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a b s t r a c t
In this paper we address a long standing gap in economic theory—the gap between claims
for the dynamic efﬁciency of trading in markets, and the ﬁndings of formal economic theory,
which justify those claims only under restrictive assumptions. We use agent-based methods
to study the dynamics of exchange with trading agents who are characterized by several
different preference relations. We see that outcomes converge with high probability to
Pareto optima in the cases studied, including the well-known example due to Scarf.
© 2008 Elsevier B.V. All rights reserved.

1. Introduction
This paper presents a dynamic process of exchange – trading – and explores its properties in several different economic
settings. Trading remains an interesting subject in economics, even after some 200 years of analysis and discussion, because
the textbook paradigm according to which trading takes place in markets, market prices adjust in response to excess demand
and converge to a static equilibrium is not supported by formal theory when there are three or more commodities, and
demand functions are general.
Introductory economics textbooks present trade as taking place in markets in which each individuals’ behavior is represented by a demand or supply function whose argument is the vector of market prices. This is typically presented in
elementary textbooks for the case of one or two commodities. These individual functions are aggregated into market demand
and supply functions, or market excess demand functions, which deﬁne a system of equations in prices whose solution is the
equilibrium market price vector—the market-clearing prices. The process by which prices adjust and supposedly converge
to an equilibrium price vector is discussed, and the conditions on market excess demand functions that assure convergence
of prices to the market-clearing prices are also discussed; this discussion is valid in the case of one or two commodities. This
discussion of exchange is used in introductory texts not only because the modeling and analysis can be presented graphically,
but perhaps also because the concepts of markets and of market prices appear to be indispensable to understanding trade
and exchange. There was also a hope, if not a conviction, that our understanding of exchange would remain the same in
an economy with three or more commodities—that prices would adjust dynamically to excess demand and converge to the
static equilibrium prices in all markets.
The appeal of this story to economists is very strong. Instead of having to deal with the individual behaviors of many agents
in a world of many commodities, the behavior of agents is described by their excess demand functions, and aggregated across
agents into market excess demand functions. These form a system of equations whose solution is the general equilibrium—the
simultaneous equilibrium of all markets.
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It took about 150 years, and much intellectual effort, to go from Adam Smith’s insights into the efﬁcacy of markets to a
rigorous formulation of the general equilibrium of an economy and to an understanding of the conditions under which a
general equilibrium exists and has its now familiar optimality properties. The general equilibrium results conﬁrm that the
essential insight expressed in the story of static equilibrium of a two-commodity textbook economy also holds under certain
now well-established conditions for any ﬁnite number of commodities and economic agents.1
The next step was to show that the system of markets and prices will, starting from an arbitrary disequilibrium state ﬁnd
an equilibrium price vector. This would show that the textbook story for the case of two commodities – a story of convergence
from non-equilibrium prices to an equilibrium price vector – is valid for the full class of economic environments in which
general equilibrium exists, and has the optimality properties established for it in the static model.
The approach of aggregating individual behaviors as represented by individual excess demand functions into market
excess demand functions led to a dynamics that looks very much like Newtonian dynamics—a system of differential equations
in prices whose dynamic adjustment depends on the excess demands for all commodities.2 Inconveniently for economic
theory, it has been deﬁnitively shown that this dynamic system converges to competitive equilibria only in a restricted class
of economic environments, a class too restricted to make this result satisfactory. For instance, Scarf’s example (1960), which
shows that any continuous function of prices that is homogeneous of degree zero, satisﬁes Walras’ Law, and a condition called
‘desirability,’ can be an excess demand function in an exchange economy—illustrates that the class of economic environment
for which Smith’s insight is valid is too limited to justify general claims of efﬁciency of markets.3 Indeed, it is now wellestablished that the classical approach does not ﬁnd a static general equilibrium in the full class of economies in which
general equilibrium exists and has the optimality properties established for it by the now classical welfare theorems of
general equilibrium theory.
Frank Hahn’s essay “Stability” (1982) reviews the literature on stability of exchange up to about 1978. Most, but not
all, of that literature discusses exchange in markets where agents are characterized by excess demand functions. Other
approaches include processes inspired by Edgeworth’s recontracting process, and still others are processes based on distributed algorithms for computing equilibria. Most of the mathematical formulations of the problem follow Samuelson
(1941, 1942, 1947) in using differential (or difference) equations to model the simultaneous adjustment of commodity
prices across markets. Perhaps inﬂuenced by a desire to stay within the mathematical structure of differential equations,
Smale proposed a dynamic model based on Newton’s method for solving non-linear equations. Smale’s price adjustment
process (1976a,b) converges to an equilibrium price vector provided that it starts from a price vector near the boundary
of the price simplex—the domain of relative prices. This is awkward, and calls into question the economic interpretation of the dynamics. Moreover, analysis by Saari and Simon (1978) shows that Smale’s process must use essentially all
the entries in the Jacobian matrix associated with the differential equations. This imposes an impractically large burden
of information—one that would make the dynamic process infeasible for all but tiny economies. Subsequently, Jordan
(1987) showed that for a broad class of adjustment mechanisms, including excess demand dynamics, any continuous time
adjustment process that is locally stable at a Walrasian equilibrium must use messages large enough for each trader to
communicate both his excess demand and the derivatives of his excess demand at the current prices. Jordan’s conclusion is:
“the well-known informational efﬁciency of the competitive allocation mechanism is limited to the static model” (1987, p.
194).
The situation outlined in the preceding paragraphs reveals a gap between claims for the dynamic efﬁciency of markets
found in introductory textbooks – and in some popular writings – and the ﬁndings of formal theory. This gap presents
economists with a challenge. Responses to this challenge have generated a large literature aimed at providing a foundation
in theory for claims about how economic institutions could lead to ‘optimal’ or ‘efﬁcient’ economic exchange, and have led
to a search for alternatives to excess demand price dynamics.
One line of response to this challenge has its roots in computer science. Developments in distributed computation have
inspired research in which computational algorithms—including distributed computational processes ﬁnd – compute –
market equilibria, or optima. There are many ingenious algorithms in this literature—too many to review here. But we
mention one approach that seems to us closest to economic processes, and also illustrates a serious difﬁculty with dynamics
based on computational algorithms.
Scarf (1960) and Kuhn (1968) present two different processes for computing an equilibrium price vector. The two processes
are dual to one another. Joosten and Talman (1993) presented a process that combines Scarf’s algorithm with Kuhn’s, creating
three algorithms that share a common feature; the shared feature is that the order in which prices are adjusted is part of the
process.4 We quote: “In the process, the price of the commodity having the highest excess demand is initially increased, and
simultaneously the price of the commodity having the highest excess supply . . . is decreased. The prices of other commodities
are initially not changed.”

1
The literature on general equilibrium theory is very large. Arrow (1951) contains the pioneering analysis. Debreu (1959) is a widely used source for this
literature.
2
Samuelson (1941) presented an important mathematical formulation of these dynamics in economic theory. Samuelson refers to Walras’ idea of
tâtonnement (Walras, 1954), an idea that is at the foundation of many attempts to model the dynamics of exchange.
3
See Scarf (1960) together with the papers Sonnenschein (1972, 1973), Shafer and Sonnenschein (1982) and references cited there. The papers Arrow
and Hurwicz (1958, 1960) show restricted classes of cases for which the textbook claims are valid.
4
They also cite a number of other papers that take similar approaches.
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One difﬁculty with processes of this kind is that the selection of the prices to be adjusted initially, and those not to be
changed initially, is not an activity that can be expected to be part of a ‘natural’ economy, especially a large one. Who is to ﬁgure
out which commodity is in highest (or lowest) excess demand, and then adjust the price? As useful as distributed algorithms
might be for computing, their application to dynamics of exchange is problematic. Adam Smith’s famous observation is, to
paraphrase, that ‘the market’ functions so that independent actions of each of a multitude of people, each motivated by his
own interest, leads ‘as if by an invisible hand’ to an efﬁcient economic outcome. This suggests that a distributed algorithm
that computes equilibria would have to be executed spontaneously by individual agents who are not taught their steps in
the algorithm. It seems that the analogy between free exchange among agents and distributed computation in a computer
network works only one way—for our purposes, the wrong way.
Another line of response (also discussed by Hahn) uses approaches more closely related to Edgeworth’s exchange model
than to excess demand models. This latter group includes a paper that presents a stochastic process of bids and exchanges—the
B-process studied by Hurwicz et al. (1975a,b), brieﬂy HRR.5 They show that the B-process converges to Pareto optima in a
class of environments that includes ones in which the competitive mechanism has (static) equilibria, and also ones in which
it is not guaranteed that static competitive equilibria exist, or exist and are Pareto optimal.6 For instance, in environments
with indivisibilities or other non-convexities competitive equilibria might fail to exist, or, if they do exist, might not be Pareto
optimal.7 The focus in HRR is on the analysis of the stochastic process that models the behavior of economic agents, and on
the consequences of their interactions, and compares the outcomes to those of standard economic theory. At each step of
the B-process an array of proposed trades – bids– is determined to be consistent or inconsistent —adds up to the zero vector,
or not. The HRR paper leaves open the details of the process by which such a determination is accomplished.8
There is also a substantial literature reporting laboratory experiments in trading. These have so far been necessarily small
scale, with a limited number of agents and a limited number of commodities. In many experiments that involve trading,
demand or supply functions are induced in the experimental subjects by the experimenter in order to simulate a textbook
market in which prices are adjusted in response to behavior that results from the induced demand and supply functions.
Experiments tend to show that the behavior of experimental subjects is roughly consistent with what economic theory
assumes. It is not clear how much of the behavior observed in small scale experimental settings survives in a large economy,
especially in sectors of the economy in which trading is not formally structured by organized markets. Vernon Smith and
Charles Plott have pioneered this approach to studying trading.
To summarize, the now classical results of static general equilibrium theory – the classical welfare theorems – do not
have the force they would have if general equilibrium were shown to be dynamically stable. A theorem to that effect would
be the foundation for a claim that an economy organized by competitive markets would ﬁnd competitive equilibria, to which
the classical welfare theorems would apply, and so constitute a formal veriﬁcation of Adam Smith’s insight. This state of
affairs set in motion a search for an alternative to the classical excess demand dynamics of price adjustment. That search has
generated a large literature in which a variety of approaches is represented. The search continues.
This paper is a contribution to that literature. More speciﬁcally, we use the modern computational approach of agent-based
modeling in an attempt to overcome the longstanding problems with the classical (Newtonian) dynamics. To understand this
approach it is suggestive to consider dynamic behavior of societies of non-human living creatures—for example, honey bees.
Honey bees live in fairly complex societies that exhibit specialization in their activities. Bees perform specialized activities
by which the processes needed to maintain the society of the hive are carried out. Of course, a society of bees is much
simpler than a human society, but both require internal communications to coordinate the actions by which the economy
functions and is able to maintain the society. Other animal and insect societies exhibit similar problems of coordination, and
associated needs for communication. Generally, such processes of social coordination of activity are not well represented
by differential equations models of aggregate phenomena; agent-based models appear to do better in some cases (Miller
and Page, 2007). Moreover, in comparison to other computational approaches that have been used to study the dynamics of
exchange, agent-based models provide for a more plausible and straightforward interpretation of the behavior of economic
agents.
Building on the ideas of HRR’s B-process, the economic agents are “boundedly rational”; we use stochastic elements in
modeling behavior; the processes of trading are not aggregated—the trading behavior and transactions of individual agents
are followed separately; and there are no prices. To explore and understand the dynamic performance of our decentralized and
stochastic trading processes, we develop and experiment with computational, agent-based models.9 We demonstrate that a
decentralized, agent-based process can ﬁnd efﬁcient outcomes in economies with multiple agents and three-commodities,
including the cases like the Scarf example that have historically posed problems for economic theory. We do not attempt to
provide formal theorems and proofs of our ideas. Instead, the focus is on the dynamic process and its long-run tendency,

5
The B-process is based on a process presented by Reiter at a conference held at Purdue University in 1959 (Reiter, 1959), and also appeared in Reiter
(1981).
6
The B-process is deﬁned for both discrete and Euclidean commodity spaces. It accommodates production as well as exchange. The HRR papers do not
analyze the speed of convergence. Subsequently, Bala (1988) investigated the speed of convergence of the B-process, and, to summarize very brieﬂy, found
that it converges rather fast in the examples studied.
7
Stimulated by the B-process, Matsui (1981) proposed a stochastic adjustment process for non-convex and indecomposable environments.
8
Hahn interpreted it as requiring a central agent who functions like the Walrasian auctioneer. This is not so, as the present paper shows.
9
The models are developed using the NetLogo Programmable Modeling Environment (Wilensky, 1999).
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with the larger goal of this work being to provide an example of how an agent-based framework can be used to tackle the
still unsolved problem of the stability of equilibria.
We turn now to a description of our model of trading.
2. A dynamic model of exchange
2.1. Overview
The approach presented in HRR, and elaborated here, sacriﬁces the economies of thought that result from describing
trading as taking place in markets, each with a single market price, and correspondingly describing behavior of agents by
excess demand functions of prices. Instead, economic exchange takes place in a space in which all agents live and move
around—one can visualize it as an ‘ocean.’ Most agents have limited capacity to search for opportunities to acquire what they
will consume. This is perhaps because they are engaged in specialized productive activities. An agent who has a full-time job
or profession cannot routinely devote a lot of time and effort to exploring trading opportunities. Such agents are visualized
as moving around slowly in a small space. There are opportunities for other agents to specialize in trading—to be professional
traders who seek to proﬁt from arbitrage.10 Agents who are professional traders can be visualized as moving rapidly over a
large space that includes the small spaces in which the consumers reside and function.11 The traders spend their working
time communicating with ordinary agents, and so together they determine endogenously which trades take place and which
do not. There is no agent (or institution) who decides whether a set of proposed trades should take place. This model seems
descriptively closer to what is often observed, and seems closer to the kind of process referred to in Adam Smith’s comment,
and in the many discussions of economic exchange found in the informal descriptive economics literature.
2.2. Deﬁnitions and notation
Because of familiarity with them we use Euclidean spaces to present ideas. We take commodity spaces to be
discrete—usually a lattice in a Euclidean space. We could consider commodity spaces that are continua, as is done in one
case of the B-process, but we would not escape the fact that computing is a ﬁnite process. This should cause no difﬁculties.
Commodities: C = {c1 , . . . , cM }; cm is commodity m;
Traders: T = {trad1 , . . . , tradk }; tradk is trader k;
Consumers: I = {con1 , . . . , coni }coni denotes consumer i.
The commodity space is denoted Y ⊆ RM ;
The consumption set of coni is Y i ;
The initial endowment of coni is ωi ∈ Y i
The feasible set for trader tradk is RM ;
RM denotes the M-dimensional Euclidean space;
The initial endowment of tradk is 0 ∈ RM ;
For i ∈ I; ui : Y i → R is the utility function of coni .
Where the meaning is clear from the context, we will use the subscript to identify a vector component; thus, instead of
writing cm we write m for the m th commodity, k for tradk , and i for coni .
2.3. Trading
Trading proceeds in rounds. Each consumer meets one or more traders in each round t. If coni ’s meets tradk in round t,
she tenders a bid, bi,k (t), to tradk . If coni meets more than one trader in a round, then she tenders a bid to each one. The bids
that coni makes to different traders in a round need not be the same. After receiving bids, each trader can either accept a
bid received, not accept a bid received, or modify a bid received and accept the modiﬁed bid. The details of these actions are
described below.
If coni ’s bids have been accepted by one or more traders, then coni conﬁrms, or does not conﬁrm each accepted bid. A
conﬁrmation by i veriﬁes that she agrees to the proposed transaction. A consumer can conﬁrm a bid in a given round only if
the totality of her bids is f easible for her. Conﬁrmation requires that coni can in fact transfer the commodities involved in
each of her conﬁrmed transactions, given her resource constraints.
A conﬁrmed bid determines a point in the consumer’s consumption set—the point that results from the conﬁrmed trades.
A trade can be virtual or actual. Virtual trading is characterized by the requirement that the initial endowment of each

10
We do not include speculative trading by professional traders in this analysis. Trading is a function that might be performed by an institution, an
organized exchange, or by specialists. Here we personalize them as agents of those possible institutions – “traders” – who meet and trade with “ordinary”
economic agents.
11
In HRR, the former were somewhat fancifully called ﬂounders, and the latter sharks.

1402

S. Reiter, S. Maroulis / Journal of Mathematical Economics 44 (2008) 1398–1412

agent is the same in every round. If trading is virtual, then that trade leaves the endowment of those agents unchanged,
but the benchmark trade of each consumer, and the reference point of each trader change as if the trade were actually
carried out. This corresponds in spirit to the Walrasian tâtonnement in that only the information acquired in preceding rounds changes from round to round, but not the stocks of commodities held by the participants. In actual trading,
the stocks of commodities held by consumers and traders change from round to round as a result of acceptance and
conﬁrmation of bids. A conﬁrmed trade must be virtually feasible, if trading is virtual, or actually feasible, if trading is
actual.
Each consumer has a bidding distribution, a probability distribution that gives positive probability to a subset of trades
that have (weakly) higher utility for him than a speciﬁed b enchmark trade, and zero probability to trades that have
lower utility than that benchmark. Initially the benchmark is the initial endowment of the consumer. If the consumer
makes a bid that is accepted and conﬁrmed, the resulting holding becomes the benchmark for that consumer in the next
round.12
The process assumes that a consumer has limited time and attention to devote to searching and bidding. This assumption is not modeled explicitly, but underlies how we model a consumer’s behavior. It would be natural to suppose that
a consumer would bid strategically. This would be compelling if the consumer had relevant information about the consequences of alternative bids in the set of bids she can choose from. But in our model a consumer knows nothing about
the traders she might meet, or about the bids available to other consumers, or the choices they might make. The situation could perhaps be modeled in a Bayesian framework, but in the situation of trading that we posit, that would
be excessively complicated. Nevertheless, the behaviors of consumers can be seen as based on mixed strategies in a
game that is not formally speciﬁed, and therefore as having only an intuitive justiﬁcation. Informal thinking suggests
that when there are many agents and endowments are small relative to the total endowment, individual agents have
little or no power to inﬂuence prices, and so behave as price takers. This insight is supported by game theoretic models of trading processes that lead to efﬁcient outcomes in large economies even when individuals do consider strategic
behavior. The literature on large games, including the pioneering contribution by Shapley and Shubik (1977), conﬁrms
the assumption that individual agents have no incentive to bid strategically. Games such as Shapley and Shubik (1977)
do include something like a central agent—an institution that computes the total of bids to buy or sell in order to determine the outcome of the game. This appears to be out of keeping with the story of trading that is the foundation of our
work.
We make several alternative speciﬁcations of the bidding process in what follows.
The behavior prescribed for a trader is to try to make arbitrage proﬁt, i.e., accept a set of bids such that the trades they
imply result in some commodities going to the trader. Implicitly, this expresses the idea that a trader values a unit of any
commodity the same as unit of any other. (Recall that there are no prices.)
A trader considers the bids that are tendered to him in a given round, modiﬁes certain of the bids received, and decides
on a subset to accept in that round. That subset includes the modiﬁed bids, but could be empty. tradk is characterized by a
non-positive parameter ȳk called his acceptance parameter. The trader accepts a set of bids that satisﬁes two conditions:
1. he accepts a subset such that the sum of the bids in that subset has no positive components, and
2. that sum exceeds his acceptance parameter ȳk in absolute value.
The behavior of tradk has two parts: ﬁrst, to choose his acceptance parameter ȳk ; second to specify a criterion for accepting
a subset of bids tendered. For instance, in one special case he accepts the largest such subset; in another he accepts a subset
such that the sum of its elements is as negative as possible, provided that it exceeds ȳk (t) in absolute value.
Thus, a trader who accepts a bid to, say, receive 2 oranges, for 3 apples agrees to accept the oranges in exchange for the
apples. That trader has zero initial stocks of apples and of oranges. Therefore the trader can accept a set of bids only if the sum
of the bids in the set is a vector with no positive components. (Each negative component of the sum is a positive acquisition
for the trader; each positive component is something he gives up.) A trader can revise his choices after each round. The sum
of all bids that are accepted by tradk in a given round, and conﬁrmed by the bidders who have made them, is the reference
point of tradk in the next round.13
As is the case with consumers, when trading is virtual each trader’s endowment at the beginning of the next round reverts
to his initial endowment—the zero vector. If the completed round is the terminal round, then the holdings of consumers do
not revert to the initial endowment, and the same is true of the ﬁnal holdings of traders. The reason for this becomes clear
when we consider the process of assessing the properties of the situation reached when the trading process stops.

12
This is the behavior of all agents in the B-process presented in HRR when the subset chosen is the upper contour set of the benchmark trade. Here only
the consumers behave probabilistically.
13
In this structure, when the traders can modify their acceptance criteria in response to experience, a trader whose acceptance criterion is less demanding
than those of other traders will tend to get more conﬁrmed bids, and consequently increase his “proﬁt” and reduce the “proﬁt” of other traders, leading
other traders to use less demanding criteria. This process could reduce the reference point of traders to 0 in the limit. In the computations that we report
in this paper the traders’ reference points are all 0. This gives us a more demanding test of the dynamics, namely, a test of whether the process converges,
and whether it converges to something optimal or efﬁcient even in the absence of competition among traders.
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2.4. Bidding with several consumers
We specify the process in steps, assuming ﬁrst that trading is virtual. In round t the consumer, coni , chooses a point in the
i (t))).
upper contour set of his current benchmark, wi (t). Let that point be (yi (t) = (y1i (t), . . . , yM
We assume that coni has limited capacity to search, and knows this. She therefore restricts her search to a relatively small
region of her consumption set based on her current benchmark. Let coni ’s benchmark in round t be wi (t), and let H i (wi (t), r i )
denote the hypercube in RM 14 with center wi (t) and radius r i ≥ 0
Let wi (1) be the initial endowment of coni , and also the benchmark of coni in round 1. Given a benchmark x ∈ Y i we denote
the non-negative orthant of RM translated by x by Q + (x), and the non-positive orthant translated by x by Q − (x). For given x, a
trade represented by yi − x where yi ∈ Q + (x) means getting something for nothing, and yi in Q − (x) means giving something
for nothing. These orthants can be excluded from the space. We deﬁne
Ȳ i (x) :=

Yi
(Q + (x) ∪ Q − (x))

Recall that utility function of coni is
ui : Y i → R,
and let U i (yi ) ⊆ Y i be the upper contour set of the point yi in the space Y i . Furthermore, let
V̄ i (wi (t)) = U i (yi ) ∩ Ȳ i (wi (t)),
be the upper contour set of yi in Ȳ i and let Di (wi (t)) be the uniform distribution on the set V i (wi (t)). This is coni ’s bidding
distribution in round t.
According to the trading process described above, when coni meets tradk in round t she tenders a bid bi,k (t) ∈ U i (wi (t)).15
When a trader receives a set of bids from consumers he meets, his behavior is to seek a subset of the bids received whose
vector sum has no positive components. The trader can accept such a subset, or he can seek further among the acceptable
ones for a subset such that the vector sum of its elements is largest in absolute value among all available subsets whose
vector sum has no positive components. Other speciﬁcations include the case in which each trader specializes in a subset of
commodities, and the case in which a trader meets a subset of other traders, without meeting any consumers.
To speed up trading we provide a form of bargaining between trader and consumer. We permit a trader faced with a set
of bids to reduce some or all of them in magnitude. Thus, suppose that tradk receives bids, say, b1,k (t), b2,k (t), . . . , bp,k (t),
where p is the number of consumers that tradk meets in a round (and is not necessarily all N consumers). He can replace
those bids with the bids 1 b1,k (t), 2 b2,k (t), . . . , p bp,k (t), where 0 ≤ i ≤ 1, hence “scaling-down” the size of the bids. Note
that i can be zero, resulting in a counter-offer to only a subset of the consumers met in that round. In choosing the scalars,
tradk attempts to maximize the proﬁt from the potential trade (i.e., the total number of commodities that are left for him).
(t), . . . , bi,k
This entails solving a linear programming problem for tradk , namely: Given an array of bids, bi,k
p (t), ﬁnd scalars
1

p

i bi,k (t) ≤ 0 the most negative, subject to the constraint that the proposed trade is feasible for
1 , . . . , p that make
i=1
tradk .
It is possible that a consumer meets more than one trader in a given round. In that case such a consumer can submit
different bids to different traders she meets, and further possible that two or more such traders each accept her bid. In that
case the consumer may not be able to conﬁrm all her accepted bids. As a result a trader who accepted an array of bids that
includes one that is not conﬁrmed would in general have to revise the set of bids he accepts in that round. He must eliminate
all bids that are not conﬁrmed in that round, and see whether or not the remaining subset is acceptable.
The following two very simple examples make clear how this works. The ﬁrst example illustrates the effect of scaling
down some bids in order to achieve trades; the second example shows a case in which a failure to conﬁrm an accepted bid
requires the trader who accepted it to revise his replies to other bids received.
Example 1: Two commodities, two consumers, one trader:
con1 has 8 apples and want to trade them for 12 pears, and con2 has 7 pears and wants to trade them for 5 apples. Thus,
the two bids would be (−8, 12) and (5, −7), which results in (−3, 5) for the trader—an unacceptable result for the trader
because of the positive component. If trad1 were to reduces con1 ’s bid by half, to (−4, 6), and the reduction were accepted,
then the trade is (−4, 6) + (5, −7), which results in the feasible outcome of (0, −1) for the trader.
Example 2: Two commodities, at three consumers, two traders:
When there is more than one trader, and some consumers meet two or more traders, the process requires an additional
step. Suppose that the bid of con1 to trad1 is (3, −10), con2 bid to trad1 is (−1, 4), and con3 ’s bid to trad1 is (−2, 5); thus trad1
accepts all three bids she receives in this round. Suppose further that con1 ’s bid to trad2 is (7, −8), and that trad2 receives

14

Computations are done with integer amounts of commodities, but to present ideas we prefer to use RM .
Variants of this speciﬁcation are discussed in which a subset of traders can meet a given consumer in each round. In one case every trader meets every
consumer. Various speciﬁcations are discussed below.
15
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bids from other consumers such that he accepts con1 ’s. However, con1 ’s response to the acceptance of his bids by both trad1 ,
and trad2 is to conﬁrm his bid to trad2 and not conﬁrm his bid to trad1 . Then trad1 is left with the two conﬁrmed bids, (−1, 4)
and (−2, 5). This pair of bids is infeasible for the trader, so he must inform con1 and con2 that their bids are not accepted in
that round.
To summarize, the trading process proceeds in four steps per round: each consumer submits bids to each trader who
visited; each trader proposes a counter-offer to each consumer, in the form of a possibly scaled-down, or even empty, bid;
each consumer with a non-empty counter-offer decides whether or not to conﬁrm the proposed transaction; after receiving
conﬁrmations or disconﬁrmations from all the relevant consumers, each trader decides whether to v erify the proposed
trades, checking to see if they are still f easible.
2.5. Trading structures
In addition to being either virtual or actual, trading can also take place on different trading structures. A structure involves
a number of parameters. These include:
the number of commodities;
the number of consumers;
the number of traders.
Meetings between traders and consumers, and traders and traders can vary in a set of patterns of contact including:
1. In each round each trader meets a random selection of consumers.
2. The set of consumers is partitioned into ﬁxed subsets; this captures the case where consumers are located in distinct
separated areas, or are part of some other partition into classes, and traders are also partitioned into groups that meet
only with designated subsets of consumers; a special case of this is a structure in which one trader meets all consumers.
3. The set of traders has a hierarchical structure; traders are placed at different levels; a trader at level 1 meets consumers;
if there are traders at level 2, those traders do not meet consumers, but a level 1 trader might also meet a trader at level 2.
If there are traders at level 3, they would meet traders at level 2, and so on up the levels of the hierarchy. A trader at level
l who receives bids that she cannot accept can, if she meets a trader at level l + 1, transmit a subset of them – possibly the
entire set – to that trader. The trader who receives those bids can accept a subset of the bids submitted, provided that the
sum of the bids in that subset is a vector whose components are non-positive.
4. The set of traders are partitioned by commodities; in one case all traders deal in the same set of commodities, namely, all
commodities; in another case, each trader specializes in a single commodity which is exchanged for numeraire.
5. A combination of the structures above (e.g., hierarchical and commodity-based partitions).
In summary, the dynamic behavior of the trading process depends on whether trading is virtual or actual; the structure of
the set of traders; the consumers and traders who meet in a given round; and each trader’s choice of his acceptance parameter
ȳk , and the additional criterion he uses to select a subset of bids to accept. Our aim is to use computational, agent-based
models to study the dynamic paths and limits generated by particular speciﬁcations of such a trading process. In doing so,
we acknowledge that our computational approach cannot include all possible scenarios of economic interest.16 Section 4
describes in detail the structures used in our initial investigation.
3. Efﬁciency
The basic criterion used in economic theory for evaluating allocations of commodities is Pareto optimality. However, at
certain levels of detail other criteria are sometimes used. For instance, in evaluating the efﬁciency of a ﬁrm operating in a
market setting, proﬁtability might be used as the criterion of efﬁciency. In studying a process of trading, one might want
to look at two things: ﬁrst, how close is the result to being efﬁcient in the sense of Pareto optimality, and second, how
much of the traded goods are diverted from “ordinary” economic agents who participate in trading to those who operate the
processes of trading. In our case the traders are the intermediaries through whom trade is conducted, and they might end
up with positive stocks of commodities. And, because of randomness in our trading process, it is possible that trading comes
to a stop while there are still possible trades that are not consumated. Moreover, because of random elements in trading
behavior, our evaluation of the outcomes of the trading process is probabilistic.
We could in principle derive the probability distributions over outcomes that are implicitly determined by the probabilistic elements in the behavior of agents—the distributions that govern the selection of bids by consumers and the
probabilities that govern meetings between consumers and traders. We could then analyze the properties of the limits,

16

In the computational experiments that follow all traders deal in all commodities, and we have at most two levels of traders.
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if any, to which our process converges—the Pareto optimality or other efﬁciency properties of the generated limits. But
in our model the commodity space is a bounded discrete set, the number of agents, their endowments of commodities,
and the number of points in the set of feasible allocations are all ﬁnite. Further, the bids of each consumer are monotone increasing in utility. Therefore in our setting we can be sure that the limits exist. The problem is to recognize that
the process has arrived at a limit—a state at which no further trades can take place, although continued bidding does take
place.
If there is just one trader, the process presented here is closely related to the stochastic process of bids and
acceptances presented in HRR. In HRR there is an agent – a referee – who examines the bid of each consumer
in each round, and determines whether the components of the entire vector of bids add up to zero. If so, the
implied transactions take place, and the process continues with a new round of bidding. Therefore, when the environment – the commodity space, the preferences and initial endowments of consumers – is among the set of
environments covered by the HRR results, we can say that the limiting bidding distributions exist, and that the
benchmarks that correspond to that distribution are Pareto optimal, although the process of bidding continues indeﬁnitely.
In contrast to the process in HRR, our process does not necessarily have a referee who sees all bids in each round.
We can have more than one trader, and each trader might see only a proper subset of the bids made in that round.
With more than one trader the situation is more complex. Nevertheless, in the process of trading, the benchmarks will
go to a limit, but without further speciﬁcations that limit is not necessarily Pareto optimal. The following example shows
this.
Suppose there are two traders, trad1 and trad2 , with zero endowments of two commodities, and two consumers, con1
and con2 . con1 has 3 apples and no oranges, i.e., (3,0), and offers to trade 3 apples for 2 oranges, i.e., bids (−3, 2); con2
has 3 oranges and no apples, i.e., (0, 3) and offers to trade 3 oranges for 2 apples, i.e., bids (2, −3). Suppose the two consumers meet different traders in a given round, say, con1 meets trad1 and con2 meets trad2 . trad1 cannot accept con1 s
bid, because he has no apples, and trad2 cannot accept con2 s bid because he has no oranges. Consequently, the limiting allocation is (3, 0), (0, 3), which is not Pareto optimal, because con1 prefers (0, 2) to (3, 0), and con2 prefers (2, 0) to
(0, 3).
This condition can arise if, say, the two consumers are geographically, or for some other reason, separated, and the two
traders are also correspondingly separated. In such a case a third trader trad3 can be introduced, a trader who meets both
trad1 and trad2 , who ‘lay-off’ bids received that they cannot accept.
Suppose there is just one trader, trad1 , who receives both bids in round 1. Then he can accept both bids; their sum is
(−3, 2) + (2, −3) = (−1, −1) which is a proﬁt of one apple and one orange for trad1 , and an increase in utility for both con1
and con2 . The new benchmarks are: (0, 2) for con1 and (2, 0) for con2 . In the case of virtual trading, the endowments remain
(3, 0) for con1 , (0,3) for con2 and (0,0) for trad1 .
For con1 the point (1, 2) is in the upper contour set of (0, 2). Hence his bid in round 2 is (−2, 2) with positive probability.
Similarly, con2 s new benchmark is (2, 0), and with positive probability con2 s bid in round 2 is (2, −2). The probability that
both bids are made in that round is also positive. In that case trad1 receives the array of bids (−2, 2) and (2, −2). Their sum
is (0, 0), so this trade is made. It results in the new holdings for con1 :
(3, 0) + (−2, 2) = (1, 2)
and for con2 :
(2, −2) + (0, 3) = (2, 1)
If the virtual process were to end now because we think it may have converged on a limit (perhaps because we have run
the process for a large number of rounds and observe that no further trading occurs), it is evident that this allocation of the 3
apples and 3 oranges between the two consumers, with nothing left for the trader, is Pareto optimal. Within the agent-based
model, we can check to see if the process has indeed converged by introducing a test trader who receives the most recent
benchmarks and calculates whether there are any potential trades left to make. The test trader can also be used to evaluate
the Pareto optimality at this limit.
As a ﬁnal clarifying point, note that the execution of the second virtual trade assumes that the trader does not
behave strategically in order to preserve the more beneﬁcial outcome of (−1, −1) from the ﬁrst round. While one
could certainly explore outcomes in the model where the traders misrepresent their ability to make a trade with consumers, the current model is based on our conception of a trader as a simple, rule-following agent facing a highly
uncertain world. Such an assumption can be defended on the grounds that the trader is an agent of an institution
that has decided upon those rules; or alternatively that faced with the uncertainty of what the future rounds bring,
the trader just accepts all trades that are feasible as they appear (e.g., the trader does not know whether accepting an offer that results in (0,0) in round 2, will lead to offers that result in holdings better or worse than his
holdings in round 1). It is on similar grounds that we do not include the trader in our calculations of Pareto optimality.
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4. Computational experiments
In this section, we report the results of computational experiments we use to investigate the properties of the trading
process described in Section 2. We examine two classes of cases, one with one trader and three consumers, and the other
with 3 traders and 30 consumers; in this case the set of traders has a hierarchical structure.
4.1. One trader, three consumers
4.1.1. Parameterization
The simulated economy consists of 3 commodities, 3 consumers, and 1 trader. The trader deals in all 3 commodities and
meets all 3 traders in every round. We note that a round does not correspond to any particular unit of time; a round is an
instance of contact between a trader and a speciﬁed number of consumers.
Initial endowments for the consumers were assigned randomly at the beginning of the simulation; each consumer was
given n of each good, where n is a random draw from the uniform distribution on the interval [1, 4] in the set of integers.
Consumer bidding takes place exactly as discussed in Section 2.4. All points in the consumer’s upper contour set have an
equal probability of being chosen, and we set the radius, r i , of hypercube, Hi (wi (t), r i ) equal to 2. We consider four possible
utility functions that underlie the behavior of consumers:
• Cobb-Douglas utility functions, given by17 :
u1 (x1 , y1 , z1 ) = x1˛1 y1ˇ1 z11
u2 (x2 , y2 , z2 ) = x2˛2 y2ˇ2 z22
u3 (x3 , y3 , z3 ) = x3˛3 y3ˇ3 z33
• Utility functions in which the three commodities are pure complements, given by:
u1 (x, y, z) = u2 = u3 = min{x, y, z}
• The utility functions used in Scarf’s example – a special case of pure complements – given by:
u1 (x1 , y1 , z1 ) = min{x1 , y1 }
u2 (x2 , y2 , z2 ) = min{x2 , z2 }
u3 (x3 , y3 , z3 ) = min{y3 , z3 }
• Non-concave utility functions, given by:
u1 (x1 , y1 , z1 ) = ˛1 x1 + ˇ1 y1 + 1 (z1 )2
u2 (x2 , y2 , z2 ) = ˛2 x2 + ˇ2 z2 + 2 (y2 )2
u3 (x3 , y3 , z3 ) = ˛3 y3 + ˇ3 z2 + 3 (x3 )2
Such functions can result in disconnected upper contour sets. For instance, in the conventional two-person Edgeworth
Box graphic, a given point represents an allocation of the two goods between the two agents, the intersection of the
two upper contour sets is a lens-shaped area. When preferences are not convex, that intersection can consist of several
lens-shaped regions that alternate between being in the upper contour set, and being in the lower contour set.
Trader behavior takes place as described in Section 2 with one exception. In the three-consumer case, the bargaining
behavior between consumer and trader introduced to speed up trading is not necessary. The trader’s acceptance parameter,
ȳk , is set to zero.
4.1.2. Virtual trading
Table 1 shows the results of 100 runs of this trading structure under the virtual trading regime. Each run consists of 10,000
rounds instances of contact—between a trader and the set of 3 consumers.

17

In cases where there are only three consumers: ˛1 = ˇ2 = 3 = 0.495; ˛3 = ˇ1 = 2 = 0.33; ˛2 = ˇ3 = 1 = 0.175.
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Table 1
Summary of 1 trader, 3 consumer results (virtual trading, 10,000 rounds)
Utility Fn

N

Conv.

U. limit

Conv. time

Pareto Opt

Pct proﬁt

Cobb-Douglas
Pure Compl.
Scarf
Non-Concave

92
70
100
100

69
70
83
95

69
5
9
95

3.14
10.4
11.4
6.38

68
67
79
93

0
0.60
0.45
0

N, Number of total runs. Runs with initial endowments with zero potential trades are not included. Conv., Number of runs that converged to a limit. U.
limit, Number of runs that converged to a limit of one repeated trade, as opposed to cycling through a set of trades. Conv. time, Mean number of trades to
convergence. Pareto Opt, Number of runs that converged to a limit that is Pareto optimal (assuming that the trader does not re-contribute any proﬁt). Pct
Proﬁt, Mean percentage of total goods captured by the trader.

Fig. 1. Distribution of ﬁnal trader proﬁt across convergent runs (virtual trading).

• N represents the number of runs for a given utility function.18
• The ‘Convergence’ column shows the subset of N runs that converged to a limit. Convergence is determined by enumeration
(there are only three consumers). Given each consumer’s utility function we are able to examine all possible combinations
of potential trades that remain after the run concludes.
• ‘Unique Limit’ denotes the subset of N runs that resulted in a limit that consists of only one possible trade.
• ‘Convergence Time’ is the average number of trades (not rounds) it took for the process to converge to its limit, averaged
across all convergent runs for a given utility function.
• The ‘Pareto Opt’ column lists the number of runs for which the ﬁnal holdings of goods could not be rearranged in a
manner that increased the utility of one consumer, without decreasing the utility of another. Because there are only three
consumers, this determination is made by enumerating all remaining trading options available after convergence.19
• The ﬁnal column, ‘Pct Proﬁt,’ reports a crude indicator of trader proﬁt—the percentage of total commodities captured by
the trader in the last round of the virtual trading process.20
For example, Table 1 shows that for the trading structure using the Cobb-Douglas utility speciﬁcation, 92 of the 100 runs
were initialized with consumer endowments that permitted trading, 69 of those 92 runs converged within 10,000 rounds,
each of the 69 runs converged to a unique limit, and 68 of the 69 converged to a Pareto optimal point. On average across the
92 runs, it took 3.14 trades before the process converged.
The ﬁrst thing to note about the virtual trading results is that the process most often converges to a stable limit. With the
Cobb-Douglas and Non-Concave utility functions, this limit always turned out to be unique; the process reaches a point after
which consumers engage in the same trade over and over. In the cases of the Scarf and Pure Complement utility functions,
the limit is often not unique; instead the consumers cycle through several trades, all of which result in identical utilities.
The second thing to note about the virtual trading results is that a large fraction of the converged runs resulted in ﬁnal
holdings that can be characterized as Pareto optimal: 68 of the 69 converged runs for the Cobb-Douglas utility speciﬁcation
are Pareto optimal, 79 of the 83 converged runs for the Scarf utility function are Pareto optimal, 67 of the 70 converged runs
for the Pure Complements utility function are Pareto optimal, and 93 of the 95 converged runs for the Non-Concave utility
function are Pareto optimal.
The percentage of the total quantities of all commodities captured by the trader in the virtual exchange process is a rough
measure or indicator of the cost of operating the process. The mean percentage across all convergent runs is listed Table 1,
and the distribution of trader proﬁt across all convergent runs is shown in Fig. 1. The most frequent outcome for the trader
under the Scarf and Pure Complement utility functions is zero commodities; for the Cobb-Douglas and Non-Concave utility

18
Sometimes the actual number of runs executed is less than 100, because initial endowments are randomly distributed across consumers and so
initializations of trading structures can sometimes result is situations in which trading is not feasible.
19
We should note that if the process resulted in proﬁt for the trader, the goods that constitute the traders proﬁt were not returned to the consumers
before testing for Pareto optimality. In this sense, the trader could not be made worse off either.
20
The proﬁt of the last round of trading is the relevant round to examine in the case of virtual trading, as the previous rounds do not result in any real
exchange of goods.
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Fig. 2. Trader proﬁt over time (virtual trading).

functions, zero commodities is the only outcome in all the runs (and subsequently not depicted in Fig. 1). However, there are
different paths to the ﬁnal proﬁt distributions for each utility function. Examining the average proﬁt over time as illustrated
in Fig. 2, we see that the average proﬁt converges to zero in the case of the Cobb-Douglas and Non-Concave utility functions.
For the Pure Complement and Scarf functions, the average proﬁt decreases rapidly at ﬁrst, but its variability grows over time.
4.1.3. Actual trading
The results for the case of actual trading are presented in the same format as those for virtual trading, and the results are
similar. Table 2 shows that the actual trading runs are characterized by frequent convergence to a Pareto optimal outcome.
There are three notable differences from the outcomes in the case of virtual trading.
• One is that the convergence seems to be faster in the case of actual trading, especially for the Pure Complement and Scarf
utility functions.
• A second difference is that the trader’s proﬁt is much higher with actual trading, as measured by the percentage of the
total commodities that are accumulated by the trader during the process.
• Finally, Fig. 3 illustrates trader proﬁt over time averaged across the all the convergent runs. In the case of virtual trading,
we saw the variability of the average proﬁt grow over time, whereas in the case of actual trading we see a smooth and
steady convergence to zero.
4.2. A hierarchical structure of traders
4.2.1. Parameterization
In this trading structure we have 3 commodities, 30 consumers, three level 1 traders, and two level 2 traders. Level 1 and
level 2 traders each deal in all three commodities. Consumers are divided into three mutually exclusive subsets of 10. At the
beginning of the simulation, each level 1 trader is assigned one subset of ten consumers whom she meets every round. The
level 2 trader meets all three level 1 traders in every round, but has no direct encounters with consumers.
The trader acceptance parameter, ȳk , is set to zero for both level 1 and level 2 traders. To speed up trading, level 1 and
level 2 traders faced with a set of bids are permitted to respond to consumer bids with counter-offers that reduce the bids
in magnitude, as described in detail in Section 2.4. All trading is virtual.
Table 2
Summary of 1 trader, 3 consumer results (actual trading, 10,000 rounds)
Utility Fn

N

Cobb-Douglas
Pure Compl.
Scarf
Non-Concave

87
73
100
100

Conv.
83
73
100
7

U. limit

Conv. time

83
6
36
97

2.79
1.78
4.49
4.09

Pareto Opt
83
73
100
97

Pct Proﬁt
1.83
16.0
15.3
12.9
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Fig. 3. Trader proﬁt over time (actual trading).
Table 3
Summary of 4 trader, 30 consumer results (actual trading, 2000 rounds, 100 runs)
Utility Fn

Initial potential trades

Final potential trades

Total trades

Cobb-Douglas
Pure Compl.
Scarf
Non-Concave

6010
24,600
64,600
147,000

50.7
263
91.9
25.6

49.6
725
439
54.9

Initial potential trades: Number of potential trades two-way trades at time period 0. Final potential trades: Number of potential trades two-way trades at
time period 2000. Total trades: Mean number of trades executed by the traders.

For consumer bidding, we consider the same four types of utility functions as in Section 4.1.1, but with two differences to
account for the increase in consumers. More speciﬁcally, the exponents in the Cobb-Doug utility functions and the coefﬁcients
in the non-concave utility functions are determined for each consumer by random draws from the uniform distribution on
the interval [0, 1] (and no longer necessarily add up to 1), resulting in a heterogeneous populations of agents. In the Scarf
case, the utility functions are distributed uniformly across the population, with each of the Scarf utility functions is assigned
to 10 consumers. As in the three consumer scenario, initial endowments for each consumer are determined by a random
draw from the uniform distribution on the integers in the interval [0, 4].
4.2.2. Results
With 30 consumers, enumerating all possible trading scenarios is not feasible. We do not have the computational power
needed to investigate all trading possibilities between consumers. Consequently, we are only able to take a snapshot of the
process at a few points in time, and see whether the process is moving in the direction of convergence and efﬁciency. In this
section, we present those snapshots.
Table 3 shows the results of 100 runs of the nested-trader structure for virtual trading. Each run consists of 2000 rounds.
Table 3 shows that, at least on one measure, the process is headed towards convergence. The ﬁrst column shows the number of
potential pair-wise trades between the consumers at the beginning of the simulation—a measure we were able to calculate
by enumeration. The second column shows, for all four utility speciﬁcations, that after 2000 rounds the total number of
possible pair-wise trades has decreased by at least two orders of magnitude.
Fig. 4 plots the utility over time for all 30 consumers. The x-axis records only time periods in which a trade occurred, the
y-axis the utility level of a consumer. As one would expect of a process moving towards an efﬁcient outcome, Fig. 4 shows a
clear trend of increasing consumer utility levels.
Fig. 5 shows average trader proﬁt over time. This measure follows a pattern similar to Virtual Trading under the threeconsumer speciﬁcations of the model. In particular, we see a rapid initial decrease in average proﬁt, followed by an increase
in variability for the Pure Complement and Scarf utility functions.
5. Discussion
The basic ﬁnding in the three consumer, one trader results in Section 4.1 is the stochastic process of exchange presented
here quite frequently converges to a limit, and most often the holdings of consumers at that limit can be characterized as
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Fig. 4. Consumer utilities over time (hierarchical trading structure).

Pareto optimal. Though differing slightly on the paths to convergence across the scenarios, as well as the arbitrage proﬁt
that results for the trader agents, the basic result is consistent. Additionally, results for the hierarchical trading structure in
Section 4.2, though not as deﬁnitive, are at least suggestive that this process could scale to larger economies.
A key characteristic of this process is that the agents differ in the amount of time they can devote to seeking out opportunities for exchange. The consumers in particular are further restricted to searching in a relatively small region of their
consumption set based on their current benchmark. Though not presented in Section 4, we note that computational experiments that remove the restriction of limited search do not converge within 10,000 rounds (and even when left running for
much longer). It is possible that the process would converge if given enough time – and perhaps even to holdings that can be
characterized as Pareto optimal – but we were not able to make that determination. But it is also possible that this restriction
is key to understanding the difference between the agent-based process presented here, and the more traditional approach
in economics to understanding dynamics. To elaborate on this point, as well as the signiﬁcance of the results in this paper,
consider the following story based on Scarf’s example.
The story has three agents, Adam, Bob and Carrol, brieﬂy, A, B, C, and three commodities, Paintings, P, Sculptures, S,
and Illustrated Manuscripts, I. The number of objects of each kind is denoted Nj , j = P,S,I. A has inherited (0, 0, 10) from his

Fig. 5. Trader proﬁt over time (hierarchical trading structure).
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father, who was a passionate collector of I; B has inherited (0, 10, 0) from his father, who was a passionate collector of S; C has
inherited (10, 0, 0) from her father, who was a passionate collector of P. A collects paintings and sculpture, and has no interest
in illuminated manuscripts; B collects paintings and illuminated manuscripts, and has no interest in sculpture; C collects
sculpture and illuminated manuscripts, and has no interest in paintings. Moreover, each collector wants his collection to
consist of matched pairs of the objects he collects, to be displayed together. Thus, their utility functions are as follows:
uA (NP , NS , NI ) = min{NP , NS }
uB (NP , NS , NI ) = min{NP , NI }
uC (NP , NS , NI ) = min{NS , NI }
Using the traditional approach to studying dynamics to analyze this scenario, one would derive the demand functions
and study the differential equations that represents price adjustment. Scarf showed that on a example such as this, the paths
generated are closed orbits. Thus, prices do not converge and allocations do not converge to a Pareto optimum.
Our process is different from this traditional approach in at least two ways. First, our process introduces into this example
a dealer, D, who trades art objects, and who visits the three collectors from time to time. When a collector, say A, meets D, A
proposes an exchange. Because A gets no satisfaction from I, he proposes trading some of his endowment of I for paintings
and sculptures. Because Paintings and Sculptures are strict complements for him, he proposes to accept an equal number of
them, say, one painting and one sculpture, in exchange for some illuminated manuscripts. The Dealer would in any single
round of visits to the collectors accept a triple of bids if and only if the sum of the bids provides him with at least zero proﬁt.
Second, our process also introduces into this example a limited search capacity of for the consumers. Interestingly, this
restriction ensures “sensible” behavior for the consumers, in the following sense. Note that A gets no direct satisfaction from
I; but whether A is aware of it or not, he could trade units of I for units of P and S. Therefore, A would be prudent to offer a
small amount, say one or two units of I in exchange for a pair consisting of a unit of P and a unit of S.
In the computed trading runs that represent this story in Section 4, whether or not the consumers behave “sensibly”
affects the outcomes. If the three consumers behave in a way that is “sensible,” given their endowments, preferences and
information about the trading process, then the process converges to a Pareto optimal allocation. On the other hand, if an
agent were to allowed to search for bids much further from his current benchmark – for instance, bid his entire endowment
of the one good he does not value for one unit of the pair of the goods he values – we were not able to reach convergence
in our simulations even when allowing the process to run for over 100,000 rounds. Of course, we cannot claim that without
limiting the search capacity of the consumer, that the process will not converge eventually (and even on a Pareto optimal
outcome); but at the very least we can say the bounded search capacity of the agents seems to have unexpected beneﬁts
for a decentralized process of exchange. An interesting avenue for future work could involve adding more “intelligence” to
the agents, and examining the impact of such modiﬁcations on both convergence and efﬁciency. This could include allowing
the agents to search more intelligently for bids through a process of learning, as well as permitting strategic behavior on the
part of both the consumers and traders.
6. Conclusion
In this paper, we attempt to address a longstanding gap in economic theory—the gap between claims for the dynamic
efﬁciency of markets found in introductory textbooks, and the ﬁndings of formal economic theory which has been able
to defend this claim only under rather restrictive assumptions. We present a process of exchange based on ideas that also
underlie the B process – a decentralized and stochastic process of trading proposed by Hurwicz, Radner, and Reiter over three
decades ago – and explore its properties through the use of agent-based computation. We demonstrate that a decentralized
process can ﬁnd efﬁcient outcomes in economies with multiple agents and three-commodities, economies in cases that range
from traditional Cobb-Douglas utility functions, to cases like the Scarf example that have historically posed problems for
economic theory. Our hope is that we illustrate an alternative to the classical excess demand dynamics of price adjustments
that can provide the basis for future work in this direction.
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