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Abstract

A task analysis of Iinear algebraic equation solving is presented. The problem space is shown to have
an elegant mathematical form. Several strategies for searching the problem space are delineated, and
their properties discussed. The forward search strategy, which appears to be the one most commonly
taught in high-school textbooks, tends to generate non-optimal solution paths. An operator-subgoaling
search strategy tends to generate shorter paths. Bundy and Welham'’s waterfall loop strategy is shown to
be a variant of operator-subgoaling that is more amenable for use by humans. This task analysis
suggests that the waterfall loop strategy may be better for teaching to high-school students than the

forward search strategy.



1. Introduction

This brief note presenté an analysis of a small portion of high school algebra, the solving of linear
equations in one variable. The analysis is based on the formal properties of the task, rather than data
from human subjects. Two results are presented. First, the structure of the task domain is uncovered,
and shown to have some elegant properties. Second, there is suggestive evidence that forward search,
which appears to be the strategy most commonly taught in high school algebra, is a less efficient search
strategy than operator subgoaling, a strategy based directed on the structure of the task domain, in that it
tends to generate longer solution paths. This suggests that operator subgoaling may be a better strategy
for teaching high school algebra students. However, operator subgoaling seems to require more
cognitive resources of the student than forward search. Bundy and Welham’'s (1981) waterfall loop
strategy, which is a type of operator subgoaling, is shown to offer reduced requirements for cognitive

resources. |t thus combines the advantages of short solution paths with low cognitive load.

Although these results are suggestive, empirical work is needed in order to build a case for changing
the pedagogical practices of high school algebra. A tenuous, but still interesting conjecture is that.
teaching students the structure of the solution space, as described herein, may lead them to a better

understanding of the process of solving algebra equations.

2. The problem space of simple algebraic equation solving

Solving an algebra equation can be viewed as search in a problem space (Newell & Simon, 1972). A
problem space is defined by a set of states, a set of operators for moving from one state to another, an
initial state, and a description for the desired final state. For algebra, a state is just an algebraic equation,
and a operator is just an algebraic transformation, such as subtracting a term from both sides of the
equation. The initial state is the given equation, e.g., 6-5(x+3)+7x = 3-x. A final state is any equation
that has just one occurrence of the variable, and the variable is isolated, that is, it stands alone on the left

or right side of the equation.

Different initial states (i.e., different equations to be solved) engender different specific problem spaces.
However, all the problem spaces in this task domain have the same basic topological form. This section

discusses that form.

The form is hierarchical. We will define a hierarchy of state types, such that a state of type N is an

equivalence class of states of type N-1. The lowest state type, state type 1, consists of the actual



equations. Thus, 1+x = 3 and x+1 = 3 are distinct type 1 states. A type 2 state is an equivalence class
of type 1 states that can be reached by the algebraic transformations for communtativity, associativity,
arithmetic combination, reversing the sides of an equation, and simplifying a double unary minus. Thus,

the following equations are all in the same type 2 class:

x+1 = 3073
1+x = 30/3
1+x = 10
I+x = —(-10)
10 = 1+x

10 = x+1
11-1 = x+1
100712 = x+1

Because there are infinitely many ways to express numbers as arithmetic expressions, there are infinitely

many type 1 states in a type 2 state.

Type 3 states are defined as the equivalence class of type 2 states under the algebraic transforma{ions
that "do the same thing" to both sides of the equations, such as adding the same term to both sides of the
equation. Such equivalance classes have an interesting structure. It is easiest o discuss it with the aid of

several simple examples.

Figure 1 shows eight type 2 states that constitute a type 3 state. They are arranged in a cube in order
to show the relationships among them. The edges that are parallel to the horizontal axis are represent
the operations of multiplying or dividing by a. The vertical axis edges represent multiplying or dividing by
b. The remaining edges represent multiplying or dividing by c. The diagonals of the cube (not drawn)

correspond to inverting both sides of the equation.

Figure 2 displays another type 3 state, where the equations are related by adding and subtracting from
both sides. The edges represent adding and subtracting by, respectively, a, b or ¢. The diagonals

represent negating both sides of the equation.

In general, all equations formed from three atomic subexpressions and an invertible binary operator will
engender a type 3 state that has either type 2 states arranged in a cube. However, if the subexpressions

are not atomic, but are themselves expressions, then a type 3 state consists of two or more cubes that



a/c = 1/b

1/c = 1/ab
a=c/b 1 = c/ab
ab/c = 1 b/c = 1/a
ab=c¢

b=ca -

Figure 1: Type 3 state for multiplication and division

b=c-a

/

O0=c-b-a

a+b=c¢
a=c-b
a+b-¢c=0
a-c=-b

Figure 2: Type 3 state for addition and subtraction



1/30 = 1/3(x + 2)

3/30 =1/(x + 2)

1 = 30/3(x + 2)

3 = 30/(x + 2)

(x + 2)/30 = 1/3

3(x + 2)/30 = 1

30/3

3(x + 2) = 30 X +2 =
Xx+2=10 X+2-10=0
X =10 -2 Xx-10=-2
2 =10 - x 2-10=-Xx
0=10-2 - x -10 = -2 - x

Figure 3: Type 3 state for the equation 3(x+1) = 30.



share vertices. Figure 3 illustrates such a state for the equation 3(x+1) = 30. The upper cube treats the
subexpression (x+1) as afomic, while the bottom cube treats 3/30 as atomic. The multiplication cube
shares the vertex that stands for the equation x+1 = 3/30 with the addition cube. In general, there are
three vertices in every cube that can be shared, viz. those where a subexpression that is treated as
atomic relative to the cube’'s operations appears isolated on one side of the equality. When a
subexpression is isolated, its operator is the top operator on one side of the equation, and thus can.found

a new "do it to both sides" cube.

In principle, one can add (or multiply, etc.) any expression to both sides of an equation. Thus, adding
234y to both sides of 2(x+1) = 30 is legal. However, most algebra equations can be solved by applying
both-sides operations using only subexpressions that appear in the equation. If we restrict the problem
space by only allowing the both-sides operators to use subexpressions from the equation, then a type 3
state always consists of a set of one or more cubes, connected by shared vertices. With this restriction, a

type 3 state has the following properties:

* All its constituent type 2 states are equations with exactly the same atomic terms (i.e.,
modulo arithmetic evaluation, which merges number together).

¢ Any atomic term can be isolated by operations that stay inside the type 3 state.

These properties follow directly from the fact that each operation neither destroys terms nor creates

terms, and that all operations are invertible, given that the equations are linear equations.

These two properties together imply that if any equation in a type 3 state has a single occurrence of the
variable, then they all do, and furthermore, that one of the type 2 equations has the variable isolated on
one side of the equation. Thus, a type 3 state is a "final" state if it contains an equation with a single
occurrence of the unknown. For example, the equation 3(x+1) = 30 corresponds to a final type 3 state;

mere "both sides" operations are all that is required to convert it to the desired form.

To put the property more generally, all the equations in the type 3 state have the same number of
occurrences of the unknown variable. A type 3 state can be assigned a heuristic value equal to the
number of occurrences of the unknown, and this value can be used to guide the search among type 3

states by always choosing operations reduce this value. This strategy is discussed further below.

The only way to change the set of atomic expressions in an equation is to use some form of distribution

or its converse, combination. These operations are illustrated below:



x(a+h) = ¢ &> ax+bx = ¢

¢ = (a+b)fx & > oc = alx+b/x

“xb = ¢ «—o #h = ¢
These distribution operations form the type 3 state transitions. Thus, the whole problem space for linear’
algebra equation solving can be reduced dramatically to a problem space of type 3 states connected by
type 3 operators, with the final type 3 state having just a single occurrence of the variablte.- This idea

forms the basis of the operator subgoaling strategy, which is discussed in the next section.

3. Two search strategies

This section discusses two search strategies, then compares them. The first strategy derives from the
problem space analysis presented above. The idea is to search through the type 3 states using a simple
hill climbing strategy -- move to an adjacent type 3 state that minimizes the number of occurrences of the

variable -- then search through the final type 3 state to find a final type 2 state.

Although this sounds quite simple, it is complicated by the fact that the combine-term operations, Whiéh
are the operators used to move between type 3 states, require that the terms to be combined are cousins
in the expression tree. That is, when the expression is viewed as an operator tree (see figure 4), the two
occurrences of the variable must be direct descendents of sibling nodes. In the equation 3x+4x+4 = 7 it
is possible to coallesce the occurrences of the variable, but in the equation 3x+4(x+1) = 7 it is not
possible apply the combine-terms operation. Thus the strategy requires operator subgoaling, wherein the
solver adopts the new goal of transforming the equation into a form suitable for applying the combine-
terms operator. In this case, the subgoal is to transform the subexpression 4(x+1) into a sum with x
contained in one of its terms. This can be accomplished by applying the distribution operator, which
corresponds to a transition between two adjacent type 3 states, both of which have same heuristic value.
In some cases, the subgoal can be accomplished by staying inside the type 3 state, as when 3x = 7-4x
is transformed to 3x+4x = 7. Such subgoaling can become rather complicated. Because the dominant

form of activity is operator subgoaling, this strategy is named operator subgoaling.

As mentioned earlier, final states can be specified as a conjunction of two properties, (1) there is one

occurrence of the variable, and (2) it occurs isolated on the teft or right side of the equation. The operator

'The analysis can probably be extended to a much larger class of equations. Bundy and Welham's (1981) equation solving
system, which will be shown later to use a special case of this strategy, can solve rational polynomials containing trigometric and
hyperbolic functions.
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Figure 4: Expression tree for the equation 3x+4x+4=7. The "*" means multiply.

subgoaling strategy achieves the single-occurrence goal first, then works on the isolation goal. The .
search strategy that seems to be taught in high school emphasizes the isolation subgoal. In the
textbooks we have examined, students are taught to clear radicals, fractions, and parentheses first, then
combine terms. (See figure 5 for one popular textbook’s description of the strategy it teaches). This
isolate-then-combine strategy has the advantage that it is easily implemented as a visually-cued forward
search. The search heuristics are rules such as "If you see some parentheses, then use the distribution
operator to remove them." Because the heuristics are cued by visual features of the equation, they may

be easier to remember.

However, the forward search strategy leads to inefficient solutions in some cases:

Forward Search Solution Optimal Solution
3(x+2) = 30 3(x+2) = 30
Ix+6 = 30 x+2 = 10

3x = 24 x = 8

x = 8

The optimal solution path in this case would be generated by the operator subgoaling strategy. The
forward search’s strategy is non-optimal because it moves out of the initial type 3 state, which is also a
final state, and into an adjacent type 3 state, which is also a final state. In this case, it is better to stay in

the initial type 3 state. Here are some more cases where the forward search strategy does poorly:



SoLvinNg AN EQuATION HAVING ONE VARIABLE

Clear the equation of fractions, if any, by multiplying both members by the L.C.D. of all

fractions in the equations.

Remove parentheses.

Clear the equation of decimals, if any, by muitiplying both members by the appropriate

power of 10.

if it is a first-degree equation,

4.

Collect all terms containing the
variable so they are in the left
member. Collect all other terms
in the right member.

Simplify both members.

Divide each member by the

coefficient of the variable.

Check your result by replacing the

variabie in the original equation.

If it is a second-degree equation,

4.

Collect the terms so they are in the
left member. The right member

should be zero.

Simplify the left member.

Factor the left member.

Set each factor containing the
variable equal to zero and soive
each resulting equation.

Check your results by replacing the

variable in the original equation.

Figure 5: A procedure from a popular high school textoook,
Welchons et al. (1981), pg. 419.
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4(3b+4)>-3x = 147 Removing the parentheses is unnecessary
Bb+4)(3x+7) = —4-3b Shortest path is to divide by 3b+4
27[3x+7x+9] = 102 Shortest path is to divide out the 27 first

We believe that it can be shown that the operator subgoalling strategy always produces shorter
solution paths than forward search, or a path of equal length. This belief is based mostly on our inability to

find a counterexample. Further work is needed on this important question.

4. Comparing the two strategies

For human solvers, it is important to find shorter paths, but not so much because it saves time, but
rather because it reduces the chance of error. Experienced solvers make most of their errors during the
execution of operations, as opposed to using incorrect or inappropriate operations (Lewis, 1981). The

fewer the operations needed to achieve a solution, the less chance of error.

However, shortness of path is not the only relevant criterion upon which a search strategy should be

.

chosen. The strategy should be easy to use and easy to learn. The operator subgoaling strategy may -
not be particularly easy to use, because it seems to require a goal stack. That is, the solvers must
remember what goal they were working on so that they can résume wori&ng on it when they get done with
the subgoal. The extra memory load of a maintaining a goal stack may make the operator subgoaling
strategy more difficult to use than the forward search strategy, which requires no goal stack because its

selection of operators is determined entirely by the current state.

The waterfall loop strategy (Bundy & Welham, 1981) offers the-best of both strategies. It is essentially
an operator subgoaling strategy, which means that it tends to generate eptimal solution paths, but it is
implemented by several heuristics that are driven almost entirely by the current state, thus minimizing

potential memory load. The waterfall loop strategy has three "meta” rules:

e /solation: If the equation has just one occurrence of the variable, then apply a both-sides
operator appropriate to the arithmetic operation that is the root of the expression tree on the
side of the equation containing the variable.

e Combination: If the equation has two occurrences of the variable that are cousins in the tree,
then combine them.

e Attraction: If the equation has multiple, non-cousin occurrences of the variable, select two
that are nearest in the tree, and apply a transformation that will make them nearer.

The first of these meta-rules that matches the equation is fired, then the loop repeats on the new
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equation. That is, control falls through to the rule that matches, then loops back.

The waterfall loop strategy has the same goal structure as the operator subgoaling strategy. Isolation
and combination are the top level goals of algebra equation solving, and attraction is a subgoal of
combination. The waterfall loop differs from operator subgoaling in that it uses no goal stack as
temporary state for its processing. It is driven entirely by the appearance of the equation. So it too is a

visually cued, forward search strategy. But its design makes it a form of operator subgoaling.

The waterfall loop therefore combines the best properties of both forward search and operator
subgoaling. It tends to generate optimal solution paths, and it is visually cued. The differences between
it and the usual procedure taught in schools is that its cues concern the number of occurrences of the
variable and their relative position in the equation tree. The forward search procedure is cued by the

presence of large features, such as parentheses and radicals.

Obviously, these comments about ease of use must be viewed as suggestive only. Experimental work,

perferably with both expert and novices human solvers, is needed to compare the two strategies.

5. Suggestions for further research

This brief note, although sparse on results, opens a number of interesting avenues for research. Two
have been mentioned already: a forma! demonstration of the optimality of the operator subgoaling
strategy over the forward search strategy, and an empirical demonstration of its superior ease of use.

Similarly, we need to experimentally compare the learnability of the two strategies.

A possibly more important question is whether this new view of algebraic equation solving as simple
hiliclimbing in the type 3 problem space allows students to truly understand the task domain. Certainly,
we feel that we understand algebraic strategies better for having understood the structure of the problem

space. Perhaps this view will help the students as well.

To put the suggestion in more concrete form, suppose one built an algebra equation solving system
along the lines of Algebraland (Brown, 1983) that used a menu-driven interface to allow the student to
select operations, which the system would then apply. Algebraland keeps track of the path the student
follows and displays it; if the student backs up, then the display is a tree, otherwise it is a path. Brown
claims that this may facilitate the acquisition of improved search strategies. This claim is consistent with

research by Anderson and his colleagues (Anderson, Boyle & Yost, 1985; Anderson, Boyle & Reiser,
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1985), which shows that similar displays of solution trees seems to help geometry students learn
strategies for finding proofs in plane geometry. The basic message from both sets of researchers is that
displaying the solution path in a way that emphasizes its tacit structure helps students learn a search
strategy based on that structure. Now, suppose that we displayed the search of an algebra student in a
manner similar to the cubes of figures 1, 2 and 3. We conjecture that this display will help students come

to understand algebra strategy in a new, more beneficial way.
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