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Abstract. The study of the long-term dynamics of interacting individuals living under selective

pressures that include density-dependent growth rates, disease induced death rates, and disease-

modified fitness such as competitive, dispersal effectiveness, and reproductive fitness reductions in
systems where the fate of the pathogen is intimately connected to that of the host, is the focus

of this manuscript. Particular emphasis placed on populations living under reproductive Allee

effects constrains is modified by the deleterious effects of disease. Spatial heterogeneity is taken
into account but under a framework that focuses exclusively on two-patch systems where the lo-

cal (patch) pathogen-host dynamics are modeled as a susceptible-infected (SI) infectious process.

Both sub-populations are assumed to operate under a dispersal regime that promotes/favors the
movement of individuals from areas of high to low population density; dispersal is taken to be

proportional to the two-patch population-size differences. Mathematical analyses and simulation
results bring up to the forefront the richness of the dynamics generated by subpopulations sharing

local habitats through dispersal. Sufficient conditions that guarantee a pathogen’s survival are

identified as well as conditions that may enhance persistence or accelerate extinction. The re-
sults of teasing out the role of heterogeneity (variation in life history parameters and/or dispersal

rates) on two-patch host-pathogen’s dynamics support the views that (i) weak dispersal intensi-

ties may support source-sink dynamics, which possibly reduces the likelihood of the pathogen’s
extinction and, consequently, that of the host; (ii) intermediate dispersal, on the other hand, may

stabilize the system’s population dynamics; and (iii) strong dispersal may lead to synchronized

system dynamics. Dissecting the dynamics generated by artificial, that is, model-generated host-
pathogen communities, is important not only theoretically but also the the identification, testing,

development, and implementation of management protocols that may give a fighting chance to

natural, often endangered populations, depend on the ability of policy makers to grasp the intri-
cacies that emerge from the demographic, ecological and epidemiological interactions of connected

sub-populations. The predictions that emerge from simple models while useful cannot be taken
at face value as we hope the results of this manuscript will show. In other words, further studies

are needed particularly studies that create a continuous dialog between empirical and theoretical

studies.
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1. Introduction

Biological organisms move differentially over multiple spatial and temporal scales tracking re-
sources, locating safer habitats, or searching for mating partners, to name but a few possibilities.
Migration shapes the boundaries of habitats which potentially increases or possibly reduces the
sphere of influence of infectious diseases living in mobile hosts, or contributes to dynamic changes in
infection rates as a result of the reductions in effective contact rates or a result from the clustering
of infected individuals due possibly to behavioral changes (Altizer 2010; Diaz 2010). Complications
that may alter the dynamics and evolution of host-pathogen systems often emerge as a result of
disease invasions; or the ability of a disease to modify a host’s fitness by altering its mobility, or
reducing its life span, or limiting/eliminating its reproductive ability. This is a preliminary study
on the impact of disease on the dynamics of spatially-distributed host-parasite subpopulation under
a meta-population epidemiological framework built with patches connected by dispersal.

Differential equation disease epidemiological models most likely first formulated by Sir Ronald
Ross (1911) in his study of the transmission dynamics and control of malaria (vector borne disease)
are recognized as the start of mathematical epidemiology. Epidemiological models for communicable
diseases are found a productive path after the initial pioneering contributions of Kermack and McK-
endrick (1927). Numerous extensions and expansions have been carried out since (see Anderson and
May 1978; Hethcote and Yorke 1984; Hadeler and Freedman 1989; Grenfell and Dobson 1995; Hess
1996; Lloyd and May 1996; Diekmann and Heesterbeek 2000; Hethcote 2000; Castillo-Chavez et al
2002; Hethcote et al 2004; Lloyd and Jansen 2004; Salmani and van den Driessche 2006; Hilker et
al 2007; Brauer and Castillo-Chavez 2001 & 2012; Friedman and Yakubu 2012) often under severe
assumptions that has limited the scope of the models and the impact of the results derived under
such limitations. For example, individuals involved in disease transmission processes have been most
often assumed to be identical limiting their usefulness in the study the role of variation, a central
biological component in the study of the evolution and coevolution, of host-pathogen systems (but
see for example Pimentel et al 1978; Levin and Pimentel 1981; Levin and Castillo-Chavez 1988;
Dwyer et al 1990). In addition, diseases have been assumed to have a negligible effect on the hosts’
behaviors or activities, assumptions often collected under the rubric of homogenous mixing (but see
Morin et al 2010; Fenichel et al. 2011). Assumption must be weaken so that the role of selection
naturally comes into play.

Infectious disease dynamics provide a prototypic example of a system where the fate of a
pathogen is intimately connected to that of its host (Levin and Castillo-Chavez 1988), a natural
place for exploring the role of selection (Levin and Pimentel 1981). Specifically, in this manuscript,
we investigate the role of dispersal and Allee effects on the fate of host-parasite systems within a
meta-population framework that accounts for the effect of disease on the hosts’ mobility, survival
and reproductive success.

Understanding the role of heterogeneity in shaping and enhancing the survival of biological com-
munities is important to areas of scientific inquiry that include ecology, conservation biology, and
sustainability (Levin 1974; Levin and Paine 1974; Levin and Paine 1975; Levin 1976; Levin 1978;
Paine and Levin 1981; Levin 1992; Okubo and Levin 2002; Levin 2011). Hence, capturing hetero-
geneity within mathematically manageable systems (appropriately derived mean field models) has
been central to the study of population dynamics, and therefore routinely addressed by practitioners
and theoreticians within the study of specific questions (see Dobson and Grenfell 1995; Aparicio et
al. 2000; Feng et al. 2000; Song et. al. 2002; Roeger et al. 2009). Reaction-diffusion equations (e.g.,
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Hadeler and Dietz 1983; Pech and Mcilroy 1990; Murray 2003; Hilker et al. 2007; Diaz 2010), or
meta-population frameworks (see Hanski and Gilpin 1997; Yakubu and Castillo-Chavez 2002; Bere-
zovskaya et al. 2004&2010; Feng et al. 2011; Kang and Castillo-Chavez 2012 a&b) or percolation
models (Levin and Durret 1994; Mollison and Levin 1995), or integro-difference equation models
(Aronson and Weinberger 1974&1978; Weinberger 1978&1982; Kot et al. 1996; Lewis et al. 2002;
Li et al. 2005 &2009; Dewhirst and Lutscher 2009; Wang and Castillo-Chavez 2012; Castillo-Chavez
et al. 2013) are but some of the approaches used to explore the role of spatial heterogeneity on
the dynamics of populations. Reaction-diffusion equations are being used to identify some of the
mechanisms that govern observed spatiotemporal dynamics of infectious disease transmission. Par-
ticular emphasis has been placed starting with the seminal work of Fisher (1937) and Kolmogorov
et al. (1937) in estimating the asymptotic rate of spatial spread (Shigesada and Kawasaki 1997;
Diekmann and Heesterbeek 2000; Murray 2002; Okubo and Levin 2002; Cantrell and Cosner 2003;
Thieme 2003; Hilker et al 2007; Diaz 2010; Castillo-Chavez et al. 2013).

The two-patch meta-population framework introduced in this manuscript is used to explore
the role of spatial heterogeneity in systems made up of single-patch host-pathogen sub-populations
connected by density-dependent host-dispersal. The study of the role of mobile hosts living under
harsh local conditions, Allee effects and disease, have proved to be quite challenging and so, we
proceed to complement our limited analytical results with a set of illustrative simulations of two-
patch systems.

2. Critical population thresholds

Allee effects are often incorporated in per capita growth rates and thought of as the result of
limiting factors that emerge from the inability of individuals to locate mates (Hopper and Roush
1993; Berec et al 2001), or the result of inbreeding depression (Lande 1998), or the failure to satiate
predators (Gascoigne and Lipcius 2004), or a lack of cooperation in feeding (Clark and Faeth 1997),
to name few but some of the possible factors. In the setting of this manuscript, Allee effects are
used to capture, in a crude phenomenological fashion, the impact of critical population size on the
host within patch survival. The disease is also assumed to be capable of generating deviations from
the critical host population densities needed to survive. Allee effects, therefore, in the presence of
disease, will alter differentially the dynamics of interference competition.

Allee effects have been identified in a wide array of taxa (Courchamp et al. 2008; Kramer et al.
2009) with their effects believed to be strong regulators of processes that lead to extinction (Drake
2004; Hilker 2009), and facilitate disease transmission (Deredec and Courchamp 2007; Hilker 2009).
The literature on disease dynamics in patchy environments connected by dispersal is extensive (e.g.,
Castillo-Chavez and Yakubu 2001; Wang and Mulone 2003; Allen et al 2007; Wang and Yang 2011;
Berezovskaya et al 2010 & 2011and references there in) but only a limited number of mathematical
models have studied the combined impact of Allee effects, disease and dispersal on the dynamics of
host-parasite systems (but see Hilker et al 2005; Hilker et al 2007).

Past research on single-patch host-parasite models (Berezovskaya et al. 2004 & 2010; Kang and
Castillo-Chavez 2012) show that rich dynamics are possible in Susceptible-Infectious or SI systems
when Allee effects are present and disease reduced reproductive fitness is included. The systems stud-
ied (Kang and Castillo-Chavez 2012 a) support the possibility of multi-stability (e.g., hysteresis),
saddle node and Hopf bifurcations as well as catastrophic events (e.g., disease-induced extinction)
while the higher dimensional systems support even more complex dynamics (Berezovskaya et al 2010
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& 2011). The analyses of the models and sub-models in this manuscript raise, among other ques-
tions, the customary development and implementation of managing approaches that rely entirely on
approaches geared towards reducing a disease’s basic reproduction number (R0), which most often
translate in reducing the accessibility of the pathogens’ resource, that is, the susceptible host pop-
ulation. This not reasonable in systems under Allee effects and disease-driven reductions in fitness
or in systems where human decisions play a role (See Fenichel et al. 2011). This manuscript reports
on the dynamics of a two patch model when the local patch dynamics in the absence of dispersal
are understood (Kang and Castillo-Chavez 2012 a). A two-patch system is introduced and used to
explore answers to questions that include: Do Allee effects impact host and host-disease persistence?
Or can we quantify how variations in dispersal intensities affect disease dynamics?

The rest of the manuscript is organized as follows: Section 3 introduces a two-patch SI model
that includes the possibility of Allee effects in the reproduction process, disease-induce reductions
in fitness, density-dependent disease induced reductions in reproductive capacity and the competi-
tive ability of infected individuals (interference competition). The full model is shown to support a
compact global attractor under some conditions; sufficient conditions guaranteeing the disease-free
dynamics are identified. Section 4 lists sufficient conditions for disease (endemic) persistence. Section
5 explores the effects of dispersal on disease dynamics numerically over a variety of scenarios. And
Section 6 collects results and discusses implications while detailed proofs of key theoretical results
are collected in the Appendix C. The reasoning of our model is also derived in the Appendix A and B.

3. Metapopulation SI Model

In classic disease models (Kermack and McKendrick 1927), the basic reproductive ratio or num-
ber (R0) determines if a disease dies out or becomes endemic. The dynamics of diseases with a
profound selective impact on the host’s fitness tend to depend on initial conditions. For example,
the introduction of factors affecting hosts’ fitness or behavior, a function of its epidemiological state,
is known to be responsible for the generation of multiple steady states (Castillo-Chavez et al. 1989
a&b&c; Huang et al. 1990; Blythe et al. 1991; Huang et al. 1992; Diekmann and Kretzschmar 1991;
Hadeler and Castillo-Chavez 1995; Dushoff et al 1998; Hadeler and Van Den Driessche 1998; Van den
Driessche and Watmough 2000; Brauer 2004&2006; Fenichel et al. 2011, Kang and Castillo-Chavez
2012 a&b). Consequently, the usefulness of a basic reproductive ratio R0 when the host supports,
due to Allee effects, multiple infection-free steady states, is unsatisfactory.

Kang and Castillo-Chavez (2012 a) use Model (3.1)-(3.2) to highlight the importance of develop-
ing intervention strategies in systems under the selective pressure of Allee effects, disease-dependent
reproduction, and disease’s deleterious effects on the host’s competitive ability. We first revisit the
single-patch model equations and associated theoretical results. The model is represented as follows:

dS

dt
= f(S, I) =

{ r(S + ρI)(S + α1I − θ) (1− S − α2I)− βSI

0, if S = 0 and rρI(α1I − θ) (1− α2I) ≤ 0
(3.1)

dI

dt
= g(S, I) = βSI − dI(3.2)

where the meaning of each parameter is collected in Table 1 and the relevant biological terms are
placed in Table 2. In the absence of disease System (3.1)-(3.2) reduces to

dS

dt
= rS(S − θ)(1− S)(3.3)
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whose dynamics eventually settle on a local carrying capacity provided that the initial population size
is not below the Allee threshold (i.e., S(0) ≥ θ). So what is the disease’s basic reproduction number
in populations with the possibility of settling at multiple demographic states? This question led us
to the introduction of demographic state-dependent basic reproductive ratios, one per demographic
(infection free) equilibrium. In this case, we have two, namely, S∗ = θ or S∗ = 1. Hence, Rθ0 = βθ

d

denotes the low basic reproductive ratio (at the Allee threshold θ) and R0 = β
d denotes the top basic

reproductive number, computed at the locally asymptotically stable equilibrium 1. Figure 1(a) is a
bifurcation diagram on d when r = 6, θ = 0.18, ρ = 0.08, and α1 = α2 = ρ. This diagram highlights
the fact that System (3.1)-(3.2) has no endemic state even in the case when R0 = β/d = 1/0.15 > 1.
That is, disease outbreaks no longer depend on the basic reproduction ratio R0 and, consequently,
determining conditions for disease persistence or the identification of strategies that guarantee the
effectiveness of control measures cannot be defined just in terms of R0.

Table 1. Biological meaning of parameters in (3.1)-(3.2)

r the maximum reproduction rate of the susceptible population
ρ the reduce reproductive ability of infected individuals
α1 the competitive ability of infected individuals at the low total population size
θ the Allee threshold (normalized susceptible population)
α2 the competitive ability of infected individuals at the high total population size
β the disease transmission rate
d the death rate of infectives including the additional mortality due to disease

In the analysis of the SI model given by System (3.1)-(3.2) it is shown that under such a
framework complex dynamics can be supported. Dynamical outcomes are summarized below:

(1) Switching Allee thresholds: By construction a disease free population, Equation (3.3)
goes extinct if its initial size, S(0) < θ albeit this outcome is no longer the case when a
disease is present. In fact, it turns out that healthy and infected subpopulations can persist
when S(0) < θ. Simulations with System (3.4)-(3.5) using the parameters r = 2, ρ =
0.15, θ = 0.56, d = 0.1, β = 0.7692, α1 = ρ = 0.56, α2 = 1 show the existence of a locally
asymptotically stable interior equilibrium (S∗, I∗) = (0.13, 2.399) with S∗ < θ (Kang and
Castillo-Chavez 2012). In other words, the Allee threshold switches from S + α1I = θ to
S+α2I = 1 with System (3.1)-(3.2) now supporting a locally asymptotically stable interior
equilibrium with S∗ < θ, I∗ > 1. Further,

S∗

θ
+
α1

θ
I∗ < 1 and S∗ + α2I

∗ < 1,

S + α2I = 1

can now be identified as the effective Allee threshold. In this case,

S

θ
+
α1

θ
I = 1

plays the role of the effective carrying capacity.
(2) Disease-induced extinction: System (3.1)-(3.2) supports disease-driven extinctions in

at least two numerically identified scenarios: (i) System (3.1)-(3.2) has (0, 0) as its global
attractor. In this case, the system has Rθ0 > 1 (range of d in Figure 1(a) when there is no
support of interior equilibrium); and (ii) through reductions in the value of the maximum
reproductive rate r, disease-induced extinction of the population was observed through
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Table 2. The glossary

Allee effect A biological phenomenon characterized by a positive correlation
between population size or density and the per capita population
growth rate of a species at low population densities.

Allee threshold A critical population size or density below which populations do
not persist in the presence of Allee effects.

The basic reproductive ratio R0 A dimensionless quantity that denotes the average number of sec-
ondary infections generated by a “typical” infective individual
when introduced in a population of susceptible individuals at a
demographic steady state.

Disease-induced extinction The extinction of a species caused by disease, i.e., in the absence
of disease, the species is able to persist.

Hysteresis An important concept in alternative stable state theory, which
refers to the existence of different stable states under the same
variables or parameters.

Positively invariant set A set that a trajectory of the system will never leave once it enters.
An attractor A set towards which a variable, moving according to the dictates

of a dynamical system, evolves over time. That is, points that get
close enough to the attractor (which can be periodic orbits, limit
cycles, or even chaos) remain close even if slightly disturbed.

Basin of attraction of an attractor Given an attractor, its basin of attraction is the set of initial
conditions leading to long-time behavior that approaches that at-
tractor.

Source-sink dynamics A theoretical model used by ecologists to describe how variation
in habitat quality or initial conditions may affect the population
growth or decline of organisms.

a series of catastrophic events that go from the merging of a stable limit cycles with an
adjacent saddle, leading to the annihilation of the susceptible and infected sub-populations.
This scenario occurs when Rθ0 < 1 < R0 (e.g., see values of d around 0.2 in Figure 1(a)
when the system has an interior equilibrium, red color).

(3) Hysteresis: Whenever Rθ0 < 1, System (3.1)-(3.2) can support three interior equilibria
that emerge via hysteresis. When the system has three interior equilibria ( dβ , I

i∗), i = 1, 2, 3

with I1∗ < I2∗ < I3∗ the medium interior equilibrium (i = 2) turns out to be always a
saddle while the smallest and the largest interior equilibria can be sources or sinks through
Hopf bifurcations (see Figure 1(b)).

(4) Basin of attraction of interior attractor: It is observed, in numerical simulations that
System (3.1)-(3.2) supports a relative large basin of attraction (interior attractors) when
it also supports three interior equilibria (e.g., hysteresis).

(5) Stabilizer and destabilizer: Increases in the values of d, r, ρ or α1 (after certain thresh-
olds) are seen to stabilize System (3.1)-(3.2); and the disease persists. Increases in β, θ
or α2, on the other hand, can destabilize System (3.1)-(3.2) leading (eventually) to the
collapse of the population.
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Figure 1. Left figure: Bifurcation diagram on d for System (3.1)-(3.2); we see a
varying number of interior equilibria and their stability properties where r = 6, θ =
0.18, ρ = 0.08, α1 = α2 = ρ. Right figure: Bifurcation diagram on r for System (3.1)-
(3.2); we see a varying number of interior equilibria and their stability properties
where θ = .18, ρ = 0.45, α1 = α2 = ρ, d = 0.2. The red color is used to identify
interior equilibrium that are sources; the blue represents the sinks; and the green
represents the saddles.

The exploration of the role of variation on susceptible and infectives dispersion rates, which model
the mobility of individuals between patches, helps understand, for example, the sensitivity of host-
parasite systems to changes in these rates. The baseline case is taken by definition that is defined in
terms of single patch model results. Here, we rely specifically on the results generated by the study
of System (3.1)-(3.2). Consequently, the comparisons of dynamical outcomes between System (3.1)-
(3.2) and its two-patch extension (3.4)-(3.7) are described and analyzed later in this manuscript.
The extended two patch model (3.4)-(3.7) captures the essential dynamics that is expected to see in
a general SI setting but it is mathematically more tractable (see the Appendix A and B).

3.1. A simple two-patch SI model and its basic dynamical properties. A host popula-
tion facing a disease that fits within the SI framework is the starting point in our study of the role
of spatial heterogenity in systems supporting complex local dynamics. The host population faces an
invasion by a pathogen that will be modeled under the following set of assumptions:

(a) The transmission process is captured by the law of mass-action;
(b) The disease although is not always fatal it is always untreatable and so, excess deaths
due to the disease are included;
(c) The net reproduction rate is density-dependent regardless of the epidemiological status.
It is incorporated with an Allee effect threshold;
(d) Infected (assumed infectious) individuals may experience additional (that is, other
than population density effects) reductions in reproductive and competitive ability at the
cost of infection;
(e) The dispersal rates between both patches are assumed to be linear-proportional to the
difference of the patch population sizes (individuals prefer to move to the patch with lower
density);
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(f) Patch differences are possible (way of incorporating spatial heterogeneity). Such dif-
ferences are modeled through the use of distinct dispersal rates, Allee thresholds.
(g) Differences in fitness are also possible. Here, it is assumed that reproductive and
competitive ability is a function of the epidemiological state and the population densities.

The two-patch SI model with Allee effects introduced next is a natural extension of System
(3.1)-(3.2). The patches are coupled via dispersal rates proportional to the difference of the patch
population sizes. The dynamics of the two-patch system are given by the following system of non-
linear differential equations:

dS1

dt
= f1(S1, I1, S2, I2)(3.4)

dI1
dt

= g1(S1, I1, S2, I2) = β1S1I1 + l12(I2 − I1)− d1I1(3.5)

dS2

dt
= f2(S1, I1, S2, I2).(3.6)

dI2
dt

= g2(S1, I1, S2, I2) = β2S2I2 + l22(I1 − I2)− d2I2(3.7)

where

f1(S1, I1, S2, I2) =

{ r1(S1 + ρ1I1)(S1 + α11I1 − θ1) (1− S1 − α12I1)− β1S1I1 + l11(S2 − S1)

0, if S1 = 0 and r1ρ1I1(α11I1 − θ1) (1− α12I1) + l11S2 < 0

and

f1(S1, I1, S2, I2) =

{ r2(S2 + ρ2I2)(S2 + α21I2 − θ2) (1− S2 − α22I2)− β2S2I2 + l21(S1 − S2)

0, if S2 = 0 and r2ρ2I2(α21I2 − θ2) (1− α22I2) + l21S1 < 0
.

In addition, Si is a normalized susceptible population and Ii is its relative infected population at
Patch i, i.e., we normalize the susceptible population to be 1 in a disease-free environment and
define the infected population relative to this normalization. Thus, the carrying capacity of the
whole population Si + Ii in Patch i is not defined by a constant, and its size depends on the
ability of individuals to use the resources (with the susceptible using a higher level of resources per
individual than infected). All parameters are nonnegative and their biological meanings are listed in
Table 3: 0 ≤ ρi ≤ 1, i = 1, 2 denote the reduced contributions of infected population to reproduction
(ρi = 0 represents disease-induced infertility while ρi = 1 means that the disease does not affect
reproduction); lij , i, j = 1, 2 are dispersal parameters; 0 ≤ αij ≤ 1, i, j = 1, 2 models the relative
competitive ability of infectives; ri, i = 1, 2 are maximum patch-specific birth rates; di denote the
death rates of infected individuals and may include excess deaths due to disease; 0 < θi < 1, i = 1, 2
denote the Allee thresholds; and βi, i = 1, 2 are the disease transmission rates.

The study of the dynamics of System (3.4)-(3.7) requires a definition of θ = min{θ1, θ2} as well
as the explicit identification of the following ten sets:

X = {(S1, I1, S2, I2) ∈ R4
+}, XSS = {(S1, 0, S2, 0) ∈ R4

+}
XA = {(S1, I1, 0, 0) ∈ R4

+}, XB = {(0, 0, S2, I2) ∈ R4
+}
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Table 3. Biological parameters in (3.4)-(3.5)

ri The maximum per-capita reproduction rate of susceptibles in patch i
ρi The reduce reproductive ability of infected individuals in patch i
αi1 Competitive ability of infected individuals at the low total population levels in patch i
θi Allee threshold (normalized by the size of the susceptible) in patch i
αi2 Competitive ability of infected individuals at the high population levels in patch i
βi Disease transmission rate in patch i
di Death rate of infectives including excess deaths due to disease in patch i
lij Dispersal rates of susceptibles (j = 1) and infectives (j = 2) for patch i

Ωθ = {(S1, I1, S2, I2) ∈ X : 0 ≤ S1 + α11I1 ≤ θ, 0 ≤ S2 + α21I2 ≤ θ},

ΩSIθ = {(S1, I1, S2, I2) ∈ X : 0 ≤ S1 + I1 ≤ θ, 0 ≤ S2 + I2 ≤ θ},

ΩSIθ−ε = {(S1, I1, S2, I2) ∈ X : 0 ≤ S1 + I1 ≤ θ − ε, 0 ≤ S2 + I2 ≤ θ − ε}, 0 < ε < θ = min{θ1, θ2} < 1.

Ω1 = {(S1, I1, S2, I2) ∈ X : 0 ≤ S1 + α12I1 ≤ 1, 0 ≤ S2 + α22I2 ≤ 1},

ΩS1S2
1 = {(S1, I1, S2, I2) ∈ X : 0 ≤ S1 ≤ 1, 0 ≤ S2 ≤ 1},

where X is the state space of System (3.4)-(3.7), XSS is the state space of (3.4)-(3.7) in the absence
of disease, Xi, i = A,B is the state space of (3.4)-(3.7) in Patch i. The basic properties of System
(3.4)-(3.7) (proofs are collected in the Appendix C) are:

[Positively invariant sets I or Lemma 6.1]X,XSS ,Ω
SI
θ and ΩS1S2

1 are positively invariant sets for
System (3.4)-(3.7).

A direct consequence of Lemma 6.1 gives Corollary 6.1:

[Approximation of basins attractions of (0, 0, 0, 0) or Corollary 6.1] Under the assumption that
all parameters are strictly positive it can be established that trajectories with initial condition in
ΩSIθ−ε converge to (0, 0, 0, 0) eventually.

Remarks: The results in Lemma 6.1 and Corollary 6.1 show that Model (3.4)-(3.7) is well-defined
biologically; the proofs are provided in the Appendix C. From our definitions, the normalized sus-
ceptible population will not go beyond 1 but the infected (always assumed infectious) population,
by construction, has no such property and as a result of its disease-induced diminished competitive
ability, the system may support infective relative to the normalize S class population sizes above
1. Corollary 6.1 provides an approximation of the basins of attractions around the extinction state
(0, 0, 0, 0) from both patches. The initial conditions are critical for sustaining populations as a con-
sequence of the Allee effects on the population’s net reproduction rates. We have not shown that the
sets Ωθ and Ω1 are invariant as defined. In Lemma 6.2 it is shown that these two sets are invariant
under additional conditions with the proof provided in the Appendix C; therefore under the right
conditions the total population sizes are clearly under control.

[Positively invariant sets II or Lemma 6.2] Assume that all parameters are strictly positive with
the parameters αi1, αi2 modeling the competitive ability of the infected subpopulation i when the
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total population is below or above the Allee threshold, respectively. We define a set of relative
ratios in Table 4 involving competitive abilities, deaths and dispersal rates, whose definitions clarify
the nature of assumptions that guarantee the model dynamics stay in the biological world. If the

Table 4. The ratios

Expression Name Biological meaning
αi1
αi2

Relative competitive ratio of the
infective population in Patch i

The ratio of the competitive ability of infective pop-
ulation i at low densities versus high densities

α11

α21
Relative competitive ratio of in-
fectives at low densities

The ratio of the competitive ability of infective pop-
ulation in Patch 1 to that of infective population in
Patch 2 when both are at low densities

α12

α22
Relative competitive ratio of in-
fectives at high densities

The ratio of the competitive ability of infectives in
Patch 1 to infectives of Patch 2 when both are at
high densities

li1
li2

Dispersal ratio of population in
Patch i

The ratio of the dispersal rate of susceptibles i to
that of infective i

di
li2

Death-dispersal ratio of infective
in Patch i

The ratio of the total death rate of infective i to its
dispersal rate

li2+di
βi

Relative death rate of infective in
Patch i

The ratio of the sum of the dispersal rate and the
death rate of infective i to its disease transmission
rate

relative competitive ratios of infectives in both patches are less than their Allee thresholds, i.e.,
αi1
αi2
≥ θi, i = 1, 2 then the carrying capacity of population i is Si + αi2Ii = 1. This implies that

Si + αi1Ii ≤ θ ⇒ Si + αi2Ii ≤
Si
θi

+
ai1
θi
Ii ≤ 1⇒ Si + αi2Ii ≤ 1

and

Si + αi2Ii ≥ 1⇒ Si
θi

+
ai1
θi
Ii ≥ Si + αi2Ii ≥ 1⇒ Si + αi1Ii ≥ θ.

The above definitions and discussion allow us to make the following two statements:

(1) For any initial condition taken in the set Ωθ, both susceptible and infective populations
go extinct if (a)The relative competitive ratio of infectives at low densities is not greater
than the dispersal ratio of species in Patch 1 which is not greater than the sum of 1 and
the death-dispersal ratio of infectives in Patch 1 and (b) The reciprocal of the relative
competitive ratio of infectives at low densities is not greater than the dispersal ratio of
Patch 2 which is not greater than the sum of 1 and the death-dispersal ratio of infectives
in Patch 2 , i.e.,

α11

α21
≤ l11

l12
≤ 1 +

d1

l12
and

α21

α11
≤ l21

l22
≤ 1 +

d2

l22
.

(2) For any initial condition taken in the set Ω1, the total population of Si + αi2 stays in
Ω1 for all future time if (a)The relative competitive ratio of infectives at high densities is
not greater than the dispersal ratio of Patch 1 which is not greater than the sum of 1
and the death-dispersal ratio of infectives in Patch 1 and (b) The reciprocal of the relative
competitive ratio of infectives at low densities is not greater than the dispersal ratio of
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Patch 2 which is not greater than the sum of 1 and the death-dispersal ratio of infectives
in Patch 2 , i.e.,

α12

α22
≤ l11

l12
≤ 1 +

d1

l12
and

α22

α12
≤ l21

l22
≤ 1 +

d2

l22
.

Remarks: When conditions in Lemma 6.2 do not hold, e.g., ai1θi ≤ ai2, i = 1 or 2, then it is possible
that S1 + α11I1 ≤ θ1 but that S1 + α12I1 > 1. Thus, population in patch 1 may still increase when
S1 + α12I1 > 1, which may lead to a large endemic state. This phenomena has been referred to as
switching Allee thresholds.

[Boundedness of the susceptible population or Lemma 6.3] For any initial condition taken in
X, the susceptible population will be less than 1 if time large enough, i.e.,

lim sup
t→∞

max{S1(t), S2(t)} ≤ 1.

Remarks: This population limiting result (proof provided in the Appendix C) is stated as Lemma
6.3. We have not been able to establish the same result for the infected (assumed infectious) individ-
uals because its diminished disease-induced competitive ability leads them to utilize less resources
and survive under diminished reproductive capacity. We have identified reasonable conditions for
both populations to remain in within an invariant set (e.g., see Lemma 6.1-6.2 ). In fact, when
all parameters are strictly positive, we have established the tradeoffs that guarantee the survival,
diminish reproductive ability and “growth” through the infection transmission process of infected
individuals, and limit the size of the population of infectious/infected individuals (Theorem 6.4):

[Compact attractor or Theorem 6.4] Assume that all parameters are strictly positive. Then the
compact set

[0, 1]×
[
0, C

]
× [0, 1]×

[
0, C

]
attracts all points in X where

C = max
{M(l22 + l12) + l12l21 + l11l22

l22 min{l11, l22, d1, d2}
,
M(l22 + l12) + l12l21 + l11l22

l12 min{l11, l22, d1, d2}

}
and

hi(Si, Ii) = ri(Si + ρiIi)(Si + αi1Ii − θi) (1− Si − αi2Ii) , M = max
i=1,2
{ max

0≤Si≤1,0≤Ii≤ 1
αi2

{hi(Si, Ii)}}.

Remarks: This result (proof of Theorem 6.4 in the Appendix) establishes that System (3.4)-(3.7) is
bounded whenever the parameters are strictly positive, a result that indentifies sufficient conditions
guaranteeing a stable disease-free state and disease persistence. If some of the parameters are zero
then the statement in Theorem 6.4 does not hold. In such a case, we would need additional condition
to establish boundedness for System (3.4)-(3.7). From the results of Lemma 6.3 and Theorem 6.4,
we have the following corollary:

[Disease free or Corollary 6.2] The patch-specific basic reproduction ratio (when patches are un-
coupled) is defined as

Ri0 =
βi
di
, i = 1, 2

where Ri0 (a dimensionless quantity) denotes the average number of secondary infections generated
by a “typical” infective individual when introduced in a population of susceptible individuals at a
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demographic steady state (i.e., S∗i = 1). If Ri0 < 1, i = 1, 2, then the infective populations in both
patches go extinct, that is,

lim sup
t→∞

max{I1(t), I2(t)} = 0.

Remarks: Corollary 6.2 states a result that provides a typical characterization for the stability of
the disease-free dynamics: if Ri0 < 1, i = 1, 2 then infective populations cannot be sustained. Of
course, the question of interest then becomes: What about the situation when mixed conditions and
dispersal operate? Or in other words, (i) Can dispersal as modeled in System (3.4)-(3.7) prevent
disease-driven extinction when a single patch (3.1)-(3.2) is under a patch-specific basic reproduction

ratio, Ri0 < 1 while the second patch operates under a patch-specific basic reproduction ratio Rj0 > 1
(i is not equal j)? and (ii) Would identifying conditions that guarantee the role of dispersal lij as
promoter or suppresser of endemic states whenever R1

0 > 1 and R2
0 < 1 or whenever R1

0 < 1, R2
0 > 1

be possible? The following proposition 6.1 regarding the stability of boundary equilibria of System
(3.4)-(3.7) provides a starting point for a discussion of the above two questions.

[Trivial equilibria or Proposition 6.1] System (3.4)-(3.7) always has E0 = (0, 0, 0, 0) and E1 =
(1, 0, 1, 0) as equilibria with E0 always being locally asymptotically stable while E1 being locally
asymptotically stable whenever the following inequalities hold

β1 + β2 < d1 + d2 + l12 + l22 and (β1 − d1)(β2 − d2 − l22) > l12(β2 − d2).

If θ1 = θ2 holds, then we have θ = min{θ1, θ2} = θi, i = 1, 2. Thus System (3.4)-(3.7) supports an
unstable boundary equilibrium Eθ = (θ, 0, θ, 0).

Remarks: The results established in Proposition 6.1 (proof in the Appendix C) lead to the following
statements:

(1) The values of ρi, αij , i, j = 1, 2 do not affect the stability of E0, Eθ, E1.
(2) Specifically, the local stability of E1 is determined by the values of βi, di and the dispersal

rates of infectives in both patches li2, i = 1, 2.
(3) If βi < di, i = 1, 2, i.e., Ri0 = βi

di
< 1, i = 1, 2, then E1 is locally asymptotically stable.

(4) The dispersal of infectives li2, i = 1, 2 can save the susceptibles from (disease-driven) ex-
tinctions. In Kang and Castillo-Chavez (2012 a), System (3.1)-(3.2) with disease driven
extinction in Patch 1 was illustrated through a simulation whose parameters are

r1 = 0.5, ρ1 = 0.1, θ1 = 0.2, α11 = 0.1, α12 = 1, β1 = 1 and d1 = 0.15.

According to Corollary 6.2, System (3.1)-(3.2) has disease free dynamics in Patch 2 if

β2 = .25 and d2 = 0.5.

Hence, by choosing l12 = 10, l22 = 1 we have that

β1 + β2 = 1.25 < d1 + d2 + l12 + l22 = 2.3

and

(β1 − d1)(β2 − d2 − l22) = 0.85× (−1.25) > 10× (−0.25) = l12(β2 − d2),

that is, E1 is locally asymptotically stable (we have that E1 is locally stable as long as
(0.25 + l22) < l12

5
17 ). This example highlights the fact that through dispersal of infectives

in both patches the population in Patch 1 can be saved from disease-driven extinction and
this is done by “forcing” the local stability of E1 through the movement of infectives.
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(5) A necessary condition for maintaining disease-driven extinction in the absence of dispersal
(both patches) is that βi > di, i = 1, 2, i.e., the basic reproduction number Ri0 > 1, i = 1, 2.
Let xi = βi − di > 0, i = 1, 2. In this situation, the local stability of E1 requires that

x1 − l12 > −(x2 − l22) and x1(x2 − l22) > l12x2

which corresponds to

0 <
l12x2

x1
< x2 − l22 < −(x1 − l12).

Thus, we have x1 < l12 since 0 < −(x1 − l12), and therefore x2 < l12x2

x1
< x2 − l22 <

−(x1 − l12) which is impossible since x2 <
l12x2

x1
< x2 − l22 can not hold whenever l22 ≥ 0.

Thus E1 can not be locally asymptotically stable in this case. Therefore, we conclude that
whenever both patches experience disease-driven extinction in the absence of dispersal (i.e.,
Ri0 >

1
θ , i = 1, 2) then dispersal cannot maintain or generate local stability for E1.

4. Endemic states

Clearly finding conditions under which disease persistence is guaranteed is important and so, we
proceed to identify sufficient conditions for the disease to persist in System (3.4)-(3.7). The following
proposition is useful:

[Positively invariant sets III or Proposition 6.2] Assume that all parameters are strictly
positive and also that the following inequalities hold:

ai1
ai2
≥ θi, i = 1, 2,

α12

α22
≤ l11

l12
≤ 1 +

d1

l12
and

α22

α12
≤ l21

l22
≤ 1 +

d2

l22
.

Then the set Ω1 is positively invariant (a result that follows from Lemma 6.2) and, consequently,
if initial conditions can be identified S1(0) + α11(0) = α so that θ1 < α < max{1, α11

α12
} while the

following inequalities hold

r1ρ1(α− θ1)(1− α) ≥ l11 and r1ρ1(α− θ1)(1− α12α

α11
) ≥ β1(1− α12)

α11
+ l12 + d1,

then it would follow that the set

Ωxθ = {(S1, I1, S2, I2) ∈ X : α ≤ S1 + α11I1 ≤ 1 and S1 + α12I1 ≤ 1}
is positively invariant. Similarly, if there are values of α such that the inequality θ2 < α <
max{1, α21

α22
} is satisfied and if in addition the following inequalities

r2ρ2(α− θ2)(1− α) ≥ l21 and r2ρ2(α− θ2)(1− α22α

α21
) ≥ β2(1− α22)

α21
+ l22 + d2,

are also maintained, then the set

Ωyθ = {(S1, I1, S2, I2) ∈ X : α ≤ S2 + α21I2 ≤ 1 and S2 + α22I2 ≤ 1}
would also be positively invariant.

Remarks: The proof of Proposition 6.2 is in the Appendix C; it’s carried out via a direct applica-
tion of the average Lyapunov Theorem (Hutson 1984). Its application leads to the following result
guaranteeing disease persistence:

[Sufficient condition for disease endemicity or Theorem 6.5] Assume that conditions in
Proposition 6.2 hold and therefore that either Ωxθ or Ωyθ are positively invariant. Then whenever Ωxθ
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is positively invariant with initial conditions satisfying α > l12+d1
β1

, or whenever

Ωyθ is positively invariant with initial conditions satisfying α > l22+d2
β2

the disease will persist, i.e.,

lim inf
t→∞

min{I1(t), I2(t)} ≥ ε.

Remarks: A proof of Theorem 6.5 is in the Appendix C. This result (Theorem 6.5) identifies
sufficient conditions for the existence of a System (3.4)-(3.7) interior attractor as well as an ap-
proximation for its basin of attraction, i.e., Ωxθ or Ωyθ , respectively (under the assumptions of the
theorem). In addition, this result leads us to the belief that disease persistence would require at
least two additional conditions: (A) The total population should be above the Allee threshold and
(B) a combination of large values for the growth rates ri and the reproduction ability of infectives
ρi under relative small values for the dispersal lij , i, j = 1, 2 and death rates di. In addition, it is
possible to guarantee endemicity in both patches under sufficiently large ri and “appropriate” initial
conditions in a patch regardless of the conditions in the other patch. For example, if a patch supports
disease-free dynamics or is moving in the direction of disease-driven extinction, in the absence of the
dispersal, then dispersion has the ability to “recover” endemicity as long as the other patch satisfies
the conditions of Theorem 6.5. We summarize some implications next:

Biological implications: Theorem 6.5 identifies sufficient conditions for endemicity in System
(3.4)-(3.7):

(1) Sufficient conditions for Ω1 being invariant:
(a) The relative competitive ratio of the infective population in Patch i should be strictly

greater than the Allee threshold in Patch i; that is, ai1
ai2
≥ θi, i = 1 and 2; and

(b) The relative competitive ratio of infectives at high densities is not greater than the
dispersal ratio in Patch 1, which in turn is not greater than the sum of 1, and the
death-dispersal ratio of infective in Patch 1, i.e., α12

α22
≤ l11

l12
≤ 1 + d1

l12
; and

(c) The reciprocal of the relative competitive ratio of infectives at low densities is not
greater than the dispersal ratio in Patch 2, which in turn is not greater than the sum
of 1 and the death-dispersal ratio in Patch 2 ; that is, α22

α12
≤ l21

l22
≤ 1 + d2

l22
.

(2) Conditions of Patch 1 (or 2) such that Ωxθ (or Ωyθ) being positively invariant:
(a) The initial condition satisfy the constraints: θi < α < max{1, αi1αi2

}, i = 1 or 2; that
is, the total population should be above the Allee threshold and below the maximum
value of 1 and the relative competitive ratio of the infective population in Patch i.
And

(b) For a given initial condition that satisfy the constraints above, the maximum birth
rate in Patch i (i = 1 or 2) is “large” enough such that the following inequalities hold:

riρi(α− θi)(1− α) ≥ li1 and riρi(α− θi)(1−
αi2α

αi1
) ≥ βi(1− αi2)

αi1
+ li2 + di, i = 1 or 2.

(3) The initial condition satisfy an additional constraint: α > li2+di
βi

, i = 1 or 2; that is, the

total population should be above the relative death rate of infective in Patch i. This
condition guarantees the endemic of the two-patch model when Ωxθ (or Ωyθ) is positively
invariant as well as i = 1 (or i = 2).

(4) Sufficient conditions for disease’s persistence within the single patch model given by System
(3.1)-(3.2) are given by (see Kang and Castillo-Chavez 2012 a)

α1

α2
≥ θ, min{θ, d

β
} < α ≤ 1 and rρ (α− θ)

(
1− α(1 + |1− α2

α1
|)
)
>

β

α1
+ (d− β).
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Comparing the above conditions with the identified sufficient conditions for disease per-
sistence for the two-patch system leads to the observation that disease persistence in the
two-patch systems may require larger initial conditions and greater values for the maximum
reproduction rates, at least in one of the two patches (not necessarily the best news).

Now, robustness issues in the endemic case lead to the study of examples that help explore
possible outcomes when the above sufficient conditions for endemicity are violated. Specifically, the
following two cases are illustrative of the possibilities: (1) The case ρi = 0, αij = 1, i, j = 1, 2,, that is,
when infectives do not contribute with newborns and the disease has no effects on their competitive
ability; and (2) The situation αi1 = ρi, αi2 = 1, i = 1, 2 when the competitive ability of infectives at
high densities is the same as that of susceptibles while the competitive ability of infectives at low
densities is the same as that of susceptibles; however in both cases infectives experience reductions
in reproductive ability.

4.1. Two-patch model and disease-generated changes in fitness: special cases. The
case when infected individuals do not contribute to reproduction while experiencing no reductions
in their competitive ability (ρi = 0, αij = 1, i, j = 1, 2) corresponds to the following subsystem of
System (3.4)-(3.7):

dS1

dt
= r1S1(S1 − θ1) (1− S1 − I1)− β1S1I1 + l11(S2 − S1)(4.1)

dI1
dt

= β1S1I1 + l12(I2 − I1)− d1I1(4.2)

dS2

dt
= r2S2(S2 − θ2) (1− S2 − I2)− β2S2I2 + l21(S1 − S2)(4.3)

dI2
dt

= β2S2I2 + l22(I1 − I2)− d2I2.(4.4)

This subsystem uncouples (in the absence of dispersal) leading to the following dispersion-free system
of nonlinear equations:

dSi
dt

= riSi(Si − θi) (1− Si − Ii)− βiSiIi(4.5)

dIi
dt

= βiSiIi − diIi,(4.6)

which has a local asymptotically stable interior equilibrium (S∗i , I
∗
i ) =

(
di
βi
, ri(βi−di)(di−θiβi)
βi[β2

i+ri(di−θiβi)]

)
when-

ever

θiβi < di < βi and ai =
ridi[β

2
i (βi + βiθi − 2di)− ri(di − θiβi)2]

β2
i [β2

i + ri(di − θiβi)]
< 0.

System (4.1)-(4.4) has a unique interior equilibrium point Ei = ( d1β1
, z∗1 ,

d2
β2
, z∗2) whenever l12 = l22 =

0, where

z∗1 =
r1β2d1(β1−d1)(d1−θ1β1)+l11β

2
1(β1d2−β2d1)

β1β2d1[β2
1+r1(d1−θ1β1)]

= I∗1 + l11β1(β1d2−β2d1)
β2d1[β2

1+r1(d1−θ1β1)]
,

z∗2 =
r2β1d2(β2−d2)(d2−θ2β2)−l21β2

2(β1d2−β2d1)

β1β2d2[β2
2+r2(d2−θ2β2)]

= I∗2 + −l21β2(β1d2−β2d1)
β1d2[β2

2+r2(d2−θ2β2)]
.

(4.7)

It follows that Ei = ( d1β1
, z∗, d2β2

, z∗) is an interior fixed point of System (4.1)-(4.4) provided that z∗

is positive and satisfies the following condition:

z∗ =
l11d2β

3
1−(r1θ1+l11)d1β

2
1β2+(1+θ1)r1d

2
1β1β2−r1d31β2

d1β1β2(β2
1−r1θ1β1+r1d1)

=
l21d1β

3
2−(r2θ2+l21)d2β

2
2β1+(1+θ2)r2d

2
2β1β2−r2d32β1

d2β1β2(β2
2−r2θ2β2+r2d2)

.
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In the symmetric case, that is, the case where r1 = r2 = r, β1 = β2 = β, d1 = d2 = d, θ1 = θ2 = θ,
we have that

z∗ =
r(β − d)(d− θβ)

β[β2 + r(d− θβ)]

with its positivity is guaranteed by

either

[
Rθ0 =

θβ

d
< 1 < R0 =

β

d

]
or

[
Rθ0 =

θβ

d
> 1 and r >

β

θ − d
β

> 0

]
.

Corollary 6.2 implies that a necessary condition for the existence of Ei is given by the condition
R0 = β

d > 1 and, consequently, Proposition 6.3 has been established:

[The existence and stability of Ei or Proposition 6.3] This result requires the analysis of the
following two cases:

(1) No dispersal in the I class: l12 = l22 = 0. The use of Expression (4.7) leads to the conclusion

that if R1
0 = β1

d1
6= R2

0 = β2

d2
then System (4.1)-(4.4) has no interior equilibrium when the S

class dispersal rates l11 or l21 to either patch are too large. Numerical simulations suggest
that if R1

0 ≥ R2
0 and l21 is too large then there are no infectives in Patch 2, i.e., I2(t)→ 0

as t → ∞ while if R1
0 ≤ R2

0 and l11 is too large then there are no infectives in Patch
1. Now, in the case when R1

0 = R2
0, System (4.1)-(4.4) has a unique interior equilibrium

Ei = ( d1β1
, I∗1 ,

d2
β2
, I∗2 ) where I∗i , i = 1, 2 is given by Expression (4.7).

(2) Symmetric case: r1 = r2 = r, β1 = β2 = β, d1 = d2 = d, θ1 = θ2 = θ. In this case, System
(4.1)-(4.4) has a locally asymptotically stable interior equilibrium Ei = ( dβ , z

∗, dβ , z
∗) ∈ X

where z∗ = r(β−d)(d−θβ)
β(β2+r(d−θβ)) . This outcome is possible whenever the low reproductive ratio at

the Allee threshold Rθ0 is less than 1 and the maximum reproduction rate r is large enough,
that is,

Rθ0 =
θβ

d
< 1 < R0 =

β

d
and r >

β2(β(1 + θ)− 2d)

(d− βθ)2
.

Biological implications: Proposition 6.3 suggests that in the case of a symmetric system, the
stability of the interior equilibrium Ei depends on the maximum birth rate (r) of the susceptibles,
the disease transmission rate (β), and the disease-induced death rate (d) rather than on the dispersal
rates of infected and susceptible individuals. It follows from Proposition 6.3 that:

(1) The maximum birth rate (r) of susceptibles may not affect the stability of Ei whenever

θ < Rθ0 <
2θ

1 + θ
.

(2) Further, large enough values of r would be required to keep Ei from being locally stable
whenever Rθ0 >

2θ
1+θ .

(3) A comparison of the sufficient conditions that guarantee the locally asymptotically stability
of E1 (see Proposition 6.1) and Ei leads to the plausible speculation that the stability
properties of Ei and E1 may differ.

4.2. Two-patch model when the disease reduces the reproduction and competitive
ability of infectives at at low densities. If αi1 = ρi, αi2 = 1, i = 1, 2 then System (3.4)-(3.7)
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reduces to:

dS1

dt
= f1(S1, I1, S2, I2)(4.8)

dI1
dt

= g1(S1, I1, S2, I2) = β1S1I1 + l(I2 − I1)− d1I1(4.9)

dS2

dt
= f2(S1, I1, S2, I2)(4.10)

dI2
dt

= g2(S1, I1, S2, I2) = β2S2I2 + l(I1 − I2)− d2I2(4.11)

where

f1(S1, I1, S2, I2) =

{ r1(S1 + ρ1I1)(S1 + ρ1I1 − θ1) (1− S1 − I1)− β1S1I1 + α1l(S2 − S1)

0, if S1 = 0 and r1ρ1I1(ρ1I1 − θ1) (1− I1) + α1lS2 ≤ 0

and

f2(S1, I1, S2, I2) =

{ r2(S2 + ρ2I2)(S2 + ρ2I2 − θ2) (1− S2 − I2)− β2S2I2 + α2l(S1 − S2)

0, if S2 = 0 and r2ρ2I2(ρ2I2 − θ2) (1− I2) + α2lS1 ≤ 0.

In addition, 0 ≤ αi ≤ 1, i = 1, 2 represent the relative dispersal ability of susceptibles in both
patches. For the symmetric case, i.e., the case when

r1 = r2 = r, β1 = β2 = β, d1 = d2 = d, ρ1 = ρ2 = ρ, θ1 = θ2 = θ, l12 = l22 = l

we have that Ei = ( dβ , z
∗, dβ , z

∗) is an interior fixed point of System (4.8)-(4.11) subject to the the

positivity of z∗ and the meeting of the following equality:

h(z∗) = r(
d

β
+ ρz∗)(

d

β
+ ρz∗ − θ)(1− d

β
− z∗)− dz∗ = 0.

If rd
β ( dβ − θ)(1 −

d
β ) > 0 then h(z∗) = 0 has a unique positive root; while if rd

β ( dβ − θ)(1 −
d
β ) ≤ 0

then h(z∗) = 0 may have three, two positive or no positive roots.

The Jacobian Matrix evaluated at Ei is JEi , under the assumption that rd
β ( dβ − θ)(1 −

d
β ) > 0

becomes:

JEi =


a b 0 0
βz∗ −l 0 l
0 0 a b
0 l βz∗ −l

(4.12)

with its four eigenvalues given by

λi1 + λi2 = a, λi1λ
i
2 = −bz∗β

λo1 + λo2 = a− 2l, λo1λ
o
2 = −2al − bz∗β

where

a = −
rρβ2(2 + ρ)(z∗)2 + β

(
2rd(1 + 2ρ)− rβ(2ρ+ θ + θρ) + β2

)
z∗ + r

(
3d2 − 2dβ(1 + θ) + θβ2

)
β2

and

b = −
3rρ2β2(z∗)2 − 2rρβ (β(ρ+ θ)− d(2 + ρ)) z∗ +

(
rd2(2ρ+ 1)− rdβρ(θ + 2 + θ

ρ ) + β2(d+ rρθ)
)

β2
.
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Whenever ρ and l are small enough and the conditions in Proposition 6.3 are satisfied then we observe
that Ei may be locally stable. Using the values r = 1, θ = 0.15, ρ = 0.001, l = 0.001, β = 1, d = 0.6
provides an example where System (3.1)-(3.2) has a locally stable interior equilibrium, namely,
Ei = (0.6, 0.1242, 0.6, 0.1242).

5. The effects of dispersal

The effect that variation in dispersal intensities has on the dynamics of System (3.4)-(3.7) is
explored in this section. The case where all dispersal rates are equal to zero reduces the study of
the dynamics of System (3.4)-(3.7) to the study of the dynamics of two uncoupled sets of nonlin-
ear equations-System (3.1)-(3.2). If System (3.1)-(3.2) has a locally asymptotically stable interior
equilibrium ( d1β1

, x∗) for Patch 1 and a locally asymptotically stable interior equilibrium ( d2β1
, y∗) in

Patch 2 then Proposition 6.1 implies that the uncoupled set of equations, System (3.1)-(3.2), has at
least the following four locally asymptotically stable interior equilibria:

E0 = (0, 0, 0, 0), Ei0 = (
d1

β1
, x∗, 0, 0), E0i = (0, 0,

d2

β2
, y∗) and Eii = (

d1

β1
, x∗,

d1

β1
, y∗)

where

f1

(
d1

β1
, x∗
)

= 0 and f2

(
d2

β2
, y∗
)

= 0.

We see that Ei0 and E0i cannot be fixed points of System (3.4)-(3.7) when all dispersal rates
lij , i, j = 1, 2 are strictly positive. In addition, whenever all the dispersal rates are small enough then
an application of the perturbation theorem (Hirsch & Smale 1974; Guckenheimer & Holmes 1983;
Amarasekare 2000) leads to the following Theorem 6.6 (however large perturbations may change the
stability of fixed points see discussions in Levin 1974 as well as our discussions provided at the end
of this section):

[Small dispersal rates or Theorem 6.6] We start by assuming that the uncoupled set of equa-
tions, System (3.1)-(3.2), has the locally asymptotically stable interior equilibrium Eii and that the
dispersal rates lij , i, j = 1, 2 are small enough. If in addition we have that

d1

β1

l21

r2θ2
− l22x

∗

d2
> 0 and

d2

β2

l11

r1θ1
− l12y

∗

d1
> 0,

then we conclude that the System (3.4)-(3.7) has at least the following four attractors:

E0, E
n
i0 = Ei0 +Oi0, E

n
0i = E0i +O0i and Enii = Eii +Oii

where

Oi0 =
(
l12
β1

+ o(l),
l11d1−ax11l12

ax12β1
+ o(l), d1β1

l21
r2θ2
− l22x

∗

d2
+ o(l), l22

x∗

d2
+ o(l)

)
O0i =

(
d2
β2

l11
r1θ1
− l12y

∗

d1
+ o(l), l12

y∗

d1
+ o(l), l22β2

+ o(l),
l21d2−ay21l22

ay22β2
+ o(l)

)
Oii =

(
l11x

∗(β2d1−β1d2)+β2a11l12(y∗−x∗)
β1β2a12x∗ + o(l), l11d1−a11l12a12β1

+ o(l), l22(y∗−x∗)
β2y∗

+ o(l), a21l22(x∗−y∗)+l21d2y
∗

a22β2y∗
+ o(l)

)
ax11 = ∂f1

∂S1
|Ei0 , ax12 = ∂f1

∂I1
|Ei0 , a

y
21 = ∂g1

∂S2
|E0i

, ay22 = ∂g1
∂I2
|E0i

a11 = ∂f1
∂S1
|Eii , a12 = ∂f1

∂I1
|Eii , a21 = ∂g1

∂S2
|Eii , a22 = ∂g1

∂I2
|Eii

l =
∑
i=1,2,j=1,2 lij .

Remarks: The proof is straight forward and tedious and therefore omitted. Simulations suggest that
similar results hold even when the uncoupled, System (3.1)-(3.2), have stable limit cycles; therefore
the coupled set of equations, System (3.4)-(3.7) can support four stable limit cycles whenever all
dispersal rates are very small (see Figure 2). Theorem 6.6 provides evidence that weak dispersal alone
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Figure 2. The coupled system (3.4)-(3.7) has four stable limit cycles when r1 =
0.2; r2 = 1; θ1 = θ2 = 0.1; ρ1 = ρ2 = 0.15; d1 = 0.5; d2 = 0.45;β1 = β2 = 1;α11 =
α12 = α21 = α22 = 0.15; l11 = l12 = l21 = l22 = 0.0005 where two blue limit cycles
are generated by initial conditions S1(0) = 0.1; I1(0) = 0.15;S2(0) = 0.5; I2(0) = 0.3
and two red limit cycles are generated by initial conditions S1(0) = 0.4; I1(0) =
0.15;S2(0) = 0.115; I2(0) = 0.1. The red curves are phase-plane of S1, I1 while the
blue curves are phase-plane of S2, I2.

can not stop a disease from spreading. The following dispersal-free scenario, under the uncoupled
System (3.1)-(3.2), is used to make the consequences of this result transparent. We consider the
case when an infected population x∗ has become established in Patch 1, (i.e., it is given by a locally
asymptotically stable interior equilibrium ( d1β1

, x∗) while disease free dynamics characterize the state

of Patch 2. We proceed to couple both patches by letting the dispersal rates increase from 0 to
some small positive value and see (as expected by continuity) that the (coupled) System (3.4)-
(3.7) supports a locally asymptotically stable interior equilibrium Ei0 as well. In other words, the
established infected population in Patch 1 seems to be playing the role of a source while that in
Patch 2 that of a sink. In general, System (3.4)-(3.7) source-sink dynamics are generated via the
following two mechanisms:

(1) Allee effects and variations in the initial conditions can change outcomes and save the
day for the disease and the host in the presence of dispersal. We start, in the absence
of dispersal, with population in a patch (A) living above its Allee threshold and infected
individuals persisting while the population in the second patch (B) lives below its Allee
threshold and it is therefore on its way to extinction (infectives and susceptibles). Next,
we introduce weak dispersal and see that it saves day for the disease and the population
(tight coevolution). The population living initially above the Allee thresholds (A) serves
as a source while the other population (B) serving as a sink. Thus, Allee effects and
variation in initial conditions can produce source-sink dynamics through weak dispersal
even in situations when the two patches are identical (i.e., all parameters are the same in
two patches).

(2) Differences in patch qualities (determined by differences in parameters) can change out-
comes and save the day for the disease and the host in the presence of dispersal. The case
when a good quality patch is able to maintain the disease in isolation, serving as a source
to the low quality patch living under disease-free dynamics or disease-driven extinction (a
sink) now survives after being coupled under weak dispersal.
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The next question of interest is tied in to the study of dynamical changes that emerge when
it moves from low to stronger forms of dispersal. We found out that increasing the strength of
dispersal on the dynamics of System (3.4)-(3.7) leads to transitions on the dynamics of the system.
Specifically, we have identified some of them numerically as the strength of dispersal moves from
weak to strong (lij , i, j = 1, 2). The results are collected in Tables 5 and 6:

Table 5. Dispersal effects on System (3.4)-(3.7) when one patch supports a stable
focus and the other patch a stable limit cycle in the absence of dispersal: Larger
dispersal rates for infectives are more likely to maintain stable focuses in coupled
system while larger susceptible dispersal-rates are more likely to maintain stable
limit cycles in the coupled system.

Dispersal of
S/I-class

No dispersal in
S-class

Small dispersal
in S-class (10−2)

Intermediate dis-
persal in S-class
(10−1)

Large dispersal
in S-class (1)

No dispersal
in I-class

A stable focus in
Patch I while a
stable limit cy-
cle in Patch II.

Both patches
have a stable
limit cycle.

Both patches have
a stable focus; In-
fectives in Patch 1
may go extinct.

Both patches
have a stable
limit cycle
again; Infectives
in Patch 1 may
go extinct.

Small dispersal
in I-class (10−2)

Both patches
have a stable
limit cycle.

Both patches
have a stable
limit cycle.

Both patches have
a stable focus.

Both patches
have a stable
limit cycle
again.

Intermediate
dispersal in
I-class (10−1)

Both patches
have a stable
focus.

Both patches
have a stable
focus.

Both patches have
a limit cycle.

Both patches
have a limit
cycle again.

Large dispersal
in I-class (1)

Both patches
have a stable
focus.

Both patches
have a stable
focus.

Both patches have
a stable focus.

Both patches
have a stable
focus.

(1) Small dispersal intensities can generate source-sink dynamics that cannot stop the spread-
ing of disease.

(2) In the case when the uncoupled version of System (3.1)-(3.2) supports a locally asymptoti-
cally stable equilibrium in Patch 1 and a stable limit cycle in Patch 2 (see Figure 3(a)) then
we have managed to identify that the dispersal ratio of populations (i.e., li1

li2
, i = 1 or 2)

and the magnitude of the infective’s dispersal rate (i.e, li2, i = 1 or 2) have great impact on
endemic patterns. in fact, fixing small infective dispersal rates (e.g., l12 = l22 = a = 0.01)
“shows” that whenever the ratio of the susceptible’s to infective’s dispersal rate is small
enough, e.g., l12 = l22 ≤ a/4 then (that is, simulations confirm) we see that both patches
support stable limit cycles (see Figure 3(b)). Additional increases in the dispersal ratio,
e.g., l12 = l22 = 5a leads to a transition where both patches support locally asymptotically
stable equilibria (see Figure 3(c)). Further increases in this ratio, e.g., l12 = l22 > 100a
re-establish stable limit cycles in both patches again (see Figure 3(d)). Finally, whenever
infective’s and susceptible’s dispersal rates are large enough, it is observed that the dy-
namics in both patches tend to supper stable foci. This particular set of simulations show
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Table 6. Dispersal effects on System (3.4)-(3.7) when both patches support stable
limit cycle in the absence of dispersal: larger dispersal rates for infectives and
susceptibles make the coupled system preserve the dynamics with surviving stable
limit cycle in both patches

Dispersal of
S/I-class

No dispersal in
S-class

Small dispersal
in S-class

Intermediate dis-
persal in S-class

Large dispersal
in S-class

No dispersal
in I-class

Both patches
have a stable
limit cycle.

Both patches
have a stable
limit cycle.

Both patches have
a stable focus; In-
fectives in Patch 1
may go extinct.

Both patches
have a stable
limit cycle
again; Infectives
in Patch 1 may
go extinct.

Small dispersal
in I-class

Both patches
have a stable
limit cycle

Both patches
have a stable
limit cycle.

Both patches have
a stable focus; In-
fectives may go ex-
tinct.

Both patches
have a stable
limit cycle
again; Infectives
may go extinct.

Intermediate
dispersal in
I-class

Both patches
have a stable
limit cycle

Both patches
have a stable
limit cycle

Both patches have
a stable focus

Both patches
have a stable
limit cycle

Large dispersal
in I-class

Both patches
have a stable
limit cycle

Both patches
have a stable
limit cycle

Both patches have
a stable limit cycle

Both patches
have a stable
limit cycle

that dispersal may stabilize or destabilize the system and help us generate the hypothesis
that such shifts are connected possibly exclusively to the dispersal ratio of populations and
the magnitude of the infective’s dispersal rate.

(3) Now, in the case when an uncoupled System (3.1)-(3.2) supports a stable limit cycle in each
patch simulations show that the coupling via intermediate dispersal rates of susceptibles
(under condition not too large dispersal rates for infectives) tends to stabilize the (coupled)
System (3.4)-(3.7) by driving it into a system with stable foci. In other words, dispersal
simply modifies the dynamic patterns (limit cycle to foci) without affecting endemicity.
Continuous increases on dispersal of either susceptibles or infectivies would move us pass
the threshold where stable limit cycles reappear. As dispersal rates of either susceptibles
or infectivies or both tend to infinity, the dynamics in both patches synchronizes, in other
words, individuals change patches so fast that for all practical purposes we have only one
patch. See Figure 4.

(4) Given that one of the patches in System (3.1)-(3.2) is on a stable limit cycle (when the
system is uncoupled) and the other is on a heteroclinic bifurcation that can lead to the
disease-driven extinction then our simulations show that the introduction of intermediate
dispersal intensities can drive the coupled system into one that supports stable limit cycles.
If dispersal rates continue to increase a threshold is reached and when crossed, it leads to
the situation when a stable limit cycle merges with an adjacent saddle leading to the
annihilation of both. This annihilation is termed as a catastrophic event in dynamical
systems theory (Hirsch & Smale 1974; Guckenheimer & Holmes 1983). And as the name
catastrophe predicts, this changes wipe out the whole population in both patches. Hence,
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(a) The time series of the uncoupled system (3.4)-(3.7).
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(b) The time series of the coupled system (3.4)-(3.7) when
the dispersal rate of infectives is 0.01 and the dispersal rate

of susceptibles is 0.01/4.
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(c) The time series of the coupled system (3.4)-(3.7) when

the dispersal rate of infectives is 0.01 and the dispersal rate
of susceptibles is 0.05.
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Figure 3. The time series of the coupled system (3.4)-(3.7) when r1 = r2 = .2; θ1 =
θ2 = .1; ρ1 = ρ2 = 0.15; d1 = .65; d2 = 0.45;β1 = β2 = 1;α11 = α12 = α21 = α22 =
0.8; l12 = l22 = 0.01; l11 = l21 = 0.01/4, 0.05, 1;S1(0) = 0.35;S2(0) = 0.32; I1(0) =
I2(0) = 0.3. Figure (a) is the case when l12 = l22 = l11 = l21 = 0: Patch one has
a locally asymptotically stable interior equilibrium and Patch two has stable limit
cycles. Figure (b) is the case when l12 = l22 = 0.01; l11 = l21 = 0.01/4: both patches
have a stable limit cycle. Figure (c) is the case when l12 = l22 = 0.01; l11 = l21 = 1:
both patches have locally asymptotically stable interior equilibria. Figure (d) is the
case when l12 = l22 = 0.01; l11 = l21 = 0.05: both patches have stable limit cycles
again. The green is S1; the blue is I1; the black is S2 and the red is I2.

theory suggests that Allee effects when combined with large dispersal rates can evacuate
invasive species in the presence of disease. See Figure 5.

5.1. Special Symmetric cases. We call System (3.4)-(3.7) an identical two-patch model if

r1 = r2 = r, β1 = β2 = β, d1 = d2 = d, ρ1 = ρ2 = ρ, θ1 = θ2 = θ, αi1 = α1, αi2 = α2, lij = l, i = 1, 2.(5.1)

While System (3.4)-(3.7) is a symmetrical two-patch model if

r1 = r2 = r, β1 = β2 = β, d1 = d2 = d, ρ1 = ρ2 = ρ, θ1 = θ2 = θ, αi1 = α1, αi2 = α2, i = 1, 2.(5.2)
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dispersals are 0.00005.
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dispersals are 0.05.
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(c) The time series of the coupled system (3.4)-(3.7) when
dispersals are 1.2.
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Figure 4. The phase plane of the coupled system (3.4)-(3.7) when r1 = 0.2; r2 =
1.75; θ1 = θ2 = 0.1; ρ1 = ρ2 = 0.15; d1 = 0.5; d2 = 0.45;β1 = β2 = 1;α11 = α12 =
α21 = α22 = 0.15; l11 = l12 = l21 = l22 = a = 0.00005, 0.05, 1.2, 2 and the initial
condition S1(0) = 0.4; I1(0) = 0.15;S2(0) = 0.5; I2(0) = 0.3. In the case that a = 0,
both patches have a stable limit cycle with different amplitudes and periods. In the
case that a = 0.00005, the small dispersal can generate the source-sink dynamics
(Figure 4(a)). While the intermediate values of dispersal can stabilize the coupled
system by driving it into one exhibiting a stable focus, e.g., a = 0.05 (Figure 4(b)).
If we increase the value of dispersal, e.g., a = 1.2, the limit cycles re-appear in both
patches (Figure 4(c)) while the extreme large dispersal can drive dynamics in two
patches synchronized (Figure 4(d)). The green is S1; the blue is I1; the black is S2

and the red is I2.

In the absence of dispersal, the identical two-patch model and the symmetrical two-patch model are
identical, in fact, decoupled models of the form given by System(3.1)-(3.2). On the other hand, in
the presence of dispersal, the identical two-patch model is capable of supporting dynamical patterns
that are different than those generated by the symmetrical two-patch model; all the result of as-
sumed differential patch specific dispersal ability for the S/I-classes. We call System (3.4)-(3.7) an
asymmetrical two-patch model whenever, one pair of parameters ri, βi, di, ρi, θi, α1i, α2i is different
(i = 1, 2).
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(c) The phase plane of the coupled system (3.4)-(3.7) when dispersals are 0.1.

Figure 5. The phase plane of the coupled system (3.4)-(3.7) when r1 = r2 =
1; θ1 = θ2 = 0.1; ρ1 = ρ2 = 0.15; d1 = 0.2; d2 = 0.45;β1 = β2 = 1;α11 = α12 =
α21 = α22 = 0.15; l11 = l12 = l21 = l22 = a; the initial conditions are S1(0) =
0.4; I1(0) = 0.25;S2(0) = 0.5; I2(0) = 0.3 and a = 0, 0.01, 0.1 respectively. In the
case that a = 0, the red patch (S1, I1) is undergoing heteroclinic bifurcation that
leads to the extinction of all populations while the blue patch (S2, I2) has a stable
limit cycle. In the case that a = 0.01, the small dispersal drives the coupled system
into the one having stable limit cycles in both patches, while dispersal becomes
large, e.g., a = 0.1, all populations in both patches go extinct.

In this subsection, the focus is on the symmetrical case. Define Ωx=y = {(S1, I1, S2, I2) ∈ X :
S1 = S2 and I1 = I2}, then we have the following Lemma 6.7:

We first revisit, in the symmetric case, key sets and their properties:
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[Invariant sets for symmetrical cases or Lemma 6.7] If Condition (5.2) holds, then Ωx=y is
an invariant set of System (3.4)-(3.7). Moreover, for any initial condition taken in Ωx=y, System
(3.4)-(3.7) is reduced to a system constituted of two identical uncoupled systems described by the
following ODEs (5.3)-(5.4)

du

dt
= f(u, v) =

{ r(u+ ρv)(u+ α1v − θ) (1− u− α2v)− βuv

0, if u = 0 and rρv(α1 − θ) (1− α2v) ≤ 0
(5.3)

dv

dt
= g(u, v) = βuv − dv(5.4)

Lemma 6.7 above leads to the following Theorem 6.8:

[Dispersals has no effects on the dynamics of symmetric cases or Theorem 6.8] If the sin-
gle patch given by Model (5.3)-(5.4) has a locally asymptotically stable interior equilibrium ( dβ , v

∗),

then the coupled symmetric model given by System (3.4)-(3.7) also has a locally asymptotically
stable interior equilibrium Eii = ( dβ , v

∗, dβ , v
∗) for any lij ≥ 0, i, j = 1, 2.. If the single patch model

given by System (5.3)-(5.4) is unstable at ( dβ , v
∗) then System (3.4)-(3.7) is also unstable at Eii for

any lij ≥ 0, i, j = 1, 2.

Remarks: Theorem 6.8 shows that dispersal cannot stabilize (or destablize) our symmetric coupled
system by driving it into one exhibiting a stable focus (or limit cycle) through changes in dispersal
whenever the uncoupled model given by System (5.3)-(5.4) supports limit cycles (or a stable focus).
However, the asymmetric coupled system may stabilize its dynamics by driving through changes
in dispersal it into a model exhibiting a stable focus when the uncoupled model given by System
(5.3)-(5.4) supports a limit cycles. Thus, the symmetric coupled system keeps the same dynamical
patterns as the uncoupled system (5.3)-(5.4) while asymmetric coupled systems can be stabilized
with the help of intermediate dispersal intensities (suggested by simulations).

6. Discussion

Macro and micro parasitic infections are important regulators of natural populations (Anderson
and May 1978) and often lead to reductions on the host’s fitness. Reductions that may come in
reproduction, competitive ability or mobility (Gulland 1995; Lauckner 1987; Lehmann 1993). Kang
and Castillo-Chavez (2012 a) introduced and analyzed a minimal SI model with strong Allee effects,
a phenomenological way of incorporating the fragility associated with small population sizes, in or-
der to study the role of disease on a population’s fitness in systems that involved Allee effects. We
showed that fitness reduction factors lead to outcomes that cannot emerge from modeling protocols
that ignore the impact of disease. The inclusion of dispersal, an important ecological process seemed
but a natural way to build in the role of spatial heterogeneity using a meatpopulation approach.
Some of our pats work, for example, has shown that dispersal by itself increases in the number of
population attractors, that is, the number of life history dynamics that can be supported (Castillo-
Chavez and Yakubu 2001 & 2002; Berezovskaya et al. 2004 & 2010).

In this article, we study a two-patch SI model to explore the impact of strong Allee effects,
disease and dispersal on the population dynamics of populations where the host of the pathogen is
intimately connected to the fate of the host. Some of our findings include:
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(1) In the absence of dispersal, if population in Patch 1 supports disease free dynamics while
population in Patch 2 supports disease-driven extinction then the dispersal of infectives
can save the population of Patch 2 from disease-driven extinction. It does by allowing the
disease free state E1 = (1, 0, 1, 0) be locally stable.

(2) From Theorem 6.5 we see that initial condition, large growth rate values ri, and the im-
pact of disease on the reproductive ability of infectives ρi are important for the disease
persistence under relative small dispersal lij , i, j = 1, 2 and death rates di. In particular,
the dispersal rate of susceptible population should not be less than the dispersal rate of
infected population and not be greater than the sum of the dispersal rate and the addi-
tional mortality of the infected population. From Proposition 6.3, we concluded that the
endemic state can be stable whenever the two patch parameters, the maximum birth rate of
susceptible population, the disease transmission rate and the death rate caused by disease,
are within certain ranges.

(3) Differences in dispersal intensities when combined with local heterogeneity have dramatic
effects on the system’s population dynamics.
• From Theorem 6.6 we saw that weak dispersal can generate source-sink dynamics

that are incapable of stopping the spreading of disease. In addition, Allee effects
(variation in initial conditions) and differences in patch quality can generate source-
sink dynamics some highlighted in Figure 2.

• We also observed that intermediate dispersal intensities may stabilize the population
dynamics with strong intensities leading to effectively one patch and therefore to the
system’s synchronization (see Figure 4).

• We studied the case when in the absence of dispersal the population in Patch 1 had a
stable limit cycle while the population in Patch 2 experienced disease-driven extinction
due to a heteroclinic bifurcation. The coupling of both patches under a intermediate
dispersals regime was shown to be capable of saving the population of Patch 2 from
disease-driven extinction. in fact, we saw dispersal drive the system into one exhibiting
stable limit cycles (see Figure 5).

• Through Theorem 6.8 we saw that dispersal had no effect on the stability of the
endemic state in the symmetric case.

The theory of spatial pattern formation via dispersal-driven instabilities plays an important role in
biology (Murray 2003), chemistry (Epstein and Showalter 1996) and physics (Cross and Hohenberg
1993) and hence the question of whether or not Turing Effects are possible is relevant in this context.
In a foundational contribution, Turing (1952) introduces a diffusion reaction theory of morphogenesis
based on the laws of physical chemistry and uses it to demonstrate, at least theoretically, the possibil-
ity of the spontaneous emergence of regular and stable distribution patterns of substances, starting
with an embryonic tissue at an initially homogeneous state. “Turing Effects,” also associated with
the concepts of diffusive or dissipative instability that arise when diffusion or migration destabilizes
an otherwise stable situation (Segel and Jackson 1972; Levin 1974; Segel and Levin 1976), may be
expected to emerge from the dynamics of metapopulation systems coupled by dispersal. Phenomena
known as Turing instability have in fact been observed in multi-species systems of reaction-diffusion
equations, integro-difference equations, coupled map lattices, systems of ordinary differential equa-
tions (Neubert et al 2002) as well as large random network models (Nakao and Mikhailov 2010).
Segel and Jackson (1972) first applied Turing’s model to predator-prey systems via an example in-
volving predator-prey interactions where the addition of random dispersal was enough to generate
instability from an initially stable uniform steady-state distribution. Turing effects can also arise, as
shown in Levin (1974), from the effects of dispersal on models of predator-prey interactions under
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Allee effects; this was studied in predator-prey involving discrete intercommunicating “patches”.
Segel and Levin (1976) applied a combination of successive approximation and multiple-time scale
theory to develop a small amplitude nonlinear theory of models involving prey-predator interactions
where random dispersal modeled by diffusive-like terms in discrete (patches) and continuous (dif-
fusion) cases. They showed that dispersal can destabilize the spatially uniform state attaining a
new nonuniform steady state. Levin and Segel (1976 & 1985) reamrk that diffusive instabilities may
explain many of the spatial irregularities observed in nature seems to be on target.

The existence of diffusive instabilities in predator-prey systems seems to require the presence of
density effects on intra-specific coefficients and predator’s diffusivity that is sufficiently larger than
that of prey with a critical value involving the ratio of the prey/predator diffusivities moving beyond
a threshold after which diffusive instability sets in (Timm and Okubo 1992). From Theorem 6.8, we
conclude that our symmetric SI-model does not support Turing Effects, a conclusion that seems to
also hold in the asymmetric cases (simulations). This seems to be an important relevant question
since SI-disease and prey-predator interaction models share structural similarities. Comparing the
symmetric SI-model (3.4)-(3.7) to the symmetric prey-predators models introduced by Levin (1974)
and Segel and Levin (1976) suggests that the type of nonlinearity associated with the I-class or,
equivalently, the nonlinearity associated with the predator, are critical for the generation of turing
effects.

A general SI-model that can be represented by the following set of equations
dS
dt = f(S, I)
dI
dt = g(S, I),

(6.1)

operating under the assumption that (6.1) has a local asymptotically stable interior equilibrium
(S∗, I∗) leads to the inequality

fS + gI < 0 and fSgI − fIgS > 0(6.2)

where fS = ∂f
∂S (S∗, I∗), fI = ∂f

∂I (S∗, I∗), gS = ∂g
∂S (S∗, I∗), gI = ∂g

∂I (S∗, I∗). The symmetric two-
patch model generated from this model, namely,

dS1

dt = f(S1, I1) + ls(S2 − S1)
dI1
dt = g(S1, I1) + li(I2 − I1)
dS2

dt = f(S2, I2) + ls(S1 − S2)
dI2
dt = g(S2, I2) + li(I1 − I2)

(6.3)

where ls is the dispersal rate of S-class and li is the dispersal rate of I-class, helps set an interesting
example. We see that (S∗, I∗, S∗, I∗) is also an interior equilibrium of the two-patch model (6.3)
with its stability determined by the sign of

∆ = fSgI − fIgS − 2(fSli + gI ls) + 4lsli.

A simple calculation shows that if ∆ > 0 then (S∗, I∗, S∗, I∗) is locally asymptotically stable while
if ∆ < 0 then (S∗, I∗, S∗, I∗) is unstable. The single patch has a local asymptotically stable interior
equilibrium, i.e., fS +gI < 0 and fSgI −fIgS > 0. Thus ∆ < 0 holds only if one, fS or gI is positive
and in such a way that (fSli + gI ls) > 0 can be positive and large enough for a right combination
of ls, li. For example, if fS > 0, then the dispersal of I-class li should be large while the dispersal of
S-class ls should be small and that would make ∆ < 0; while if gI > 0 then ls should be large while
li should be small (the case of a disease like rabies fits this profile). For our model, we have
gI = 0, therefore the following holds

∆ = fSgI − fIgS − 2(fSli + gI ls) + 4lsli = −fIgS − 2fSli + 4lsli > 0
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which is derived from the fact that (6.1) is locally asymptotically stable at (S∗, I∗); that is from
Condition(6.2), fS < 0 and − fIgS > 0.

Levin (1974) introduced the following two patch prey-predator model with differential migration
coefficient µ, ν:

dxi
dt = xi(K − axi − byi) + µ(xj − xi) = f(xi, yi) + µ(xj − xi)
dyi
dt = yi(−L+ cxi + dyi) + ν(yj − yi) = g(xi, yi) + ν(yj − yi)

(6.4)

which supports the equilibrium:

x̄1 = x̄2 =
Lb−Kd
bc− ad

, ȳ1 = ȳ2 =
Kc− La
bc− ad

.

Here, yi is able to survive without xi, i.e., yi → ∞ if yi(0) > L/d, gives gxi = ∂g
∂yi

(x̄1, ȳ1) > 0 (this

is equivalent to Model (6.3) when gI > 0) and diffusive instability arises when µ is large while ν is
small. For our model, we have gI = 0 and I-class can not survive without S-class which
leads to gI = 0, which implies no diffusive instability. This suggests that noTuring effects may be
tied in to models where the fate of the pathogen is intimately connect to that of the host, at least
in some possibly important cases.

A similar situation can occur in Reaction-Diffusion epidemic models. Diaz (2010) introduced
the following novel reaction diffusion model that incorporates the role of “behavior.” A mechanism
that turned out to be capable of generating spatial non-uniform distributions of healthy individuals
due to diffusive instability. The model is given by the set of equations:

∂S
∂t = − β

1+I2
SI1 + αI2 +Ds

∂2S
∂x2

∂I1
∂t = β

1+I2
SI1 − δI1 +DI1

∂2I1
∂x2

∂I2
∂t = δI1 − αI2 +DI2

∂2I2
∂x2

(6.5)

where I1 denote the infected population with no symptoms and I2 the group with symptoms. Diaz
(2010) showed that Model (6.5) supports diffusive instability if and only if β > max{δ, α}. In his
study, he uses of analytical results and numerical simulations are used to generate the hypothesis that
the incorporation of different diffusion coefficients for two distinct infectious classes are necessary
for diffusive instability. Model (6.5) also predicts that changes in behavior will result in spatial
aggregation (via diffusive instability) and that such behavioral population-level response will in
fact, help reduce the population’s levels of infection. It seems important therefore to find ways to
systematically investigate mechanisms and conditions that generate diffusive instability in multi-
patch metapopulation epidemic models.

In summary, our study of a simple two-patch SI model shows that the impact of disease, dispersal
and Allee effects on the survival and persistence of populations is dramatic and not trivial. In fact,
it raises critical questions on the use of simple models in the study of epidemics and their control. It
seems obvious that in many systems disease modified birth and death rates directly and the ability to
disperse or compete for resources indirectly. Hence, dynamics of populations facing local challenges
(Allee effects) under the influence of global effects (dispersal), and the selective pressures that come
with parasitism or either fatal or debilitating diseases need to be studied systematically.
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Appendix A-Single species models with Allee effects

Let N be the population of a species at time t, then its population dynamics can be represented
as:

dN
dt = B(N)N︸ ︷︷ ︸

the birth term

− D(N)N︸ ︷︷ ︸
the death term

= [B(N)−D(N)]N
(6.6)

where B(N), D(N) are the per capital birth rate and the per capital death rate, respectively. De-
pending on the formulations of B(N) and D(N), the population (6.6) may experience Allee effects,
i.e., the per capital growth rate B(N)−D(N) is an increasing function of N when N is small.

Mating limitations and predator saturations are two most common ecological processes lead to
Allee effects (Schreiber 2003). An example of a species population with predator saturations can be
represented as:

dN
dt = rN︸︷︷︸

the birth term

− dN2︸︷︷︸
the death term due to crowd effects

− aN

b+N︸ ︷︷ ︸
the additional death due to predator saturations

(6.7)

where B(N) = r and D(N) = dN + a
b+N .

While an example of a species population with mating limitations can be represented as:

dN
dt = rN︸︷︷︸

the birth term

[
1− m

b+N

]
︸ ︷︷ ︸

Probability of Mating

− dN2︸︷︷︸
the death term due to crowd effects

.
(6.8)

where B(N) = r
[
1− m

b+N

]
and D(N) = dN .

Therefore, single species population dynamics with Allee effects induced by mating limitations
or predator saturations can have the same formulation after scaling away r and d (Boukal and Berec
2002):

dN
dt = N(1−N)− aN

b+N = N
b+N [(1−N)(b+N)− a] = (b−a)N+(1−b)N2−N3

b+N .(6.9)
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where a = m for Model (6.8). If b < min{a, 1} and a < (b+1)2

4 , then Model (6.9) has strong Allee
effects and it can be rewritten as follows:

dN

dt
=

(b− a)N + (1− b)N2−N3

b+N
=
N(N − θ)(K −N)

b+N

where

θ =
(1− b)−

√
(b+ 1)2 − 4a

2
and K =

(1− b) +
√

(b+ 1)2 − 4a

2
.

Otherwise, Model (6.9) has weak Allee effects. A mechanistic formulation of B(N) and D(N) which
leads to Allee effects can be represented by Figure 6 where the left graph 6(a) is a case when Model
(6.6) has weak Allee effects and the right graph 6(b) is a case when Model (6.6) has strong Allee
effects.

(a) Schematic nullclines for Model (6.6) with weak

Allee effects where the value of N that leads to the

intercept is the carrying capacity.

(b) Schematic nullclines for Model (6.6) with strong

Allee effects where the value of N that leads to the

first intercept is the Allee threshold and the value of
N that leads to the second intercept is the carrying
capacity.

Figure 6. Schematic nullclines for Model (6.6) with Allee effects where the red
curve is the per capital birth rate B(N) and the blue curve is the per capital death
rate D(N).

In a general setting of B(N) and D(N) that leads to Allee effects requires at least one of B(N)
and D(N) being nonlinear. For example, when Model (6.6) has strong Allee effects, it’s possible that
B(N) can be a nonlinear quadratic term while D(N) can be a constant as shown by Figure 7. For
simplicity, a generic form of single species population with strong Allee effects can be represented
as following after rescaling

dN
dt = N(N − θ)(1−N)(6.10)

where θ is the Allee threshold and the carrying capacity is 1.
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Figure 7. An example of Model (6.6) with strong Allee effects where the red curve
is the per capital birth rate B(N) and the blue curve is the constant per capital
death rate D(N). The value of N that leads to the first intercept is the Allee
threshold and the value of N that leads to the second intercept is the carrying
capacity.

Appendix B-SI models with Allee effects and disease modified fitness

Let S, I,N = S + I be susceptible, infective and total population, then adopt the modeling
approach for single species in the absence of disease (6.6), a general mechanistic based SI model
with Allee effects can be represented as follows:

dS
dt = B(S, I)S︸ ︷︷ ︸

the birth term from suspectibles

+ρ2 B(S, I)I︸ ︷︷ ︸
the birth term from infectives

− D(S, I)S︸ ︷︷ ︸
the death term

− φ(N)
SI

N︸ ︷︷ ︸
the disease transmission term

dI
dt = φ(N)

SI

N︸ ︷︷ ︸
the disease transmission term

+ρ1 B(S, I)I︸ ︷︷ ︸
the birth term from infectives

− D(S, I)I︸ ︷︷ ︸
the death term

− µ(I)︸︷︷︸
the additional death due to disease

(6.11)

where 0 ≤ ρ1 +ρ2 ≤ 1 and component Allee effects contained in the formulation of B(S, I) or D(S, I)
or both depending on the particular species and its related ecological processes.

Then a SI model with Allee effects induced by mating limitations and the disease modified fitness
from Model (6.8) can be represented as follows:
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dS
dt = r[S + ρ1I]︸ ︷︷ ︸

the birth term

[
1− m

b+ S + αI

]
︸ ︷︷ ︸
Probability of Mating

− dNS︸ ︷︷ ︸
the death term due to crowd effects

− βSI︸︷︷︸
mass action disease transmission

dI
dt = rρ2I︸︷︷︸

the birth term

[
1− m

b+ S + αI

]
︸ ︷︷ ︸
Probability of Mating

− dNI︸︷︷︸
the death term due to crowd effects

+βSI − µI︸︷︷︸
the additional death due to disease

(6.12)

where B(S, I) = r
[
1− m

b+S+αI

]
; D(S, I) = dN and the parameters α ∈ [0, 1], ρ1 + ρ2 ∈ [0, 1]

indicating the disease modified fitness. If we only consider horizontal transmission (i.e., ρ2 = 0) and
scale away parameters r, d, then Model (6.12) can be rewritten as follows:

(6.13)
dS
dt = [S + ρ1I]

[
1− m

b+S+αI

]
−NS − βSI

dI
dt = βSI −NI − µI = I [βS −N − µ] = I [(β − 1)N − βI − µ]

dN
dt = [S + ρ1I]

[
1− m

b+S+αI

]
−N2 − µI = [N + (ρ1 − 1)I]

[
1− m

b+N+(α−1)I

]
−N2 − µI

which has strong Allee effects in the absence of disease when b < min{m, 1} and m < (b+1)2

4 . The
interior equilibrium of (6.13) satisfies the following equation:[

N + (ρ1 − 1)
(β − 1)N − µ

β

] [
1− m

b+N + (α− 1) (β−1)N−µ
β

]
−N2 − µ (β − 1)N − µ

β
= 0

which may have zero, one, two or three interior equilibria interior equilibrium. This suggests the
rich dynamics of the general SI model (6.1). However, due to the complexity of (6.11), we develop a
simple SI model (3.1)-(3.2) and its two patch extension (3.4)-(3.5) to study the dynamical outcomes
of a disease subject to Allee effects, disease-modified fitness and the dispersal. Model (3.1)-(3.2) and
its two patch extension (3.4)-(3.5) capture the essential dynamics that are expected to see in the
general setting (6.11) but they are mathematically more tractable.

Appendix C-Proofs

We collect technical details associated with the proofs of key results integrated in the manuscript
in an Appendix for those interested in seeing the mathematics behind the results.

Proof of Lemma 6.1.

Lemma 6.1. [Positively invariant sets I] The sets X,XSS ,Ω
SI
θ and ΩS1S2

1 are positively invariant
for System (3.4)-(3.7).

Proof. Notice that fi(S1, I1, S2, I2), gi(S1, I1, S2, I2), i = 1, 2 are continuous in X and smooth
when S1 > 0, S2 > 0 with (0, 0, 0, 0) as a trivial equilibrium of System (3.4)-(3.7). In addition, we
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have

dS1

dt

∣∣
S1=0

=

{
r1ρ1I1(α11I1 − θ1) (1− α12I1) + l11S2 ≥ 0

0, if r1ρ1I1(α11I1 − θ1) (1− α12I1) + l11S2 < 0
,

dI1
dt

∣∣
I1=0

= l12I2 ≥ 0,

dS2

dt

∣∣
S2=0

=

{ r2ρ2I2(α21I2 − θ2) (1− α22I2) + l21S1 ≥ 0

0, if r2ρ2I2(α21I2 − θ2) (1− α22I2) + l21S1 < 0
dI2
dt

∣∣
I2=0

= l22I1 ≥ 0.

Thus, we can conclude that X is positively invariant according to the continuity argument.
For any initial condition taken in XSS , System (3.4)-(3.7) is reduced to the following two-patch

no disease model:

dS1

dt
= r1S1(S1 − θ1) (1− S1) + l11(S2 − S1)(6.14)

dS2

dt
= r2S2(S2 − θ2) (1− S2) + l21(S1 − S2)(6.15)

which has been well-studied by Kang and Lanchier (2011). From the continuity argument, System
(6.14)-(6.15) is also positively invariant.

Take any other initial condition in ΩS1S2
1 . If S1(0) = S2(0) = 1, then we have

dS1

dt
|t=0 ≤ 0 and

dS2

dt
|t=0 ≤ 0.

This implies that both S1 and S2 is either staying at 1 for all t > 0 or they begin to decrease. If
S1(0) = S2(0) < 1, then either S1(t) = S2(t) for all t > 0 which may possibly converge to 1 (but
can not equal to 1) or there exists some T such that one of the following holds

S2(T ) < S1(T ) < 1 or S1(T ) < S2(T ) < 1.

For the latter case, the values of S1(t), S2(t) may increase or decrease starting from time T . If they
increase, at most one of them may possibly increase to 1 at first. Thus, without loss of generality
(WLOG), we assume that 0 ≤ S2(0) < S1(0) = 1. Then, at time t = 0, we have

dS1

dt

∣∣
t=0

= r1(S1 + ρ1I1)(S1 + ρ1I1 − θ1) (1− S1 − I1)− β1S1I1 + l11(S2 − S1) < 0.

This indicates that S1 will drop below 1in some future time. Therefore, any initial taken in ΩS1S2
1

will stay in ΩS1S2
1 for all future time, i.e., ΩS1S2

1 is positively invariant.
Apply the similar argument, we can also show that ΩSIθ is positively invariant.

Proof of Corollary 6.1.

Corollary 6.1. [Approximation of basins attractions of (0, 0, 0, 0)] Assume that all parameters
are strictly positive. The omega limit set of ΩSIθ−ε is (0, 0, 0, 0) where

ΩSIθ−ε = {(S1, I1, S2, I2) ∈ X : 0 ≤ S1 + I1 ≤ θ − ε, 0 ≤ S2 + I2 ≤ θ − ε}

for any 0 < ε < θ = min{θ1, θ2} < 1.

Proof. Define NT = l21S1 + l11S2 + α(l22I1 + l12I2), where 0 < α ≤ min{ l21l22 ,
l11
l12
}. For any

initial condition taken in ΩSIθ−ε, since aij , ρi, i, j = 1, 2 are strictly positive but not greater than 1,
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thus we have

dNT

dt = l21r1(S1 + ρ1I1)(S1 + α11I1 − θ1) (1− S1 − α12I1) +
l11r2(S2 + ρ2I2)(S2 + α21I2 − θ2) (1− S2 − α22I2)− α(l22d1I1 + l12d2I2)
−(l21 − αl22)β1S1I1 − (l11 − αl12)β2S2I2

< l21r1S1(θ − ε− θ1) (1− θ + ε) + l11r2S2(θ − ε− θ1) (1− θ + ε)− α (l22d1I1 + l12d2I2)
< −min{r1(ε+ θ1 − θ) (1− θ + ε) , r2(ε+ θ1 − θ) (1− θ + ε) , d1, d2}NT

(6.16)

This implies that the total population of NT is decreasing to 0 as t→∞, i.e., for any initial condition
taken in ΩSIθ−ε, we have

lim sup
t→∞

max{S1(t), S2(t), I1(t), I2(t)} = 0.

Proof of Lemma 6.2.

Lemma 6.2. [Positively invariant sets II] Assume that all parameters are strictly positive and
ai1
θi
≥ ai2, i, j = 1, 2. Then

(1) The set Ωθ is positively invariant if l12α11

α21
≤ l11 ≤ l12 +d1 and l22α21

α11
≤ l21 ≤ l22 +d2 hold.

(2) The set Ω1 is positively invariant if l12α12

α22
≤ l11 ≤ l12 +d1 and l22α22

α12
≤ l21 ≤ l22 +d2 hold.

Proof. Since α11

θ1
> α12, then for any initial condition taken in X such that S1 + α11I1 ≤ θ1,

we have

S1 + α11I1 ≤ θ1 ⇒
S1

θ1
+
α11

θ1
I1 ≤ 1⇒ S1 + α12I1 ≤ 1

and if S1 + α12I1 ≥ 1, we have

S1 + α12I1 ≥ 1⇒ S1

θ1
+
α11

θ1
I1 ≥ 1⇒ S1 + α11I1 ≥ θ1.

Similarly, if S2 + α21I2 ≤ θ2, then S2 + α22I2 ≤ 1; while if S2 + α22I2 ≥ 1, then S2 + α21I2 ≥ θ2.
Let Zxα = S1 + α11I1 and Zyα = S2 + α21I2. Take any initial condition in Ωθ, without loss of

generality, we assume that

0 ≤ S1 + α11I1 ≤ S2 + α21I2 ≤ θ ⇐⇒ 0 ≤ Zxα ≤ Zyα ≤ θ,

then we have
(6.17)
dZxα
dt = r1(S1 + ρ1I1)(S1 + α11I1 − θ1) (1− S1 − α21I1)− β1(1− α11)S1I1 − d1α11I1+

l11(S2 − S1) + α11l12(I2 − I1)
≤ r1(S1 + ρ1I1)(Zxα − θ1) (1− S1 − α12I1)− β1(1− α12)S1I1+

(l11S2 + α11l12
α21

α21I2)− (l11S1 + (l12 + d1)α11I1)

≤ r1(S1 + ρ1I1)(Zxα − θ1) (1− S1 − α12I1) + max{l11,
α11l12
α21
}Zyα −min{l11, (l12 + d1)}Zxα

Similarly, we have
(6.18)
dZyα
dt = r2(S2 + ρ2I2)(S2 + α21I2 − θ2) (1− S2 − α22I2)− β2(1− α21)S2I2 − d2α21I2+

l21(S1 − S2) + α21l22(I1 − I2)

≤ r2(S2 + ρ2I2)(Zyα − θ2) (1− S2 − α22I2) + max{l21,
α21l22
α11
}Zxα −min{l21, (l22 + d2)}Zyα

Therefore, if, in addition, l12α11

α21
≤ l11 ≤ l12 + d1 and l22α21

α11
≤ l21 ≤ l22 + d2 hold, we have follows:

dZxα
dt |t=0 ≤ r1(S1 + ρ1I1)(Zxα − θ1) (1− S1 − α12I1) + l11 (Zyα − Zxα) |t=0(6.19)
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and

dZyα
dt |t=0 ≤ r2(S2 + ρ2I2)Zyα(Zyα − θ2) (1− S2 − α22I2) + l21 (Zxα − Zyα) |t=0 ≤ 0(6.20)

This indicates that Zyα starts to decrease and Zxα may start to increase. If Zyα does increase, then at
most it can increase to be the same value as Zxα which is below the initial condition Zxα(0). Thus,
both Zxα(t) and Zyα will stay in Ωθ for all future time.

Define Zx = S1 + α12I1 and Zy = S2 + α22I2. By applying similar arguments above, we can
show that Ω1 is positively invariant if l12α12

α22
≤ l11 ≤ l12 + d1 and l22α22

α12
≤ l21 ≤ l22 + d2 hold.

Proof of Lemma 6.3.

Lemma 6.3. [Boundedness of susceptible population] For any initial taken in X, we have

lim sup
t→∞

max{S1(t), S2(t)} ≤ 1.

Proof. According to Lemma 6.1, we know that ΩS1S2
1 is positively invariant. Thus, we only

need to show that for any initial condition taken in X, either (S1(t), I1(t), S2(t), I2(t)) enters ΩS1S2
1

in some finite time or both values of |S1(t) − 1| and |S2(t) − 1| approach to 0 as t approaches to
infinity.

WLOG, we assume that S2(0) < S1(0) and S1(0) > 1. Then, S1(t) is decreasing for a certain
period of time. This indicates the following two cases:

(1) For all t > 0, we have S2(t) < S1(t). Since dS1(t)
dt < 0 whenever max{S2(t), 1} < S1(t),

therefore,

lim
t→∞

S2(t) ≤ lim
t→∞

S1(t) ≤ 1.

(2) There exists some time T such that

S2(t) < S1(t) for all t < T and S2(T ) = S1(T ) < S1(0).

For the second case, if S1(T ) ≤ 1, then (S1(t), I1(t), S2(t), I2(t)) ∈ Ω1 for all future time. If
S1(T ) > 1, then

dS1

dt

∣∣
t=T

< 0,
dS2

dt

∣∣
t=T

< 0 and
dN

dt

∣∣
t=T

< 0.

This indicates that one of the following three cases holds:

i Both S1(t) and S2(t) decrease for all t > T , thus the limit of Si(t), i = 1, 2 as t → ∞ are
not greater than 1.

ii There exists some time T1 such that dS1

dt < 0 and dS2

dt < 0 for all 0 < t < T1 and at t = T1

we have
dS1

dt

∣∣
t=T1

< 0 and
dS2

dt

∣∣
t=T1

= 0

which implies that

1 < S2(T1) < S1(T1) < S1(T ) < S1(0).

iii There exists some time T1 such that dS1

dt < 0 and dS2

dt < 0 for all 0 < t < T1 and at t = T1

we have
dS1

dt

∣∣
t=T1

= 0 and
dS2

dt

∣∣
t=T1

< 0

which implies that

1 < S1(T1) < S2(T1) < S1(T ) < S1(0).
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For the case ii and iii, we go back to the second case. Then we can repeat the same procedures until
either

lim
t→∞

S2(t) ≤ lim
t→∞

S1(t) ≤ 1

or there exists a sequence {Ti}∞i=1 such that

lim
i→∞

Ti =∞, lim
i→∞

max{S1(Ti), S2(Ti)} ≤ 1 and max
t∈[Ti−1,Ti]

{S1(t), S2(t)} ≤ max{S1(Ti), S2(Ti)}, i ≥ 1

which indicates that
lim sup
t→∞

max{S1(t), S2(t)} ≤ 1.

Therefore, the statement of Lemma 6.3 holds.

Proof of Theorem 6.4.

Theorem 6.4. [Compact attractor] Assume that all parameters are strictly positive. Then the
compact set

[0, 1]×
[
0, C

]
× [0, 1]×

[
0, C

]
attracts all points in X where

C = max
{M(l22 + l12) + l12l21 + l11l22

l22 min{l11, l22, d1, d2}
,
M(l22 + l12) + l12l21 + l11l22

l12 min{l11, l22, d1, d2}

}
and

hi(Si, Ii) = ri(Si + ρiIi)(Si + αi1Ii − θi) (1− Si − αi2Ii) , M = max
i=1,2
{ max

0≤Si≤1,0≤Ii≤ 1
αi2

{hi(Si, Ii)}}.

Proof. Define hi(Si, Ii) = ri(Si + ρiIi)(Si + αi1Ii − θi) (1− Si − αi2Ii) , i = 1, 2 and observe
that hi, i = 1, 2 are nonegative in the following two cases:

(1) Si + αi1Ii ≤ θi but Si + αi2Ii ≥ 1. In this case, we require 0 ≤ Ii ≤ θi
αi1
≤ 1

αi2
.

(2) Si + αi1Ii ≥ θi but Si + αi2Ii ≤ 1. In this case, we require 0 ≤ Ii ≤ 1
αi2
.

If (Si + αi1Ii < θi, Si + αi2Ii < 1) or (Si + αi1Ii > θi, Si + αi2Ii > 1) then we have hi < 0, i =
1, 2. Let

M = max
i=1,2
{ max

0≤Si≤1,0≤Ii≤ 1
αi2

{hi(Si, Ii)}}

then for strictly positive parameters, we have that

hi(Si, Ii) ≤M for all (S1, I1, S2, I2) ∈ X, i = 1, 2.

Define NT = l22(S1 + I1) + l12(S2 + I2). Choose a small ε > 0, then according to Lemma 6.3, for
some large enough T , we have that

Si(t) < 1 + ε, for all t > T.

Thus, for t large enough, we have

dNT

dt = l22r1(S1 + ρ1I1)(S1 + α11I1 − θ1) (1− S1 − α12I1) + l12r2(S2 + ρ2I2)(S2 + α21I2 − θ2) (1− S2 − α22I2)
+l11l22(S2 − S1) + l12l21(S1 − S2)− l22d1I1 − l12d2I2

≤ M(l22 + l12) + (l12l21 − l11l22)S1 + (l11l22 − l12l21)S2 − l22d1I1 − l12d2I2
≤ M(l22 + l12) + (l12l21 + l11l22)(1 + ε)−min{l11, d1}l22(S1 + I1)−min{l22, d2}l12(S2 + I2)
< M(l22 + l12) + (l12l21 + l11l22)(1 + ε)−min{l11, l22, d1, d2}NT .

Therefore,

lim sup
t→∞

NT (t) ≤ M(l22 + l12) + l12l21 + l11l22

min{l11, l22, d1, d2}
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which indicates that,

lim sup
t→∞

I1(t) ≤ M(l22 + l12) + l12l21 + l11l22

l22 min{l11, l22, d1, d2}
and lim sup

t→∞
I2(t) ≤ M(l22 + l12) + l12l21 + l11l22

l12 min{l11, l22, d1, d2}
.

Proof of Corollary 6.2.

Corollary 6.2. [Disease free] If βi < di, i = 1, 2, then

lim sup
t→∞

max{I1(t), I2(t)} = 0.

Proof. From Lemma 6.3, we have shown that for any ε > 0 and any initial condition in X,
there exists some time T such that

S1(t) < 1 + ε, S2(t) < 1 + ε for all t > T.

Define N I1I2 = l22I1 + l12I2. If max{β1− d1, β2− d2} < 0, i.e., βi < di, i = 1, 2, then we can choose
ε small enough such that maxj=1,2{βj(1 + ε)− dj} = a < 0,, then for T large enough, we have

dNI1I2

dt = l22I1 (S1 − d1) + l12I2 (S2 − d2)
≤ l22I1 (β1(1 + ε)− d1) + l12I2 (β2(1 + ε)− d2)
≤ −aN I1I2 < 0

Therefore, we have N I1I2(t) ≤ N I1I2(T )e−a(t−T ) is decreasing to 0 as t→∞ which indicates that

lim sup
t→∞

max{I1(t), I2(t)} = 0.

Proof of Proposition 6.1.

Proposition 6.1. [Trivial equilibria]System (3.4)-(3.7) always has E0 = (0, 0, 0, 0), E1 = (1, 0, 1, 0)
as its equilibria where E0 is always locally asymptotically stable and E1 is locally asymptotically
stable if

β1 + β2 < d1 + d2 + l12 + l22 and (β1 − d1)(β2 − d2 − l22) > l12(β2 − d2).

If in addition, θ1 = θ2 = θ, then System (3.4)-(3.7) also has an unstable equilibrium Eθ = (θ, 0, θ, 0).

Proof. It is easy to check that E0 and E1 are equilibria of (3.4)-(3.7). If in addition, θ1 =
θ2 = θ, then Eθ = (θ, 0, θ, 0) is also an boundary equilibrium of the system. The Jacobian matrices
evaluated at these three equilibria can be represented as follows:

(6.21) JE0
=


−r1θ1 − l11 −r1ρ1θ1 l11 0
0 −l12 − d1 0 l12

l21 0 −r2θ2 − l21 −r2ρ2θ2

0 l22 0 −l22 − d2


with

λi1 + λi2 = −r1θ1 − r2θ2 − l11 − l21, λi1λ
i
2 = l11r2θ2 + r1θ1(l21 + r2θ2)

λo1 + λo2 = −d1 − d2 − l12 − l22, λo1λ
o
2 = l12d2 + d1l22 + d1d2

as its four eigenvalues.
(6.22)

JEθ =


−r1θ(1− θ)− l11 −r1θ(1− θ)α11 − β1θ l11 0
0 β1θ − l12 − d1 0 l12

l21 0 r2θ(1− θ)− l21 r2θ(1− θ)α21 − β2θ
0 l22 0 β2θ − l22 − d2
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with

λi1 + λi2 = θ(1− θ)(r1 + r2)− l11 − l21, λi1λ
i
2 = θ(θ − 1)(r1r2θ(θ − 1) + r1l21 + r2l11)

λo1 + λo2 = −d1 − d2 − l12 − l22 + θ(β1 + β2), λo1λ
o
2 = l12d2 + d1l22 + d1d2 + β1θ(β2θ − d2 − l22)− β2θ(d1 + l12)

as its four eigenvalues.

(6.23)

JE1 =


−r1(1− θ1)− l11 −r1(1− θ1)α12 − β1 l11 0
0 β1 − l12 − d1 0 l12

l21 0 −r2(1− θ2)− l21 −r2(1− θ2)α22 − β2

0 l22 0 β2 − l22 − d2


with

λi1 + λi2 = r1(θ1 − 1) + r2(θ2 − 1)− l11 − l21, λi1λ
i
2 = r1r2(θ1 − 1)(θ2 − 1) + r2l11(1− θ2) + r1l21(1− θ1)

λo1 + λo2 = −d1 − d2 − l12 − l22 + β1 + β2, λo1λ
o
2 = (β1 − d1)(β2 − d2) + l22(d1 − β1) + l12(d2 − β2)

as its four eigenvalues. The eigenvalues λij , j = 1, 2 indicate the stability of equilibrium in the
invariant set Xxy and the eigenvalues λoj , j = 1, 2 indicate whether equilibrium is transversal stable
(if both eigenvalues are negative) or not. The simple algebraic calculations imply that all four
eigenvalues of JE0

are negative, thus it is locally asymptotically stable. If

β1 + β2 < d1 + d2 + l12 + l22 and (β1 − d1)(β2 − d2 − l22) > l12(β2 − d2)

then all four eigenvalues of JE1
are also negative, thus, E1 is locally asymptotically stable. Since if

λo1 + λo2 < 0, then λo1λ
o
2 < 0, thus, Eθ is unstable.

Proof of Proposition 6.2.

Proposition 6.2. [Positively invariant sets III]Assume that all parameters are strictly positive and
the following inequalities hold

ai1
θi
≥ ai2, i = 1, 2,

l12α12

α22
≤ l11 ≤ l12 + d1 and

l22α22

α12
≤ l21 ≤ l22 + d2.

If, in addition, there exists some α such that θ1 < α < max{1, α11

α12
} and the following inequalities

hold

r1ρ1(α− θ1)(1− α) ≥ l11 and r1ρ1(α− θ1)(1− α12α

α11
) ≥ β1(1− α12)

α11
+ l12 + d1.

Then the set

Ωxθ = {(S1, I1, S2, I2) ∈ X : α ≤ S1 + α11I1 ≤ 1 and S1 + α12I1 ≤ 1}

is positively invariant. Similarly, if there exists some α such that θ2 < α < max{1, α21

α22
} and the

following inequalities hold

r2ρ2(α− θ2)(1− α) ≥ l21 and r2ρ2(α− θ2)(1− α22α

α21
) ≥ β2(1− α22)

α21
+ l22 + d2.

Then the set

Ωyθ = {(S1, I1, S2, I2) ∈ X : α ≤ S2 + α21I2 ≤ 1 and S2 + α22I2 ≤ 1}

is positively invariant.
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Proof. Since all parameters are strictly positive and the inequalities

ai1
θi
≥ ai2, i = 1, 2,

l12α12

α22
≤ l11 ≤ l12 + d1 and

l22α22

α12
≤ l21 ≤ l22 + d2

hold, thus, according to Lemma 6.2, the set Ω1 is positively invariant.
Define Zxθ = S1 + α11I1. If there exists some α such that θ1 < α < α11

α12
, then take any initial

condition in Ωxθ , we have

dZxθ
dt = r1(S1 + ρ1I1)(S1 + α11I1 − θ1) (1− S1 − α21I1)− β1(1− α11)S1I1 − d1α11I1+

l11(S2 − S1) + α11l12(I2 − I1)
≥ r1ρ1Z

x
θ (Zxθ − θ1) (1− S1 − α12I1)− (β1(1− α12) + (l12 + d1)α11) I1 − l11S1

= r1ρ1Z
x
θ (Zxθ − θ1)− (l11 + r1ρ1Z

x
θ (Zxθ − θ1))S1

− (β1(1− α12) + (l12 + d1)α11 + α12r1ρ1Z
x
θ (Zxθ − θ1)) I1

≥ r1ρ1Z
x
θ (Zxθ − θ1)−max{(l11 + r1ρ1Z

x
θ (Zxθ − θ1)) ,

β1(1−α12)+(l12+d1)α11+α12r1ρ1Z
x
θ (Zxθ−θ1)

α11
}Zxθ .

Now let Zxθ = θ, then we have

dZxθ
Zxθ dt

≥ r1ρ1(Zxθ − θ1)−min{(l11 + r1ρ1Z
x
θ (Zxθ − θ1)) ,

β1(1−α12)+(l12+d1)α11+α12r1ρ1Z
x
θ (Zxθ−θ1)

α11
}

= r1ρ1(α− θ1)−max{(l11 + r1ρ1θ(α− θ1)) , β1(1−α12)+(l12+d1)α11+α12r1ρ1α(α−θ1)
α11

}.

Thus, if

r1ρ1(α− θ1) ≥ l11 + r1ρ1α(α− θ1)⇒ r1ρ1(α− θ1)(1− α) ≥ l11

and

r1ρ1(α−θ1) ≥ β1(1− α12) + (l12 + d1)α11 + α12r1ρ1α(α− θ1)

α11
⇒ r1ρ1(α−θ1)(1−α12α

α11
) ≥ β1(1− α12)

α11
+l12+d1,

then
dZxρ
Zxθ dt

∣∣
Zxθ=α

≥ 0, which implies that Zxθ (t) ≥ α for all t > 0.

Similarly, by defining Zyθ = S2 +α21I2, we can show that Ωyθ is positively invariant if there exists
some α such that θ2 < α < α21

α22
and the following inequalities hold

r2ρ2(α− θ2)(1− α) ≥ l21 and r2ρ2(α− θ2)(1− α22α

α21
) ≥ β2(1− α22)

α21
+ l22 + d2.

Proof of Theorem 6.5.

Theorem 6.5. [Sufficient condition for endemic]Assume that all conditions in Proposition 6.2 hold
such that either Ωxθ or Ωyθ is positively invariant. If Ωxθ is positively invariant and α > l12+d1

β1
, then

there exists some ε > 0 such that for any initial condition taken in Ωxθ , we have

lim inf
t→∞

min{I1(t), I2(t)} ≥ ε.

Similarly, if Ωyθ is positively invariant and α > l22+d2
β2

, then there exists some ε > 0 such that for

any initial condition taken in Ωyθ , then we also have

lim inf
t→∞

min{I1(t), I2(t)} ≥ ε.

Proof. According to Proposition 6.2, if

a11

θ1
≥ a12,

l12α12

α22
≤ l11 ≤ l12 + d1 and

l22α22

α12
≤ l21 ≤ l22 + d2,
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and, in addition, there exists α such that

θ1 < α < max{1, α11

α12
}, r1ρ1(α−θ1)(1−α) ≥ l11 and r1ρ1(α−θ1)(1−α12α

α11
) ≥ β1(1− α12)

α11
+l12+d1,

then Ωxθ is positively invariant.

Now define an average Lyapunov function V = I1I
δ
2 . Since d1+l12

β1
< θ1, then we can find a

positive δ small enough such that

β1α1 − d1 − l12 − δ(d2 + l22) > 0.

Then we have
dV
dt = Iδ2 (β1S1I1 + l12(I2 − I1)− d1I1) + δI1I

δ−1
2 (β2S2I2 + l22(I1 − I2)− d2I2)

≥ Iδ2 (β1S1I1 − l12I1 − d1I1) + δI1I
δ−1
2 (−l22I2 − d2I2)

= V (β1S1 − l12 − d1 − δ(d2 + l22) .

According to Theorem 6.4, System (3.4)-(3.7) has a global attractor

A = [0, 1]×
[
0, C

]
× [0, 1]×

[
0, C

]
.

Let B = {(S1, I1, S2, I2) ∈ X : I1 = I2 = 0} ∩ Ωxθ ∩ A, then B is a compact positively invariant set.
Notices that

dV

V dt

∣∣
I1=0,I2=0

≥ (β1α1 − (d1 + l12)) > 0.

Therefore, we can apply Theorem 2.5 of Huston (1984) to obtain the persistence of I1 and I2,
i.e., there exists a ε > 0, such that for any initial condition taken in Ωxθ , we have

lim inf
t→∞

min{I1(t), I2(t)} ≥ ε.

By applying the similar argument, we can show that if, in addition, there exists α such that

θ2 < α < max{1, α21

α22
}, r2ρ2(α−θ2)(1−α) ≥ l21 and r2ρ2(α−θ2)(1−α22α

α21
) ≥ β2(1− α22)

α21
+l22+d2,

then there exists a ε > 0, such that for any initial condition taken in Ωyα, we have

lim inf
t→∞

min{I1(t), I2(t)} ≥ ε.

6.1. Proof of Proposition 6.3.

Proposition 6.3. [The existence and stability of Ei] Assume that l12 = l22 = 0. If R1
0 = β1

d1
6=

R2
0 = β2

d2
, then System (4.1)-(4.4) has no interior equilibrium when the dispersal rate of S-class in

either patch is too large, i.e., l11 or l21 too large. While if R1
0 = R2

0, then System (4.1)-(4.4) has a
unique interior equilibrium Ei = ( d1β1

, I∗1 ,
d2
β2
, I∗2 )where I∗i , i = 1, 2 are showed in (4.7).

If we assume the following instead

r1 = r2 = r, β1 = β2 = β, d1 = d2 = d, θ1 = θ2 = θ.

Then System (4.1)-(4.4) has a locally asymptotically stable interior equilibrium Ei = ( dβ , z
∗, dβ , z

∗) ∈
X where z∗ = r(β−d)(d−θβ)

β(β2+r(d−θβ)) if

1 >
d

β
> θ and r >

β2(β(1 + θ)− 2d)

(d− βθ)2
.
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Proof. The simple calculation indicate that the first part of Proposition holds when l12 =
l22 = 0. Now we focus on the proof of the second part. First, we can easily check that the following
system

dS

dt
= rS(S − θ) (1− S − I)− βSI(6.24)

dI

dt
= βSI − dI(6.25)

has a unique local asymptotically stable interior equilibrium
(
d
β ,

r(β−d)(d−θβ)
β[β2+r(d−θβ)]

)
if

θβ < d < β and a =
rd[β2(β + βθ − 2d)− r(d− θβ)2]

β2[β2 + r(d− θβ)]
< 0.

Thus the symmetric system (4.1)-(4.4) has an interior equilibrium Ei = ( dβ , z
∗, dβ , z

∗)) ∈ X where

z∗ = r(β−d)(d−θβ)
β(β2+r(d−θβ)) . The Jacobian Matrix evaluated at Ei is JEi showed as follows:

JEi =


a− l11 b l11 0
βz∗ −l12 0 l12

l21 0 a− l21 b
0 l22 βz∗ −l22

(6.26)

whose four eigenvalues have the following properties:

λi1 + λi2 = a, λi1λ
i
2 = −bz∗β

λo1 + λo2 = a−
∑
i,j=1,2,i6=j lij , λo1λ

o
2 = −a(l12 + l22)− bβz∗ + (l21 + l11)(l12 + l22)

where

a =
rd[β2(β + βθ − 2d)− r(d− θβ)2]

β2[β2 + r(d− θβ)]
and b = −d(β2 + r(d− θβ))

β2
< 0.

This indicates that if System (6.24)-(6.25) has a local asymptotically stable interior equilibrium,
then the interior equilibrium Ei of the symmetric system (4.1)-(4.4) is locally asymptotically stable
since a < 0 implies that all four eigenvalues of JEi have negative real parts.

Notice that

θβ < d < β ⇒ β2 + r(d− θβ) > 0,

thus we have

r >
β2(β(1 + θ)− 2d)

(d− βθ)2
⇒ a < 0.

Therefore, the statement holds.

Proof of Theorem 6.6.

Theorem 6.6. [Small dispersals] Assume that the uncoupled system (3.1)-(3.2) has a locally asymp-
totically stable interior equilibrium Eii and all dispersals lij , i, j = 1, 2 are small enough. If

d1

β1

l21

r2θ2
− l22x

∗

d2
> 0 and

d2

β2

l11

r1θ1
− l12y

∗

d1
> 0,

then the coupled system (3.4)-(3.7) has at least the following four attractors that can be described as
follows:

E0, E
n
i0 = Ei0 +Oi0, E

n
0i = E0i +O0i and Enii = Eii +Oii
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where

Oi0 =
(
l12
β1

+ o(l),
l11d1−ax11l12

ax12β1
+ o(l), d1β1

l21
r2θ2
− l22x

∗

d2
+ o(l), l22

x∗

d2
+ o(l)

)
O0i =

(
d2
β2

l11
r1θ1
− l12y

∗

d1
+ o(l), l12

y∗

d1
+ o(l), l22β2

+ o(l),
l21d2−ay21l22

ay22β2
+ o(l)

)
Oii =

(
l11x

∗(β2d1−β1d2)+β2a11l12(y∗−x∗)
β1β2a12x∗ + o(l), l11d1−a11l12a12β1

+ o(l), l22(y∗−x∗)
β2y∗

+ o(l), a21l22(x∗−y∗)+l21d2y
∗

a22β2y∗
+ o(l)

)
ax11 = ∂f1

∂S1
|Ei0 , ax12 = ∂f1

∂I1
|Ei0 , a

y
21 = ∂g1

∂S2
|E0i

, ay22 = ∂g1
∂I2
|E0i

a11 = ∂f1
∂S1
|Eii , a12 = ∂f1

∂I1
|Eii , a21 = ∂g1

∂S2
|Eii , a22 = ∂g1

∂I2
|Eii

l =
∑
i=1,2,j=1,2 lij .

Proof. Even though the detailed proof is tedious, it is straight forward by applying the per-
turbation theorem (Levin 1974; Hirsch & Smale 1974; Guckenheimer & Holmes 1983; Amarasekare
2000).

Proof of Theorem 6.8.

Lemma 6.7. [Invariant sets for symmetrical cases] If Condition (3.3) holds, then Ωx=y is an invari-
ant set of System (3.4)-(3.7). Moreover, for any initial condition taken in Ωx=y, System (3.4)-(3.7)
is reduced to a two identical uncoupled systems that can be described by the ODEs (5.3)-(5.4).

Theorem 6.8. [Dispersals has no effects on the dynamics of symmetric cases] If one patch model
(5.3)-(5.4) has a locally asymptotically stable interior equilibrium ( dβ , v

∗), then the coupled symmetric

system (3.4)-(3.7) also has a locally asymptotically stable interior equilibrium Eii = ( dβ , v
∗, dβ , v

∗) for

any lij ≥ 0, i, j = 1, 2.. If one patch model (5.3)-(5.4) is unstable at ( dβ , v
∗), then (3.4)-(3.7) is also

unstable at Eii for any lij ≥ 0, i, j = 1, 2.

Proof. According to Lemma 6.7, we know that ( dβ , v
∗, dβ , v

∗) is an interior equilibrium of the

symmetric coupled system (3.4)-(3.7).
Since one patch model (5.3)-(5.4) is locally asymptotically stable at the interior equilibrium

( dβ , v
∗), thus we have

a− βv∗

2
< 0 and (d− b)βv∗ > 0

where

a = r(
d

β
+ ρv∗ − θ)(1− d

β
− v∗) + r(

d

β
+ ρv∗)(1− d

β
− v∗)− r( d

β
+ ρv∗ − θ)( d

β
+ ρv∗)

and

b = rρ(
d

β
+ ρv∗ − θ)(1− d

β
− v∗) + rρ(

d

β
+ ρv∗)(1− d

β
− v∗)− r( d

β
+ ρv∗ − θ)( d

β
+ ρv∗).

The Jacobian Matrix of the symmetric coupled system evaluated at Eii = ( dβ , v
∗, dβ , v

∗) is JEii
showed as follows:

JEii =


a− βv∗ − l11 b− d l11 0
βv∗ −l12 0 l12

l21 0 a− βv∗ − l21 b− d
0 l22 βv∗ −l22

(6.27)

with

λi1 + λi2 = a− βv∗ < 0, λi1λ
i
2 = β(d− b)v∗ > 0

λo1 + λo2 =
a−βv∗−

∑
i,j=1,2 lij

2 < 0, λo1λ
o
2 = (βv∗ − a)(l22 + l12) + βv∗(d− b) + l21l22 + l11l12 + l12l21 + l22l11 > 0

.(6.28)
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Then from simple verifications, we can conclude that the symmetric coupled system is locally asymp-
totically stable at the interior equilibrium Eii if (5.3)-(5.4) is locally asymptotically stable at ( dβ , v

∗).

In the case that ( dβ , v
∗) is unstable for one patch model (5.3)-(5.4), then either a−βv∗

2 > 0 or

(d − b)βv∗ < 0. Thus, according to (6.28), we can conclude that the symmetric coupled system is
also unstable at Eii.

Science and Mathematics Faculty, Arizona State University, Mesa, AZ 85212, USA.
E-mail address: yun.kang@asu.edu

Mathematical, Computational and Modeling Sciences Center. Arizona State University, Tempe,
85287-1904; School of Human Evolution and Social Changes and School of Sustainability; Santa Fe

Institute, Santa Fe, NM, 87501; Cornell University, Biological Statistics and Computational Biology,

Ithaca, NY 14853 - 2601; Martin Luther King Jr. Visiting Professor, Department of Aeronautics and
Astronautics, Massachusetts Institute of Technology, 77 MASS Ave. 33-404, Cambridge, MA 02139-4307

E-mail address: ccchavez@asu.edu;ccchavez@mit.edu


	1. Introduction
	2. Critical population thresholds
	3. Metapopulation SI Model
	4. Endemic states
	5. The effects of dispersal
	6. Discussion
	Acknowledgements
	References
	Appendix A-Single species models with Allee effects
	Appendix B-SI models with Allee effects and disease modified fitness
	Appendix C-Proofs

