ by about 10% 
between the isobar pairs. This expectation 
is indeed confirmed by quantitative 
simulation results in FIG. 5a, where the 
relative difference between the two colliding 
systems is found to be negligible for the 
fireball geometric anisotropy (shown as 

〈 〉εΔ 2 ) and to be around 10–20% for the 
square of magnetic field (shown as 〈 〉BΔ sq ). 
The contrast between RuRu and ZrZr thus 
offers a unique opportunity for the CME 
search. This is because the CME signal is 
driven by the magnetic field whereas the 
background is controlled by the fireball 
elliptic anisotropy. One would then expect 
that for the charge- asymmetry correlation 
measurement, there should be an equal 
amount of background contributions in 
both RuRu and ZrZr systems but a different 
amount of CME signal contributions, as 
illustrated in FIG. 5b. So a detectable variation 
of the charge- asymmetry correlation from 
RuRu to ZrZr collisions should only 
arise from CME and can thus serve as its 
unambiguous signature.

The precise amount of difference 
in the charge- asymmetry correlation 
between RuRu and ZrZr would depend 
on the signal- to- background ratio. If the 
background level is too high, the isobar 
contrast might become too small to be 
detected. Fortunately, during the 2018 isobar 
run, the STAR Collaboration collected about 
3 billion collision events for each system, 
providing a very strong differentiating 
power enabled by high statistics. The 
STAR Collaboration projection for 
the experimentally measurable isobar 
difference level as a function of background 
contribution is shown in FIG. 5c. As a 
benchmark, if the background contribution 
is no more than 86%, then the isobar 
measurement would discover the CME 
with 5σ significance.

On the theory front, good progress 
was made in describing chiral transport 
in and out of equilibrium83–90, and in 
phenomenological applications for isobar 
collisions91–99. In particular, a state- of- the- art 
simulation tool, known as EBE- AVFD 

(event- by- event anomalous- viscous fluid 
dynamics)91–93, has been developed in 
the past couple of years. This framework 
allows a quantitative characterization of 
both the CME signal and the background 
contribution in a realistic heavy- ion 
collision environment. The tool is now 
widely used for studying CME- related 
observables. A set of predictions for isobar 
collision experiment has been made from 
EBE- AVFD93 (see FIG. 5d). These predictions 
provide valuable inputs for the ongoing 
isobar analysis and demonstrate specific 
features of the CME signal that will soon be 
tested in experiment100.

Perspectives
If the isobar experiment at RHIC establishes 
the existence of the CME driven by 
topological transitions in the QGP, this 
discovery will open new research pathways 
in nuclear physics and beyond. In nuclear 
physics, one will be able to study topological 
transitions in baryon- rich matter, and 
possibly near the critical point on the QCD 
phase diagram, using the beam energy 
scan that is underway at RHIC. These 
measurements will also extraction of the rate 
of topological transitions, which is poorly 
known theoretically. This may offer unique 
insights into the dynamics of baryogenesis. 
In condensed matter physics, the study 
of CME and the underlying topology has 
already begun, but has been limited so far 
to transport measurements. In the near 
future, these studies will be extended to 
chiral magnetic currents driven by light 
and strain. Among the possible future 
applications of CME are ‘chiral qubits’ 
and quantum sensors.
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Projection: 
isobaric collisions
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Fig. 5 | Chiral magnetic effect in isobar collisions. a | Simulations of the RuRu and ZrZr collisions93 
show a negligible relative difference for the fireball geometric anisotropy ∆ 2〈 〉ε  and a sizable differ-
ence for the square of magnetic field 〈 〉Bsq∆ . The bands indicate uncertainty arising from fluctuations 
and ambiguity in the initial nuclear geometry94–96. b | The background contribution to the charge-  
asymmetry correlation measurement is controlled by bulk geometric anisotropy and thus expected 
to be identical between RuRu and ZrZr systems. However, the CME signal is driven by magnetic field 
and should be different. c | The projection for the isobar difference level in experimental observables 
estimated as a function of background contribution81. The grey band indicates uncertainty from cal-
culated geometric anisotropy and magnetic field for RuRu and ZrZr systems while the error bars indi-
cate expected statistical uncertainty, assuming 3 billion collision events for each colliding system 
recorded by STAR in 2018. sNN is the centre- of- mass energy per nucleon pair. d | Quantitative pre-
dictions from event- by- event anomalous- viscous fluid dynamics (EBE- AVFD) simulations93 for the 
difference in γ− and δ- correlators between the isobar pairs. RP, reaction plane; EP, event plane. Panels b 
and c are adapted with permission from REF.82, Taylor and Francis. Panel d is adapted with permission 
from REF.81, IOP Publishing, on behalf of Chinese Physical Society.
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Time-dependent CME
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Solid: Perturbative QCD, Dashed: AdS/CFT 
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From PRD 95, 051901 (2017) by  
Kharzeev-Stephanov-Yee

⃗J (ω) = σ(ω) ⃗B (ω) , σ0 =
e2

2π2
μA

  


  in pQCD

σ(ω) ∼ σ0 − iξ5ω

ξ5 = −
0.5

α2
s log(1/αs)

σ0

T
(Jimenez Alba-Yee)

 is fixed by chiral anomalyσ(0) = σ0

But,  is from more general effects from  P-odd helicityσ(ω > 0)



d ⃗B (t)
dt

⃗E (t) ∼
d ⃗p
dt

∼
d ⃗S
dt

∼
d ⃗M

dt

⃗M (t)

⃗J M = ⃗∇ × ⃗M

Faraday's Effect

Magnetization Current

Anatomy of Chiral Magnetic Effect

Helicity

(Kharzeev-Stephanov-Yee)

g-factor

3

quantum current also gives arise to the necessary addi-
tional contribution to the CME in out-of equilibrium as
we show.

The key element is the Bianchi identity @B
@t + r ⇥

E = 0 between a time-varying magnetic field and a space-
varying electric field, which becomes in frequency space
�i!B + r ⇥ E = 0. Note that this is an identity in
terms of vector potential (A0,A): the e↵ect of i!B is
equivalent to the e↵ect of a space-varying electric field
r ⇥ E. The electric field gives a local acceleration to
quasi-particles ṗ = QE = ±E, and the free streaming
Boltzmann equation in frequency space becomes

@f±(p)

@t
+ ṗ ·

@f±(p)

@p
= �i!f±(p)±E ·

@f±(p)

@p
= 0 .(5)

whose solution in linear order in E with a retarded
boundary condition is f±(p) = f0

±(|p|) + �f±(p) with

�f±(p) = ±i (E·p̂)
!+i✏ �f

0
±(|p|)(1�f0

±(|p|)). The i✏ should be

replaced in the interacting theory by i⌧�1
R that appears

in the collision term of the Boltzmann equation, that we
neglect in free streaming regime. The spin magnetization
from this distribution is

m =
i�

! + i⌧�1
R

Z

p

p

2|p|2
(E · p̂)

X

s=±
sf0

s (|p|)(1� f0
s (|p|))

=
1

3
⇥

iE

! + i⌧�1
R

�

4⇡2

Z 1

0
d|p||p|

X

s=±
sf0

s (|p|)(1� f0
s (|p|))

=
1

3
⇥

iE

! + i⌧�1
R

�0 , (6)

which gives the magnetization current, JM = r⇥m =
�0
3

i(r⇥E)

!+i⌧�1
R

= �
�0
3

!
!+i⌧�1

R

B, that contributes an addi-

tional � 1
3�0 to the chiral magnetic conductivity �(!) in

free streaming regime ! � ⌧�1
R : JM

! �
1
3�0B. To-

gether with JKM = 2
3�0B, this explains the total CME

current of J = 1
3�0B in the free streaming regime. Note

that the physics of JM is independent of the Berry cur-
vature.

! ⌧ ⌧�1
R ! � ⌧�1

R

JEQ 1
3 0

JKM 2
3

2
3

JM
0 � 1

3

J total
1

1
3

TABLE I. The dissection of CME in the hydrodynamics

regime and the free streaming regime. The numbers are in

units of the equilibrium CME.

Dependence on the g-factor — The anatomy of CME
in and out-of equilibrium presented above depends on
the g-factor (taken to be g = 2 for relativistic chiral
fermions), and it is easy to generalize our results to an
arbitrary value of g-factor. This discussion should be im-
portant in Dirac/Weyl semi-metals where the emergent

pseudo-chiral fermions are expected to have a dynami-
cally determined g-factor di↵erent from g = 2. It also
helps us to disentangle the physics of Berry curvature
and the physics of spin magnetic moment (g-factor). The
magnetic moment of a quasi-particle of momentum p is
µ = g

2Q
S
|p| , and therefore the contribution from the shift

of thermal distribution in equilibrium is modified by a
factor of g/2, which becomes JEQ = g

6�0B. It is easy
to check that the e↵ect of the Berry curvature together
with the new energy shift gives

p

GvBp =
@E

@p
+

✓
@E

@p
· b

◆
B = p̂+

(2� g)

4

B

|p|2
+

g

2

(p ·B)p

|p|4
,

which results in the kinematic contribution to equilib-
rium CME as JKM = (1� g

6 )�0B. As expected, the total
equilibrium CME, J = �0B, is robust under the details
of g-factor. In the free streaming regime ! � ⌧�1

R , only
the kinematic contribution of JKM = (1 �

g
6 )�0B sur-

vives. On the other hand, the spin magnetization changes
by a factor of g

2 , therefore the magnetization current con-
tribution will change by the same factor and become
JM = �

g
6�0B. The total CME in the free streaming

regime is then J = JKM + JM = (1� g
3 )�0B.

It is interesting to consider what the results would be
if there was no Berry curvature (which can be obtained
by keeping only the terms with the g-factor). The equi-
librium CME is absent in this case, while the CME in
free-streaming regime is � g

3�0B. Interestingly, the exis-
tence of CME in free streaming regime does not neces-
sarily require the Berry curvature, but its value would be
smaller by �0B from the one with the Berry curvature.
We re-emphasize that the equilibrium CME in hydrody-
namic regime, J = �0B, is a consequence of the Berry
curvature, independent of the physics of spin magnetic
moment (g-factor).

! ⌧ ⌧�1
R ! � ⌧�1

R

JEQ g
6 0

JKM
1� g

6 1� g
6

JM
0 � g

6

J total
1 1� g

3

TABLE II. The dissection of CME with an arbitrary g-factor.
The terms with the g-factor originate from the physics of spin

magnetic moment, and the others from the physics of Berry

curvature.

Interpolating hydrodynamic regime and free streaming

regime — In an interacting theory such as QCD and semi-
metals in weakly coupled regime, the transition between
the hydrodynamic regime and the free streaming regime
should be well approximated by a function

�(!) = �0

✓
1�

g

3

!

! + i⌧�1
R

◆
, (7)

with a single e↵ective parameter ⌧R of dimension time.
One way to fix this parameter is to consider a small



Chiral Magnetic Wave 
(Kharzeev-Yee, Burnier-Kharzeev-Liao-Yee)

∂tn + ⃗∇ ⋅ ⃗J = ∂tn ± 1
4π2χ

⃗B ⋅ ⃗∇ n = (∂t + ⃗vχ ⋅ ⃗∇ )n = 0

Hydrodynamic wave of chiral charges with velocity  ⃗vχ = ± 1
4π2χ

⃗B

⃗B

nL

nR
nL

nR

Quadrupole of charges

+

++ ++

+
++

- -
-

-
-- (Gorbar-Miransky-Shovkovy, 

 Burnier-Kharzeev-Liao-Yee)



Anomalous Transport

           ⃗P = σϵ
B

⃗B + σϵ
V ⃗ω σϵ

B =
μ2

8π2
, σϵ

V =
μ3

6π2

            ⃗J = σB
⃗B + σV ⃗ω σB =

μ
4π2

, σV =
μ2

8π2

Time Reversal (T) relates σV(k, ω) = σϵ
B(k, ω)

(Shiyong Li-Yee)

Chiral Vortical Effect

(Son-Surowka, Landsteiner, ...)



Gribov's Picture of Anomaly

⃗B pz

pz

E(pz)
H = ⃗σ ⋅ ( ⃗p − e ⃗A )

Band-Crossing Chiral Zero Mode

n = 0
n = 1

n = 2

 Landau Levels with 2D density of states  
eB
2π

One Weyl Fermion ΨR



Spectral Flow for Anomaly

pzpz

E(pz)E(pz)

dnA

dt
= ( eB

2π ) 1
2π

dpz

dt
=

e2

4π2
⃗E ⋅ ⃗B

dpz

dt
= eE

2D DoS 1D DoS



Dirac/Weyl Semi-Metals
H = σ+(Dx − iDy)N + σ−(Dx + iDy)N + σzDz , ⃗D = ⃗p − e ⃗A

pz

E(pz)N = 4

N=4 Chiral Zero Modes
Chiral Anomaly :   

dn
dt

= N
e2

4π2
⃗E ⋅ ⃗B

px

py

px

py

(px + ipy) → (px + ipy)N

(N-Winding Map)



Topology of Generalized Spinors
A generalized spinor   


with arbitrary functions  in momentum 

H = P1( ⃗k )σx + P2( ⃗k )σy + P3( ⃗k )σz

P1( ⃗k ), P2( ⃗k ), P3( ⃗k ) ⃗k

(Piljin Yi-Yee)

In both Heat-Kernel method (Fujikawa's method) and Diagrammatic 
computation, it was proven that

 where  


: Winding Number of the Map 

Np =
1

π 3
2 ∫ d3 ⃗k det ( ∂P(k)

∂k ) e−P2( ⃗k )

⃗k → ⃗P ( ⃗k )

Chiral Anomaly :  ∂μ jμ = NP
1

4π2
⃗E ⋅ ⃗B



Topology of Generalized Spinors
Winding Number  = Berry's Monopole at Np | ⃗k | → ∞

kx

kz ky

 where Anomaly happens⃗k = 0

Large  where Chiral Kinetic Theory is valid⃗k
(Son-Yamamoto, Stephanov-Yin, Chen-Pu-Wang-Wang)

The spinor at  is  where⃗k |ψ( ⃗P ( ⃗k ))⟩

( ⃗P ⋅ ⃗σ ) |ψ( ⃗P )⟩ = | ⃗P | |ψ( ⃗P )⟩
The Berry's monopole of 


in -space 

|ψ( ⃗P ( ⃗k ))⟩

⃗P
in -space is  times of unit monopole⃗k Np

Aki = ( ∂Pj

∂ki ) APj



UV-IR Connection
Index Theorem :  Index(D ⋅ σ) =

NP

8π2 ∫ d4x F ∧ F

Anomaly : Defined 
in Infrared (IR)

Local Topological 
Density: Defined 
Locally in Space 
(UV)

Chiral Anomaly :  ∂μ jμ = Np
1

4π2
⃗E ⋅ ⃗B

Anomaly : Defined 
in Infrared   
(IR)

⃗k = 0
Berry's Monopole 
defined in  
(UV)

⃗k = ∞Answers the question 
by Fujikawa and 
Mueller-Venugopalan



Spin of Magnetic Vortices
(Fukushima-Hidaka-Yee)

ΦB

Superfluid Vortices
Lz = ℏN , N = Particle Number

 : Gauge InvariantΠφ = pφ − qAφ

 : Not a multiple of Lz = r × Πφ ℏ
Special feature of 
Representation of 2D 
Rotation Group SO(2)=U(1)

Magnetic Vortices



Feynman's Angular Momentum Paradox

dΦB

dt
= ⃗∇ × ⃗E

⃗E =
dAφ

dt
Faraday

 : Not a multiple of Lmatter
z = r × Πφ = r × (Pφ − qAφ) = − q(r × Aφ) ℏ

Initial angular momentum  Ltotal
z = 0 Gauss' Law ⃗E radial ≠ 0

⃗B ≠ 0 Poyinting
 ⃗E × ⃗B ≠ 0

 :  Angular momentum of EM fieldsLEM
z = r × ( ⃗E × ⃗B ) ≠ 0

Lmatter
z + LEM

z = 0



Relativistic Magnetic Vortices
Neutral Nielsen-Olesen Vortex

Particle
Vortex

Antiparticle
Antivortex

Angular momentum from particle vortex 
and anti-particle anti-vortex cancel

Angular momentum is zero for a 
neutral vortex, where ,D0Φ = 0

⃗P ∝ i((D0Φ)*( ⃗DΦ) − h . c.) = 0

Neutral vortex is a composite of 
particle vortex and anti-particle 
anti-vortex Φ ∼ eiφ ∼ a + b†

Particle-Vortex Duality in (2+1)D

|DΦ |2 + V( |Φ |2 ) +
1
4

F2
μν ↔ (∂ϕ)2 + W( |ϕ |2 )

Magnetic Vortex Scalar Particle



Example : Non-Abelian CFL Vortex
For a charged vortex, there is a non-trivial cancellation Lmatter

z + LEM
z = 0

Non-Abelian Vortex in Color-Flavor-Locking (CFL) phase 
of dense 3-flavor quark matter   ⟨qi

αqj
β⟩L,R = ϵαβγϵijγΔL,R

A composite of Baryon Superfluid Vortex + Color Magnetic Vortex

  : CFL is similar to Hidden 
Local Symmetry breaking for massive -Mesons and massless Pions
U(1)B × SU(3)L × SU(3)R × SU(3)c → SU(3)V

ρ

q

qq q qq q

q
qq
qq

Hadronic Vortex

Non-Abelian CFL Vortex
Lz

.

29

with A8 = A
8
'
'̂/r and

� =

0

BBB@

f(r) ei⌫' 0 0

0 b(r) 0

0 0 b(r)

1

CCCA
. (3.42)

The boundary condition is h(1) = 0 which ensures,

�D� = (r+ igA8
t
8)� ! i

⌫

3

'̂

r
� as r ! 1 . (3.43)

This signifies that the vortex carries a superfluid winding number ⌫/3 with respect to the

diquark global U(1) (which is equivalent to ⌫/2 with respect to U(1)B symmetry). To see

how the color-magnetic vortex is embedded in the above solution, we can factorize it as

follows,

� = e
i
⌫
3'

0

BBB@

e
i
2⌫
3 ' 0 0

0 e
�i

⌫
3' 0

0 0 e
�i

⌫
3'

1

CCCA

0

BBB@

f(r) 0 0

0 b(r) 0

0 0 b(r)

1

CCCA
, (3.44)

where the overall phase corresponds to the global U(1) and the middle matrix, e�i⌫

p
12
3 t

8
',

belongs to SU(3), and this is why this configuration as implemented in Eq. (3.42) is called

a “non-Abelian” vortex.

The equations of motion, (3.38), (3.39), and (3.40), become, after some algebra,

1

r
(ra0)0 � g

2

3
a(2f 2 + b

2)� 4g

3
p
3
µB(�f

2 + b
2) = 0 , (3.45)

1

r
(rf 0)0 � ⌫

2

9r2
(1 + 2h)2f � fV

0(f 2 + 2b2) +

✓
� 2gp

12
a+

2

3
µB

◆2

f = 0 , (3.46)

1

r
(rb0)0 � ⌫

2

9r2
(1� h)2b� bV

0(f 2 + 2b2) +

✓
gp
12

a+
2

3
µB

◆2

b = 0 , (3.47)

✓
1

r
h
0
◆0

+
g
2

3

f
2

r
(1 + 2h)� g

2

3r
(1� h)b2 = 0 , (3.48)

where Eq. (3.45) corresponds to the Gauss law.

To compute the matter part of the angular momentum, we need the momentum density,

P i = T
0i = tr

⇥
(D0�)

†(Di�) + (Di�)†(D0�)
⇤
= tr

⇥
⇧†(Di�) + (Di�)†⇧

⇤
. (3.49)

Substituting the solution of ⇧ for the above P i, we obtain,

P = P''̂ = �i tr
⇥
(D�)†(gA8

0t
8 + 2µB/3)�� �†(gA8

0t
8 + 2µB/3)(D�)

⇤

=


⌫

3r
(1 + 2h)f 2

✓
� 4gp

12
a+

4

3
µB

◆
+

4⌫

3r
(1� h)b2

✓
gp
12

a+
2

3
µB

◆�
'̂ . (3.50)

Lmatter
z + Lcolor fields

z =
ν
2

NB

(Balachandran-Digal-Matsuura, Eto-Hirono-Nitta-Yasui, Alford et al)

It matches to 
Hadronic Phase



Vortices in Topological Insulator Surface

Vacuum B

.

QHE of level   :    
1
2

jμ = −
e2

8πℏ
ϵμναFνα

In components : 

Q =
e2

4πℏ
Bz , jx =

e2

4πℏ
Ey , jy = −

e2

4πℏ
Ex

Lorentz force is zero: Zero Torque on TI Matter
Fφ = (Q ⃗E + ⃗j × ⃗B )φ = QEφ − jrBz = 0

The EM part LEM
z = ∫ d3r r × ( ⃗E × ⃗B ) = −

e2

16π2ℏ
Φ2

B = −
ν2

16
ℏ

 for Superconductor Vortex
2e
ℏ

Φ0 = 2πνNo TI matter part Lmatter
z = 0

Fractional 
Angular 

Momentum

(Nogueira-Nussinov-Brink)



Spin Hydrodynamics and Pseudo-Gauge Transformations

⃗J total

Frictionless Wall1
2

ΔN1 = − ΔN2
ΔJ1 = − ΔJ2

ΔE1 = − ΔE2

Global Equilibrium with Angular 
Momentum Conservation

dS = βdE − αdN − β ⃗Ω ⋅ d ⃗J

 : Angular Momentum ⃗J = ⃗x × ⃗p + ⃗S

Spin 
Potential

(Shiyong Li-Stephanov-Yee)

dS = β(dE − ⃗v ⋅ d ⃗p ) − αdN − β ⃗Ω ⋅ d ⃗S

  ,     = Fluid Vorticity⃗v = ⃗Ω × ⃗x ⃗Ω
Spin correction to 1st Law of 

Thermodynamics

(Hattori-Hongo-Huang-Matsuo-Taya)



Canonical EM Tensor and Spin
Total Angular Momentum Tensor

Jμνα = xνTμα − xαTμν + Sμνα

Conservation of Angular Momentum  gives ∂μJμνα = 0

Tμν − Tνμ = − ∂αSαμν Canonical Energy-
Momentum Tensor

It describes angular momentum exchange 
between spin and orbital angular momenta



Spin Hydrodynamics
(Becattini-Tinti, Florkowski-Friman-
Jaiswal-Speranza, Hattori-Hongo-

Huang-Matsuo-Taya, Fukushima-Pu, 
Li-Stephanov-Yee, Gallegos-Gursoy-

Yarom)

 Tμν
C = (ε + p)uμuν + pgμν + uμqν + uνqμ −

1
2

∂αSαμν Anti-Symmetric 
Part

Canonical EM 
Tensor

The 2nd Law of Thermodynamics 

N.B.  A more complete list of terms can be found in Gallegos-Gursoy-Yarom '21

 , jμ = nuμ sμ = suμ + Δsμ

∂μsμ = ∂μ(Δsμ −
1
2

βν∂αSαμν − βqμ) + (−βaμ + ∂μβ)(qμ −
T
2

Sμν∂νβ) = 0

Thermal Hall Effect : qμ =
T
2

Sμν∂νβ
⃗S ⃗∇ β

⃗PIdeal Limit of Spin Hydrodynamics



Pseudo-Gauge Transformations
(Becattini-Tinti, Florkowski-Kumar-Ryblewski, Speranza-Weickgenannt)

Conservation Laws are not modified by

T̃μν = Tμν +
1
2

∂α(Σαμν − Σμαν − Σναμ) , S̃μνα = Sμνα − Σμνα

j̃μ = jμ − ∂ν ( a
2

ωμν) , s̃μ = sμ − ∂ν ( b
2

ωμν)
A special choice  makes  symmetric Belinfante 
form and , i.e. no spin tensor in theory

Σμνα = Sμνα T̃μν

S̃μνα = 0
We get to the conventional relativistic hydrodynamics with 
symmetric EM tensor with no spin degrees of freedom

Magnetization 
current 

 
: Barnett's Effect
⃗j = ⃗∇ × ⃗M , ⃗M =

a
2

⃗ω



Physics of Pseudo-Gauge Transformations

Magnetization Current ``Spinetization" Momentum



Non-Dissipative Second Order Transports

It is shown that the thermodynamics can also be made conventional

ds̃ = β̃dε̃ − α̃dñ , s̃ = β̃(ε̃ + p̃) − α̃ñ

S̃(ε̃, ñ, ωμ) = s(ε̃ + Δε, ñ + Δn, ωμ) − Δs

As a result of pseudo-gauge transformation to get to symmetric 
Belinfante EM tensor, we obtain several Non-Dissipative Second 
Order Transport coefficients related to Fluid Vorticity : ∂μs̃μ = 0

τμν =
χ
2

(σμ
α + ωμ

α)ωαν + (μ ↔ ν) + 2a0Δμνωνων

τμ = −
Tn
2w

Δμ
λ∂ν(βχωλν) −

1
2

Δμ
λ∂ν(aωλν)

Δsμ = −
Ts
2w

Δμ
λ∂ν(βχωλν) −

1
2

Δμ
λ∂ν(bωλν) +

nχ
2w

ωμν∂να



Why do we have these equivalent descriptions?

In fact, there are infinitely many equivalent descriptions by 
performing partial pseudo gauge transformations with 

. The  is the special point where the 
energy-momentum tensor becomes the symmetric Belinfante form 
Σμνα = tSμνα , 0 < t < 1 t = 1

∂μFμν = Jν
total = Jν

hydro − ∂α ( a
2

ωνα)

Gμν = 16πGNTμν
B = 16πGN(Tμν

hydro +
1
2

∂α(Sαμν − Sμαν − Sναμ))

Hydrodynamics, a priori, does not distinguish between  and Jμ
total jμ

hydro



Given a microscopic theory with several constituents 
carrying spins, the macroscopic hydrodynamics may 
choose the canonical EM tensor for some degrees of 
freedom and the Belinfante EM tensor for other 
degrees of freedom. 


All these discrete choices are equivalent hydrodynamic 
descriptions of the same microscopic theory

Equivalent Hydrodynamics



Universality of Hydrodynamics comes with 
Generosity

The origin of pseudo gauge transformation is the microscopic 
equivalence between spin and “spinetization" momentum, that 

hydrodynamics can not resolve macroscopically. To 
accommodate such microscopic equivalences for any system, 

that hydrodynamics can not probe in macroscopic scales, 
what hydrodynamics can do is to allow much more generous 
equivalences with continuous parameters of pseudo gauge 

transformation, to be able to accommodate any system 



Thank you !


