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Abstract. Most approaches to student modeling assume that students’
knowledge can be represented by a large set of knowledge components
that are learned independently. Knowledge components typically repre-
sent fairly small pieces of knowledge. This seems to conflict with the
literature on problem solving which suggests that expert knowledge is
composed of large schemas. This study compared several domain models
for knowledge that is arguably composed of schemas. The knowledge is
used by students to construct system dynamics models with the Dragoon
intelligent tutoring system. An evaluation with 52 students showed that
a relative simple domain model, that assigned one KC to each schema
and schema combination, sufficed and was more parsimonious than other
domain models with similarly accurate predictions.

1 Introduction

In a recent review of the student modeling literature, Pelánek [21], pointed out
that there are two major problems addressed by the field. One is to estimate a
student’s mastery of a set of knowledge components (KCs) given the student’s
performance on a set of items and a Q-matrix. The Q-matrix maps items to
the knowledge components involved in responding correctly to the item. In one
common formulation, the rows of the Q-matrix correspond to items, the columns
correspond to KCs, and there is a 1 in a cell if that KC is involved in generating
a correct response to that item. The Q-matrix is determined by the task domain
alone. It is not a function of a student’s knowledge or behavior.

The second problem addressed in the student modeling literature, and in this
paper, is referred to as domain modeling by Pelánek [21]. An algorithm is given a
large set of student responses to items, and it defines KCs, finds a Q-matrix and
estimates the mastery for each student of each KC. Although there are methods
for solving the domain modeling problem when posed in this fashion [1,8], the
resulting KCs are hard to interpret. The only information about them is the
Q-matrix. This makes it difficult to use the resulting profile of student mastery
to guide instructional decision making.

Thus, the more common version of the domain modeling problem assumes
that an expert defines both the KCs and the initial version of the Q-matrix,



2

and then student response data are used to improve the Q-matrix. This has the
advantage that the set of KCs is not changed, so it is as interpretable and useful
for decision-making as the expert can make them. Several methods have been
developed to solve this version of the domain modeling problem [5,6,7,8,18].

Yet another version of the domain modeling problem is to manipulate the
granularity of the KCs. One starts with an initial set of KCs, then either combines
KCs to form large grained KCs, or splits KCs to form finer-grained KCs [2]. Other
contributions to the study of KC granularity have compared several different
domain models that differ in the granularity of their KCs [10,16].

All these domain modeling approaches make a convenient assumption: When
students practice an item involving a certain set of KCs, only the KCs associated
with that item (i.e., the 1’s in that step’s row of the Q-matrix) are affected by
the practice. All other KCs maintain their same probability of mastery. Let us
call this the KC independence assumption.

This KC independence assumption colors our way of thinking about learn-
ing. For example, when trying to see how competence grows, we can graph the
probability of mastery of a KC over time. This is called a learning curve. The
KC independence assumption means that the time-axis of the learning curve
only needs to have the steps where that KC was involved. By assumption, its
probability of mastery cannot change during other steps, so they can be left off
the time-axis.

The KC independence assumption would seem natural to behaviorist who
view all “knowledge” as a stimulus-response rules; each such rule is a KC. It
would also seem appropriate to early information-processing psychologists who
viewed all knowledge as production rules; each production is a KC. Information-
processing psychologists who viewed knowledge as semantic nets could assume
that most types of links in the network were KCs.

However, cognitive psychology today recognizes that people organize much
of their knowledge into larger structures, often called schemas, scripts or frames.
The key idea of such larger structures is that they are activated all at once. Thus,
for instance, when students were read an algebra word problem slowly, as soon
as they heard “A river boat is traveling upstream at 5 mph...” they activated an
algebraic word-problem schema that not only contained the key equations but
could even predict what the rest of the problem would say [19]. Similarly, when
you hear a story that begins, “Roger asked the mâıtre-de for a table near the
window...” then you’ll activate your restaurant schema, which predicts events
such as ordering food and objects such as waiters and the bill.

After some rocky initial controversies, AI now accepts that schemas can be
represented as production systems or semantic nets. For example, one can rep-
resent the river-current schema by using two kinds of productions: Some fire
when a schema should be activated and dump an element such as “river-current-
schema” into working memory. Other productions match that working memory
element and dump a plan or other information into working memory that tell the
agent how to enact the schema. It may take dozens or hundreds of production
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rules to represent a single schema. Similarly, it make take dozens of hundreds of
semantic network links to represent a single schema.

Although schemas are activated all at once, they might be too big and com-
plex to be learned all at once. Thus, it might be inaccurate to treat each schema
as a KC. If we want to use a domain model based on a Q-matrix, then perhaps
we need to decompose schemas into pieces such at that each piece can be learned
independently of the others.

This particular problem hasn’t been addressed in the student modeling lit-
erature [20,21,23,24]). Nonetheless, we had to face it when trying to develop
a student model for the Dragoon intelligent tutoring system [14,27,28,29]. We
evaluated several different mappings of KCs to schemas. Like most explorations
of domain models, our evaluation was based on the fit of the model to student
data. We describe first Dragoon, then its schemas, then the domain models and
finally the evaluation and its results.

2 Dragoon

Dragoon is a step-based tutoring system for teaching students how to construct
mathematical models of systems that change over time. Although such models
are often represented with differential equations, Dragoon use a node-link rep-
resentation that was pioneered by Stella [9,22]. Figure 1 (which appears later),
shows a screen capture of a simple problem and its model.

Dragoon has three types of quantities: parameter, accumulator and function.
A parameter (diamond shaped node) is a quantity whose value is given as part
of the problem statement and its value does not change over time. The other
two types of quantities have values that can vary over time. Time is discrete. If a
quantity is an accumulator (square shaped node), then its value at the next time
is its value at this time plus the sum of its inputs. That is, it accumulates its
inputs (which may be negative, so its value can go down). A function (circular
node) is just a mathematical function of its inputs.

Students construct a model by adding nodes, one at a time, to a canvas. To
define a node, they fill out a form. The form allows the user to specify properties
of the node. Besides the name of the node, there are five properties:

– Description: A phrase describing the quantity
– Type: Either parameter, accumulator or function.
– Value: Parameter nodes have a numeric value. Accumulator nodes have an

initial value. Function nodes do not have a value.
– Units: Some quantities have units, such as meters or kg.
– Expression: Function nodes have an algebraic expression for calculating their

value. Accumulator nodes have an algebraic expression for calculating the
increment to their value. Parameter nodes do not have an expression.

Students must type or click in the Expression. The other property values
are selected from menus. Specifying one of these properties is the smallest unit
of user interface behavior that can be interpret as contributing to the solving
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of the problem. Thus, specifying a property is a step. As usual when dealing
with multi-step problems, the Q-matrix maps KCs to step instead of items. This
is a name change only. Just like items on a test, the student’s responses to
steps are assumed to be conditionally independent given the student’s mastery
of knowledge. From now on, we will refer only to steps instead of items.

Like many step-based tutoring systems, Dragoon colors a step green if the
student enters a correct response and red if the entry is incorrect. If the student
fails several times, Dragoon fills in the step correctly and colors it yellow. It has
other features as well, but they are not relevant to this paper.

This section has introduced the syntax of the Dragoon notation for mod-
els. The concepts of node type (parameter, accumulator and function) and node
properties (name, description, type, value, units and expression) will be impor-
tant later, when we describe how to define domain models.

3 Schemas

In mathematics, electronics, physics, computer programming and many other
task domains, there is evidence that experts and competent novices know many
schemas [25,26]. For instance, when physicists notice that an object is flying
through the air and that air friction can be ignored, they know its trajectory is
a parabola, and they know equations for its horizontal and vertical positions over
time. When programmers need to count something, then they know to define a
variable, initialize it to zero, and increment it for each item counted.

Schemas have been extensively investigated for arithmetic and algebra word
problems. For instance, Mayer [17] found that a mere 90 schemas sufficed to
solve almost all the algebra word problems in 10 algebra textbooks. Author’s in
[4] provide a list and brief review of hundreds of relevant studies. Constructing a
Dragoon model when given a succinct description of a system, such as the text
shown in Figure 1, is nearly the same as solving a mathematical word problem.
In both cases, one must understand the text and generate a mathematical model
of the system described by the text. Thus, we assume that a Dragoon student’s
knowledge can be represented as schemas. Each schema has a part that matches
the system description and a template that generates the model. The template
consists of a set of nodes, but the properties of the nodes have only been partially
filled in or constrained. Typically, the type and expression properties of the
template nodes have been filled in, but the other properties have not. To apply
a mentally held schema, the student notices that it can be applied, enters the
appropriate nodes into Dragoon, and then fills in the missing information.

Although earlier studies with Dragoon used a variety of schemas, the study
described here uses only three: linear, exponential and acceleration. These schemas
are explicitly taught in system dynamics courses.

For example, the model shown in figure 1 is an instance of the exponen-
tial schema. The only difference between the schema and the model of figure 1 is
that the model has specific information from the problem entered into the name,
description, unit and value properties. A linear schema has only an accumula-
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tor node and a parameter node, because the accumulator’s value changes by a
constant amount with each time step.

Fig. 1: Completed model in Dragoon showing Exponential Schema for Population
Growth

3.1 Representing schema mastery with KCs

Our domain models are all based on Bayesian Knowledge Tracing (BKT). We use
the original [3] version, were every KC has four parameters: slip, guess, learning
rate and initial mastery. Forget is always set to 0.

Our first domain model, assumes that each schema corresponds to a KC for
BKT. That is, to model a student, we could use just one number per schema, and
that is the probability that the student has mastered the schema. For example,
when the student creates the model shown in Figure 1, the student must fill
in 5 properties for the “Population” node, 4 properties for the “Increase in
population” node, and 4 properties for the “Growth rate” ode. That is, there
are 13 steps in solving this problem. If we assume that each schema is a KC, then
all 13 steps are mapped by the Q-matrix to the same KC, named Exponential.
Let us call this the schema-only domain model.

However, we have observed informally that students find accumulator nodes
to be quite confusing. On the other hand, parameter nodes seem more easily
understood than the other node types. This suggests that we assigned different
KCs to the different nodes of the schema’s template. By having different KCs
for the same schema, we can assume that the BKT parameters are different. For
example, the exponential schema would be represented with three KC: Expo-
nential accumulator, Exponential function and Exponential parameter. Now we
can express the conjecture mentioned earlier because the learning rate parame-
ter for Exponential parameter could be larger than the learning rate parameter
for Exponential accumulator. With the schema-only domain model, there is only
one learning rate parameter for the whole schema. In our example of a student
creating the model of Figure 1, the Q-matrix would map the 5 steps for defining
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the “Population” node to the Exponential accumulator KC. It would map the
4 steps for defining the “Increase in population” to the Exponential function
KC, and it would map the 4 steps for defining the “Growth rate” node to the
Exponential parameter KC. Let us call this the schema-type domain model.

The main goal of this study presented later is to determine which of these
two domain models provides a more accurate assessment of students’ learning.
However, there is a complexity that needs to be discussed first.

3.2 Representing Compound Schemas

Some problems require applying more than one schema, and in most cases, the
schema applications are linked by a shared node. Figure 2 is an example. It
shows the solution to this problem:

A bus fleet starts with 105 operational buses. Technicians can re-
pair only 6 buses a week, but 9% of the bus fleet fails each week.
Graph the number of bus in service each week for 100 weeks.

The “6 buses per week” part of the problem matches a linear schema. The
“9% of the buses fail each week” matches the exponential schema. They share
the quantity “number of buses in service” since both schemas affect it. Studies
suggest that students have extra trouble when combining schemas to solve a
problem. In particular, they can solve single-schema problems with high relia-
bility, thus indicating mastery of the schemas, but fail miserably at solving a
problem that combines the two schemas [13,15]. This suggests that more KCs
are needed than those mentioned so far.

Several researchers have suggested that there is no generic skill for combin-
ing schemas, but instead students learn compound schemas [26]. A compound
schema is itself a schema, but it is larger. For instance, a single compound schema
would match the bus fleet problem of Figure 2. However, this solutions doesn’t
make sense for Dragoon. A student who has already mastered the linear and
exponential schemas can easily construct three of the nodes in Figure 2; it is
only the shared node, “bus fleet,” that will cause them trouble. To put it differ-
ently, if we were using the schema-only domain model and we assigned all the
steps of Figure 2 to the compound schema – let’s call it exponential linear – then
the domain model would predict that students would make lots of errors on the
nodes that are not shared. This seems unlikely to us.

Our solution is to map only the shared nodes to the KC representing the
compound schema. Table 1 shows how the Q-matrix maps KCs to the steps
required for constructing the model of Figure 2. It shows both domain models.
Notice that only the accumulator, “Bus fleet,” is mapped to the KCs representing
the compound schema. The Q-matrix maps the other nodes to the same KCs as
the single-schema problems.

3.3 Representing node properties

The format of a step can make a big difference to the guess and slip parameters
of BKT. For instance, if a step is a menu that has only 3 items, and the student
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Node Schema-only domain model Schema-type domain model

Buses fixed each week Linear Linear parameter

Bus fleet Exponential linear Exponential linear accumulator

Buses failing each week Exponential Exponential function

Proportion of buses that fail Exponential Exponential parameter

Table 1: KCs associated with steps of nodes in Figure 2.

Fig. 2: Schema Overlap for a Node in Dragoon Problem - Bus Fleet

has not mastered the knowledge involved in answering that step, then the chance
of a guessing correctly is probably about 1/3. If the step requires typing in an
algebraic formula, then the chance of a lucky guess is quite low, and the chance of
a slip is quite high. Thus, the format of steps affects the guess and slip parameters
of BKT.

As mentioned earlier, when defining a node, the student must enter five
properties: its description, type, value, units and expression. The expression is
an algebraic expression that is typed or clicked in, but the others are entered by
selecting from a menu. With both domain models, schema-only and schema-type,
there is a single guess and slip parameter for all 5 properties. This is not likely
to yield accurate predictions of error rates given the disparity in step formats.

One possible solution is to decompose the KCs, reducing their granularity
even further. Thus, we would replace, say, linear accumulator with 5 KCs, such
as linear accumulator units, which would represent mastery of entering the units
property of the accumulator node of a linear schema. Unfortunately, this may
make the KCs overly independent. It predicts, for example, that someone could
master linear accumulator value but have low mastery of linear accumulator units.
This seems unlikely.
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A better solution is to use a combination of BKT with logistic modeling. The
basic ideas is to use functions to replace the slip and guess parameters, which
in standard BKT have constant values per KC. Each function outputs a value
between 0 and 1, which is the range of the slip and guess parameters. The input
to the functions are details about the steps, such as whether the step is a menu
or a type-in box. If it is a menu, the number of menu items could also be an input
to the function. This would allow the functions to compute more values for the
chances of a guess or a slip that are sensitive to the details of the step and thus
likely to be more accurate than constant values. Logistic regression equations are
often used for this purpose. They combine the inputs with a polynomial, then
use a logistic function to compress the value of the polynomial, which can be any
real number, into the 0.0 to 1.0 interval. They are called regression equations
because calibration methods use regression to find values for the coefficients of
the polynomial.

All logistic regressions have a constant term as well as one term for each
input. The constant term is used to represent the dependence among details,
such as the properties. For example, consider a logistic regression for the slip
parameter of the linear accumulator KC. Suppose we want it to be sensitive to
the properties of steps. Since there are 5 properties, the polynomial part of the
equations would be:

C0 + C1 ∗Descr + C2 ∗ Type + C3 ∗ V alue + C4 ∗ Unit + C5 ∗ Expr (1)

The inputs are the variables Desc, Type, V alue, Unit and Expr. If the step
is selecting from the description menu, then Descr = 1 and the others are 0, so
the value for the slip parameter is the logistic function of C0 + C1. Similarly, if
the step is typing in an algebraic expression, then Expr = 1 and the others are
zero, so the value for the slip parameter is the logistic function of C0 +C5. Thus,
the constant C0 represents the portion of the slip parameter that is intrinsic to
this KC, linear accumulator, and the other coefficients represent the portions of
the slip parameter that depend on the format/property of the step.

This version of BKT is called FAST [12]. Although it allows a domain
model where every BKT parameter is replaced by a logistic regression equa-
tion, González-Brenes and other researchers found that replacing just the slip
and guess parameters gives the best performance. We tried several ways of using
FAST, and we too found that replacing only the slip and guess parameters gave
the best performance. Our domain models thus assume that the other two BKT
parameters, initial mastery and learning rate, are constants.

We also tried all logical combination of inputs to the regression equation.
Thus, we ended up with 6 domain models, shown in Table 2. The first column
shows the two KC models discussed earlier, schema-only and schema-type. It also
includes a simple KC model, which assumes that the domain has just 3 KCs,
one for accumulators, one for functions and one for parameters. It serves as a
baseline; all the schema-based domain models should fit better, if the schema idea
has merit. The second column indicates what kinds of terms, if any, are included
in the polynomial part of the logistic regression equations for slip and guess. If the



9

column says “none” then the slip and guess parameters are constants, as in the
standard BKT domain models. Otherwise, it lists the way steps are represented
to the polynomial. The Parameters column lists the number of parameters in
the domain model. The AUC columns present results from fitting these domain
models to data from a study, which is described next.

Serial number KC model Polynomial terms Parameters AUC

1 Node-type Node properties 25 0.805 ± 0.01

2 Schema-type Node types 47 0.699 ± 0.006

3 Schema-type Node properties 87 0.826 ± 0.0041

4 Schema-only Node types 44 0.685 ± 0.012

5 Schema-only Node properties 64 0.826 ± 0.0053

6 Schema-only Node types & properties 108 0.833 ± 0.035

Table 2: Domain models and their fit to the data. AUC is the mean over ten
datasets with the standard error value.

4 Evaluation: the study

We conducted a study to gather data that could be used to test which of the
domain models fit best. The study simply had students solve Dragoon prob-
lems while log data were collected. We were only interested in how competence
increased due to learning the two schemas that were taught, linear and expo-
nential. Thus, we wrote problems that avoided or equated many known sources
of difficulty with word problems [4]:

– The problems did not contain clue words, such as linear and exponential.
– The problems did not contain extraneous, irrelevant quantities.
– All problems contained about the same amount of imagery and details. The

problem of Figure 1 is typical.
– The problems all contained moderately complicated numbers. They avoided

simple numbers such as small whole numbers and they avoided complicated
numbers, such as 0.0021379.

Participants: Participants were a mix of undergraduate and graduate stu-
dents with at least high school algebra mathematics background. They were not
asked about their background in modeling dynamic systems, as we have found in
previous studies that very few students know anything about dynamic systems.
52 students took part in the study.

Procedure: Students came to our lab for one session where they finished 14
Dragoon problems. There was no upper limit to the time it would take. On
average, students completed the problems in 2 hours 11 minutes. Students were
compensated with money.



10

Materials: Two online workbooks were created to teach dynamic system mod-
eling to students. The first workbook introduced Dragoon’s interface to students
along with a few basic concepts about modeling. There were three Dragoon
problems in this workbook, with some multiple choice questions as well. The
second workbook introduced students to the concept of schemas and then gave
students 10 Dragoon problems to solve. The order of the first 7 problems was
random. By randomly ordering the problems, we avoided a known problem with
embedded assessments: competence is hard to detect when problems increase in
difficulty [12]. The last 3 problems were always given in a fixed order and were
quite difficult. This allowed us to compare the predictions of the models across
students. Two of the problems included a novel schema, acceleration, which had
not been taught to students.

4.1 Results

As stated earlier, two different kinds of models were fit and parameters were
learned using FAST algorithm [11]. Data were fit using 5 fold cross validation
(with 42 students for training and 10 students for test data) and results are
presented as an average of the folds. Table 2 shows the average AUC values
achieved for the test data. A higher value means a better fit.

5 Discussion

There is a clear pattern in Table 2, which is that a good fit requires that the
node property be a part of the model. This makes sense, given that slip and
guess are likely to be much different for menus than for typing in an algebraic
expression. If that difference is ignored by the domain model, then the AUC is
less than 0.7. If that difference is included in the domain model, then the AUC
is around 0.8. In retrospect, this is a rather obvious finding. However, it does
not seem to have been quantified in the literature before.

One of our main goals was to compare the fits of the schema-only domain
model and the schema-type domain model. Table 2 shows that as long as the
domain model include node properties, then the fits are very close. The best
schema-type model had an AUC of 0.819 and the best schema-only model had
an AUC of 0.833. Such close fits are common in educational data mining. If
taken at face value, they say that the schema-only model is better than the
schema-type model.

Among the 4 domain models that include node properties, the three that
include schemas (models 3, 5 and 6) have higher AUCs than the AUC of the
first domain model, which ignores schemas entirely. This vindicates including
schemas in the domain model.

Now we are down to considering just three domain models (3, 5 and 6).
They all have about the same prediction accuracy (AUC). However, model 5
(schema-only with a linear regression that includes node properties) has the
fewest parameters. Thus, parsimony suggests it is the best model for these data.
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This ambiguity points to a familiar problem: there may have been too little
data to distinguish the models empirically. Even though the students generated
9336 steps, our schema-based domain models had over many parameters.

Moreover, the problems may have been too easy. Overall, students responded
correctly on their first attempt to 85% of the steps. Even on steps in the prob-
lems involving the acceleration schema, which was not taught explicitly, students
averaged 77% correct on their first attempt.

Nonetheless, if we take the results at face value, then a rather simple domain
model emerges as the best fit to the data: Assign one KC to each schema; Assign
one KC to each nodes shared by two schemas, and include node properties in
the logistic regression equations for slip and guess.

Somewhat ironically, it appears that not only are schemas activated all at
once, perhaps (again, taking the result at face value) these schemas are also
learned all at once. Or at least, assigning one KC per schema is a good approx-
imation for student modeling purposes.
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