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Learning in distribution grids 

n  Reduced observability due to sheer extent and 
limited real-time metering 
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n  However, load estimates and topology information 
needed for grid optimization and control 

n  Adding a third functionality to smart inverters 
1.  energy conversion 
2.  grid control 
3.  grid monitoring 

n  Smart inverters interfacing 
new technologies 



Inverter Probing for Learning Distribution Grids 
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Grid topology learning 
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topology detection 

topology identification 

n  Given data and existing line infrastructure,  
find which lines are energized 

n  Given data alone, find grid topology and 
line impedances 



Prior work 
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n  Voltage covariance [Bolognani’13], [Deka-Backhaus-Chertkov’15], [Li-Scaglione-Poor’15] 

n  Graphical models and DNN [Weng-Liao-Rajagopal’17], [Sevlian-Rajagopal’17], [Zhao-Poor’17] 

n  Micro-PMU data [Ardakanian et al’18] 

Passive data collection 

n  Oscillation modes in transmission grid dynamics [Trudnowski-Pierre’09] 

n  Identification of DC microgrids [Angjelichinoski-Scaglione ’16] 

n  Thevenin impedance for single inverter [Jaksic-Boroyevich-Burgos ’17] 

Grid perturbation for active data collection 



Grid probing using inverters 
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n  Perturb power injections at probing buses [how?] 

n  Collect grid voltage response (magnitudes, phasors) 

n  Repeat over T probing actions spaced 1-2’ apart 



Approximate grid model 

n  Single-phase radial grid with N+1 nodes and N lines 

n  Linear distribution flow (LDF) model [Baran-Wu’89], [Deka et al’17] 

vn

pn, qnpm, qm

vm
node m

node n

inverse graph 
Laplacian 

a` =

2

66664

0
+1
0
�1
0

3

77775

n  Differential quantities ṽt = Rp̃t +Xq̃t + nt

p̃t := pt � pt�1
<latexit sha1_base64="r4F+sxmiLvk8h6U/zFL0Em+vR+g="></latexit><latexit sha1_base64="r4F+sxmiLvk8h6U/zFL0Em+vR+g="></latexit><latexit sha1_base64="r4F+sxmiLvk8h6U/zFL0Em+vR+g="></latexit><latexit sha1_base64="r4F+sxmiLvk8h6U/zFL0Em+vR+g="></latexit>

1.  modeling error 

2.  metering noise 

3.  unmodeled (load) variations 

v ' Rp+Xq+ 1N
<latexit sha1_base64="t51eR/xbU5itmeKLu+yf8Nyi2SM=">AAACH3icbZDLSsNAFIYnXmu9RV26GSyKIJSkirosuHElVewFmhAm00k7dHLpzKRQQt7Eja/ixoUi4q5v46RNUVt/GPj4zznMOb8bMSqkYYy1peWV1bX1wkZxc2t7Z1ff22+IMOaY1HHIQt5ykSCMBqQuqWSkFXGCfJeRptu/yerNIeGChsGjHEXE9lE3oB7FSCrL0S8tH8me6yXD9MQS1CcDOHMeovRsxq3BD5upc+foJaNsTAQXwcyhBHLVHP3L6oQ49kkgMUNCtE0jknaCuKSYkbRoxYJECPdRl7QVBsgnwk4m96XwWDkd6IVcvUDCift7IkG+ECPfVZ3ZjmK+lpn/1dqx9K7thAZRLEmApx95MYMyhFlYsEM5wZKNFCDMqdoV4h7iCEsVaVGFYM6fvAiNStk8L1fuL0pVM4+jAA7BETgFJrgCVXALaqAOMHgCL+ANvGvP2qv2oX1OW5e0fOYA/JE2/gZ056PI</latexit>

L = A>dg(g)A
<latexit sha1_base64="UZihdADAHjTHmJSseO8vQIMZRvQ=">AAACJHicbVDLSsNAFJ34rPUVdekmWIS6KUkVFESouHHhooJ9QBPLZDpph04ezNyIJeRj3Pgrblz4wIUbv8Vpm6K2Hhg4nHMuc+9xI84kmOanNje/sLi0nFvJr66tb2zqW9t1GcaC0BoJeSiaLpaUs4DWgAGnzUhQ7LucNtz+xdBv3FEhWRjcwCCijo+7AfMYwaCktn5q+xh6rpdcpWcTep7e2hBGNtB7EH7S6abFidVND35Sbb1glswRjFliZaSAMlTb+pvdCUns0wAIx1K2LDMCJ8ECGOE0zduxpBEmfdylLUUD7FPpJKMjU2NfKR3DC4V6ARgj9fdEgn0pB76rksMN5bQ3FP/zWjF4J07CgigGGpDxR17MDQiNYWNGhwlKgA8UwUQwtatBelhgAqrXvCrBmj55ltTLJeuwVL4+KlSsrI4c2kV7qIgsdIwq6BJVUQ0R9ICe0At61R61Z+1d+xhH57RsZgf9gfb1DaKkppc=</latexit>

g` � j�`
<latexit sha1_base64="AVdymcUGtS/xmF0qMW9NwkMdZeA=">AAAB/3icbVC7SgNBFJ31GWPUVcFGkMEg2Bh2Y6FlwMYyAfOAbFhmJ3eTMbMPZmaFsKaw8EdsLBSxjL9h5zf4E84mKTTxwIUz59zL3Hu8mDOpLOvLWFpeWV1bz23kNwtb2zvm7l5DRomgUKcRj0TLIxI4C6GumOLQigWQwOPQ9AZXmd+8AyFZFN6oYQydgPRC5jNKlJZc86Dnpg5wPsJn+NbxQBE3e7pm0SpZE+BFYs9IsVIY174fj8ZV1/x0uhFNAggV5UTKtm3FqpMSoRjlMMo7iYSY0AHpQVvTkAQgO+lk/xE+0UoX+5HQFSo8UX9PpCSQchh4ujMgqi/nvUz8z2snyr/spCyMEwUhnX7kJxyrCGdh4C4TQBUfakKoYHpXTPtEEKp0ZHkdgj1/8iJplEv2ealcs4uVMpoihw7RMTpFNrpAFXSNqqiOKLpHT+gFvRoPxrPxZrxPW5eM2cw++gPj4wcojZkx</latexit>

R = L�1
<latexit sha1_base64="P7IIgbOnjHpBOnPBLh61r/OJtfg=">AAACA3icbZDLSsNAFIYnXmu8Rd3pZrAIbixJXeimWHDjwkUVe4E2lsl00g6dTMLMRCgh4MYnEdy4UERw5Uu4Ed/GSVtBW38Y+PjPOcw5vxcxKpVtfxkzs3PzC4u5JXN5ZXVt3drYrMkwFphUcchC0fCQJIxyUlVUMdKIBEGBx0jd659m9foNEZKG/EoNIuIGqMupTzFS2mpb260AqZ7nJ5dp6QfP0+vkwEnbVt4u2EPBaXDGkD95M0vR/adZaVsfrU6I44BwhRmSsunYkXITJBTFjKRmK5YkQriPuqSpkaOASDcZ3pDCPe10oB8K/biCQ/f3RIICKQeBpzuzNeVkLTP/qzVj5R+7CeVRrAjHo4/8mEEVwiwQ2KGCYMUGGhAWVO8KcQ8JhJWOzdQhOJMnT0OtWHAOC8ULJ18ugpFyYAfsgn3ggCNQBmegAqoAg1vwAJ7As3FnPBovxuuodcYYz2yBPzLevwFfsZrs</latexit>
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Probing for topology identification 
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ṽt = Rp̃t +Xq̃t + nt
<latexit sha1_base64="vmEG1zfch+CMsYiAagGUqdZcfYU=">AAACTXicbVFNSwMxEM3Wj9b6VfXoJVgEQSi7IqgHoeDFYxWrhbaUbDprQ7PZNZktlGV/oRfx5s/w4kFFTD8UrQ4E3rz3hkxe/FgKg6775OTm5hcW84Wl4vLK6tp6aWPz2kSJ5lDnkYx0w2cGpFBQR4ESGrEGFvoSbvz+2Ui/GYA2IlJXOIyhHbJbJQLBGVqqU4IWCtmFtBUy7PlBOsiyDtJTSr+Iy2zGEY8d+9+GxqzhbmL4apXtOqWyW3HHRf8CbwrKZFq1Tumx1Y14EoJCLpkxTc+NsZ0yjYJLyIqtxEDMeJ/dQtNCxUIw7XQcR0Z3LdOlQaTtUUjH7M+JlIXGDEPfOkc7mlltRP6nNRMMjtupUHGCoPjkoiCRFCM6ypZ2hQaOcmgB41rYXSnvMc042h8o2hC82Sf/BfWDyknFuzgsV71pGgWyTXbIHvHIEamSc1IjdcLJPXkmr+TNeXBenHfnY2LNOdOZLfKrcvlPu/63RQ==</latexit><latexit sha1_base64="vmEG1zfch+CMsYiAagGUqdZcfYU=">AAACTXicbVFNSwMxEM3Wj9b6VfXoJVgEQSi7IqgHoeDFYxWrhbaUbDprQ7PZNZktlGV/oRfx5s/w4kFFTD8UrQ4E3rz3hkxe/FgKg6775OTm5hcW84Wl4vLK6tp6aWPz2kSJ5lDnkYx0w2cGpFBQR4ESGrEGFvoSbvz+2Ui/GYA2IlJXOIyhHbJbJQLBGVqqU4IWCtmFtBUy7PlBOsiyDtJTSr+Iy2zGEY8d+9+GxqzhbmL4apXtOqWyW3HHRf8CbwrKZFq1Tumx1Y14EoJCLpkxTc+NsZ0yjYJLyIqtxEDMeJ/dQtNCxUIw7XQcR0Z3LdOlQaTtUUjH7M+JlIXGDEPfOkc7mlltRP6nNRMMjtupUHGCoPjkoiCRFCM6ypZ2hQaOcmgB41rYXSnvMc042h8o2hC82Sf/BfWDyknFuzgsV71pGgWyTXbIHvHIEamSc1IjdcLJPXkmr+TNeXBenHfnY2LNOdOZLfKrcvlPu/63RQ==</latexit><latexit sha1_base64="vmEG1zfch+CMsYiAagGUqdZcfYU=">AAACTXicbVFNSwMxEM3Wj9b6VfXoJVgEQSi7IqgHoeDFYxWrhbaUbDprQ7PZNZktlGV/oRfx5s/w4kFFTD8UrQ4E3rz3hkxe/FgKg6775OTm5hcW84Wl4vLK6tp6aWPz2kSJ5lDnkYx0w2cGpFBQR4ESGrEGFvoSbvz+2Ui/GYA2IlJXOIyhHbJbJQLBGVqqU4IWCtmFtBUy7PlBOsiyDtJTSr+Iy2zGEY8d+9+GxqzhbmL4apXtOqWyW3HHRf8CbwrKZFq1Tumx1Y14EoJCLpkxTc+NsZ0yjYJLyIqtxEDMeJ/dQtNCxUIw7XQcR0Z3LdOlQaTtUUjH7M+JlIXGDEPfOkc7mlltRP6nNRMMjtupUHGCoPjkoiCRFCM6ypZ2hQaOcmgB41rYXSnvMc042h8o2hC82Sf/BfWDyknFuzgsV71pGgWyTXbIHvHIEamSc1IjdcLJPXkmr+TNeXBenHfnY2LNOdOZLfKrcvlPu/63RQ==</latexit><latexit sha1_base64="vmEG1zfch+CMsYiAagGUqdZcfYU=">AAACTXicbVFNSwMxEM3Wj9b6VfXoJVgEQSi7IqgHoeDFYxWrhbaUbDprQ7PZNZktlGV/oRfx5s/w4kFFTD8UrQ4E3rz3hkxe/FgKg6775OTm5hcW84Wl4vLK6tp6aWPz2kSJ5lDnkYx0w2cGpFBQR4ESGrEGFvoSbvz+2Ui/GYA2IlJXOIyhHbJbJQLBGVqqU4IWCtmFtBUy7PlBOsiyDtJTSr+Iy2zGEY8d+9+GxqzhbmL4apXtOqWyW3HHRf8CbwrKZFq1Tumx1Y14EoJCLpkxTc+NsZ0yjYJLyIqtxEDMeJ/dQtNCxUIw7XQcR0Z3LdOlQaTtUUjH7M+JlIXGDEPfOkc7mlltRP6nNRMMjtupUHGCoPjkoiCRFCM6ypZ2hQaOcmgB41rYXSnvMc042h8o2hC82Sf/BfWDyknFuzgsV71pGgWyTXbIHvHIEamSc1IjdcLJPXkmr+TNeXBenHfnY2LNOdOZLfKrcvlPu/63RQ==</latexit>

n  Probe grid over                    periods and ignore noise 

n  Active power probing 

n  Complete data: voltages collected at all buses, recover 

n  Partial data: voltages collected only at probing buses, recover 

RM =


RM,M

RO,M

�

<latexit sha1_base64="b2vJMDwGm5KkKoUoxaFmwS2rJAY="></latexit><latexit sha1_base64="b2vJMDwGm5KkKoUoxaFmwS2rJAY="></latexit><latexit sha1_base64="b2vJMDwGm5KkKoUoxaFmwS2rJAY="></latexit><latexit sha1_base64="b2vJMDwGm5KkKoUoxaFmwS2rJAY="></latexit>

RM,M
<latexit sha1_base64="cGk9ScV80SxvZGY7YUNCULyD11c=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2ARXEiZEaEuC27cCFXsBdpSMumZNjRzITkjlmEexY2v4saFIrrTpzG9LGrrgcDH/5+TnPxeLIVGx/m2ciura+sb+c3C1vbO7p69f1DXUaI41HgkI9X0mAYpQqihQAnNWAELPAkNb3g19hsPoLSIwnscxdAJWD8UvuAMjdS1y22ER5zck3oygSxtBwwHnp/eZd0pcybTm+xsjrOMdu2iU3ImRZfBnUGRzKratb/avYgnAYTIJdO65ToxdlKmUHAJWaGdaIgZH7I+tAyGLADdSSeLZfTEKD3qR8qcEOlEnZ9IWaD1KPBM53hLveiNxf+8VoL+ZScVYZwghHz6kJ9IihEdp0V7QgFHOTLAuBJmV8oHTDGOJtOCCcFd/PIy1M9LrlNyby+KFXcWR54ckWNySlxSJhVyTaqkRjh5Ii/kjbxbz9ar9WF9Tltz1mzmkPwp6+cXElilSQ==</latexit><latexit sha1_base64="cGk9ScV80SxvZGY7YUNCULyD11c=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2ARXEiZEaEuC27cCFXsBdpSMumZNjRzITkjlmEexY2v4saFIrrTpzG9LGrrgcDH/5+TnPxeLIVGx/m2ciura+sb+c3C1vbO7p69f1DXUaI41HgkI9X0mAYpQqihQAnNWAELPAkNb3g19hsPoLSIwnscxdAJWD8UvuAMjdS1y22ER5zck3oygSxtBwwHnp/eZd0pcybTm+xsjrOMdu2iU3ImRZfBnUGRzKratb/avYgnAYTIJdO65ToxdlKmUHAJWaGdaIgZH7I+tAyGLADdSSeLZfTEKD3qR8qcEOlEnZ9IWaD1KPBM53hLveiNxf+8VoL+ZScVYZwghHz6kJ9IihEdp0V7QgFHOTLAuBJmV8oHTDGOJtOCCcFd/PIy1M9LrlNyby+KFXcWR54ckWNySlxSJhVyTaqkRjh5Ii/kjbxbz9ar9WF9Tltz1mzmkPwp6+cXElilSQ==</latexit><latexit sha1_base64="cGk9ScV80SxvZGY7YUNCULyD11c=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2ARXEiZEaEuC27cCFXsBdpSMumZNjRzITkjlmEexY2v4saFIrrTpzG9LGrrgcDH/5+TnPxeLIVGx/m2ciura+sb+c3C1vbO7p69f1DXUaI41HgkI9X0mAYpQqihQAnNWAELPAkNb3g19hsPoLSIwnscxdAJWD8UvuAMjdS1y22ER5zck3oygSxtBwwHnp/eZd0pcybTm+xsjrOMdu2iU3ImRZfBnUGRzKratb/avYgnAYTIJdO65ToxdlKmUHAJWaGdaIgZH7I+tAyGLADdSSeLZfTEKD3qR8qcEOlEnZ9IWaD1KPBM53hLveiNxf+8VoL+ZScVYZwghHz6kJ9IihEdp0V7QgFHOTLAuBJmV8oHTDGOJtOCCcFd/PIy1M9LrlNyby+KFXcWR54ckWNySlxSJhVyTaqkRjh5Ii/kjbxbz9ar9WF9Tltz1mzmkPwp6+cXElilSQ==</latexit><latexit sha1_base64="cGk9ScV80SxvZGY7YUNCULyD11c=">AAACIHicbZDLSgMxFIYz9VbrbdSlm2ARXEiZEaEuC27cCFXsBdpSMumZNjRzITkjlmEexY2v4saFIrrTpzG9LGrrgcDH/5+TnPxeLIVGx/m2ciura+sb+c3C1vbO7p69f1DXUaI41HgkI9X0mAYpQqihQAnNWAELPAkNb3g19hsPoLSIwnscxdAJWD8UvuAMjdS1y22ER5zck3oygSxtBwwHnp/eZd0pcybTm+xsjrOMdu2iU3ImRZfBnUGRzKratb/avYgnAYTIJdO65ToxdlKmUHAJWaGdaIgZH7I+tAyGLADdSSeLZfTEKD3qR8qcEOlEnZ9IWaD1KPBM53hLveiNxf+8VoL+ZScVYZwghHz6kJ9IihEdp0V7QgFHOTLAuBJmV8oHTDGOJtOCCcFd/PIy1M9LrlNyby+KFXcWR54ckWNySlxSJhVyTaqkRjh5Ii/kjbxbz9ar9WF9Tltz1mzmkPwp6+cXElilSQ==</latexit>

matrix partition 

R =


RM,M R>

O,M

RO,M RO,O

�

<latexit sha1_base64="V1CNtEUN6NI6N1fEyf3w8BLBh+M="></latexit><latexit sha1_base64="V1CNtEUN6NI6N1fEyf3w8BLBh+M="></latexit><latexit sha1_base64="V1CNtEUN6NI6N1fEyf3w8BLBh+M="></latexit><latexit sha1_base64="V1CNtEUN6NI6N1fEyf3w8BLBh+M="></latexit>

M
<latexit sha1_base64="CBkBibH53dG3842VtHZnxyjHUFI="></latexit>

probed buses  

O
<latexit sha1_base64="OqclQems1BMjXcgse8IPxZCeua0="></latexit>

unchanged loads 
p̃t =

"
p̃t,M

p̃t,O

#
=

"
known

0

#

<latexit sha1_base64="BVNrGWgLzEelT1WYEKFHTK/DW/0="></latexit>

Ṽ = RP̃ = R


P̃M
0

�

<latexit sha1_base64="661vfXkCRgGGDmzsbcOGPkQPEfw="></latexit>

T � |M|
<latexit sha1_base64="tN/C0kaz2mMr8D9R5qiH933rXBU=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4KkkVdFlw40ao0Bc0oUymk3bo5OHMRAhp/RU3LhRx64e482+ctFlo64GBwzn3cs8cL+ZMKsv6NtbWNza3tks75d29/YND8+i4I6NEENomEY9Ez8OSchbStmKK014sKA48Trve5Cb3u49USBaFLZXG1A3wKGQ+I1hpaWBWWs6IPqCpE2A1Jphnd7PpwKxaNWsOtErsglShQHNgfjnDiCQBDRXhWMq+bcXKzbBQjHA6KzuJpDEmEzyifU1DHFDpZvPwM3SmlSHyI6FfqNBc/b2R4UDKNPD0ZJ5RLnu5+J/XT5R/7WYsjBNFQ7I45CccqQjlTaAhE5QonmqCiWA6KyJjLDBRuq+yLsFe/vIq6dRr9kWtfn9ZbdhFHSU4gVM4BxuuoAG30IQ2EEjhGV7hzXgyXox342MxumYUOxX4A+PzB91KlNw=</latexit>

(q̃t = 0)
<latexit sha1_base64="n3OiRUfvj1GHWec2UQ4QxA1bw4k=">AAACCnicbVDLSsNAFJ3UV62vqEs30SLUTUmqoBuh4MZlBfuANoTJZNIOnTycuRFKyNqNv+LGhSJu/QJ3/o2TNoK2Hhg4c8693HuPG3MmwTS/tNLS8srqWnm9srG5tb2j7+51ZJQIQtsk4pHouVhSzkLaBgac9mJBceBy2nXHV7nfvadCsii8hUlM7QAPQ+YzgkFJjn5YGwDjHk0HAYaR66d3WebA5c/PzE4cvWrWzSmMRWIVpIoKtBz9c+BFJAloCIRjKfuWGYOdYgGMcJpVBomkMSZjPKR9RUMcUGmn01My41gpnuFHQr0QjKn6uyPFgZSTwFWV+Ypy3svF/7x+Av6FnbIwToCGZDbIT7gBkZHnYnhMUAJ8oggmgqldDTLCAhNQ6VVUCNb8yYuk06hbp/XGzVm12SjiKKMDdIRqyELnqImuUQu1EUEP6Am9oFftUXvW3rT3WWlJK3r20R9oH9+7oZrd</latexit>



Topology identifiability 
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Theorem 1 (Complete data): Remove the descendants of probed buses. If you get a tree 
with all its leaves probed, this tree can be identified. 

Corollary: If all leaf buses are probed, the entire grid topology can be identified. 

Theorem 2 (Partial data): If all leaf nodes are probed, a reduced grid can be identified. 

actual recovered 
actual recovered 

✔ ✖ 

n  Rich literature on recovering graphs; parallel results [Park-Deka-Chertkov’17] 



From probing data to topology identification 

n  Graph algorithms 

10 

n  Convex relaxation 

n  Mixed-integer linear program (MILP) approach 



Root and Branch (R&B) algorithm 

11 
G. Cavraro and V. Kekatos, “Graph Algorithms for Topology Identification using Power Grid 
Probing,” IEEE Control Systems Letters, October 2018. 

Recursive graph algorithm 

S1) Find k-depth root as intersection of  

depth (k-1) 

depth k 
{N k

m}
<latexit sha1_base64="MpUYTE5h5fpY1A87q8iEEGWGQh0=">AAAB+3icbVBPS8MwHE3nvzn/VXf0EhyCp9GKoN4GXjzJBOsGay1plm1hSVqSVCilfhUvHlS8+kW8+W1Mtx5080Hg8d7vx+/lRQmjSjvOt1VbWV1b36hvNra2d3b37P2DexWnEhMPxyyW/QgpwqggnqaakX4iCeIRI71oelX6vUciFY3Fnc4SEnA0FnREMdJGCu2mn/sc6QlGLL8pQv4w9YvQbjltZwa4TNyKtECFbmh/+cMYp5wIjRlSauA6iQ5yJDXFjBQNP1UkQXiKxmRgqECcqCCfhS/gsVGGcBRL84SGM/X3Ro64UhmPzGQZVC16pfifN0j16CLIqUhSTQSeHxqlDOoYlk3AIZUEa5YZgrCkJivEEyQR1qavhinBXfzyMvFO25dt9/as1XGrNurgEByBE+CCc9AB16ALPIBBBp7BK3iznqwX6936mI/WrGqnCf7A+vwBqluU7Q==</latexit><latexit sha1_base64="MpUYTE5h5fpY1A87q8iEEGWGQh0=">AAAB+3icbVBPS8MwHE3nvzn/VXf0EhyCp9GKoN4GXjzJBOsGay1plm1hSVqSVCilfhUvHlS8+kW8+W1Mtx5080Hg8d7vx+/lRQmjSjvOt1VbWV1b36hvNra2d3b37P2DexWnEhMPxyyW/QgpwqggnqaakX4iCeIRI71oelX6vUciFY3Fnc4SEnA0FnREMdJGCu2mn/sc6QlGLL8pQv4w9YvQbjltZwa4TNyKtECFbmh/+cMYp5wIjRlSauA6iQ5yJDXFjBQNP1UkQXiKxmRgqECcqCCfhS/gsVGGcBRL84SGM/X3Ro64UhmPzGQZVC16pfifN0j16CLIqUhSTQSeHxqlDOoYlk3AIZUEa5YZgrCkJivEEyQR1qavhinBXfzyMvFO25dt9/as1XGrNurgEByBE+CCc9AB16ALPIBBBp7BK3iznqwX6936mI/WrGqnCf7A+vwBqluU7Q==</latexit><latexit sha1_base64="MpUYTE5h5fpY1A87q8iEEGWGQh0=">AAAB+3icbVBPS8MwHE3nvzn/VXf0EhyCp9GKoN4GXjzJBOsGay1plm1hSVqSVCilfhUvHlS8+kW8+W1Mtx5080Hg8d7vx+/lRQmjSjvOt1VbWV1b36hvNra2d3b37P2DexWnEhMPxyyW/QgpwqggnqaakX4iCeIRI71oelX6vUciFY3Fnc4SEnA0FnREMdJGCu2mn/sc6QlGLL8pQv4w9YvQbjltZwa4TNyKtECFbmh/+cMYp5wIjRlSauA6iQ5yJDXFjBQNP1UkQXiKxmRgqECcqCCfhS/gsVGGcBRL84SGM/X3Ro64UhmPzGQZVC16pfifN0j16CLIqUhSTQSeHxqlDOoYlk3AIZUEa5YZgrCkJivEEyQR1qavhinBXfzyMvFO25dt9/as1XGrNurgEByBE+CCc9AB16ALPIBBBp7BK3iznqwX6936mI/WrGqnCf7A+vwBqluU7Q==</latexit><latexit sha1_base64="MpUYTE5h5fpY1A87q8iEEGWGQh0=">AAAB+3icbVBPS8MwHE3nvzn/VXf0EhyCp9GKoN4GXjzJBOsGay1plm1hSVqSVCilfhUvHlS8+kW8+W1Mtx5080Hg8d7vx+/lRQmjSjvOt1VbWV1b36hvNra2d3b37P2DexWnEhMPxyyW/QgpwqggnqaakX4iCeIRI71oelX6vUciFY3Fnc4SEnA0FnREMdJGCu2mn/sc6QlGLL8pQv4w9YvQbjltZwa4TNyKtECFbmh/+cMYp5wIjRlSauA6iQ5yJDXFjBQNP1UkQXiKxmRgqECcqCCfhS/gsVGGcBRL84SGM/X3Ro64UhmPzGQZVC16pfifN0j16CLIqUhSTQSeHxqlDOoYlk3AIZUEa5YZgrCkJivEEyQR1qavhinBXfzyMvFO25dt9/as1XGrNurgEByBE+CCc9AB16ALPIBBBp7BK3iznqwX6936mI/WrGqnCf7A+vwBqluU7Q==</latexit>

S2) Connect k- to (k-1)-depth root with resistance 

S3) Group buses with identical          and recurse  N k
m

<latexit sha1_base64="kEEC7bzA7ZcValjfBXFBUV6/R5I=">AAAB93icbVBNS8NAFHypX7V+NOrRS7AInkoignorePEkFYwttDFstpt26e4m7G6EGvpLvHhQ8epf8ea/cdPmoK0DC8PMe7zZiVJGlXbdb6uysrq2vlHdrG1t7+zW7b39e5VkEhMfJyyR3QgpwqggvqaakW4qCeIRI51ofFX4nUciFU3EnZ6kJOBoKGhMMdJGCu16nyM9wojlN9OQP4xDu+E23RmcZeKVpAEl2qH91R8kOONEaMyQUj3PTXWQI6kpZmRa62eKpAiP0ZD0DBWIExXks+BT59goAydOpHlCOzP190aOuFITHpnJIqZa9ArxP6+X6fgiyKlIM00Enh+KM+boxClacAZUEqzZxBCEJTVZHTxCEmFtuqqZErzFLy8T/7R52fRuzxotr2yjCodwBCfgwTm04Bra4AOGDJ7hFd6sJ+vFerc+5qMVq9w5gD+wPn8AbXmTFQ==</latexit><latexit sha1_base64="kEEC7bzA7ZcValjfBXFBUV6/R5I=">AAAB93icbVBNS8NAFHypX7V+NOrRS7AInkoignorePEkFYwttDFstpt26e4m7G6EGvpLvHhQ8epf8ea/cdPmoK0DC8PMe7zZiVJGlXbdb6uysrq2vlHdrG1t7+zW7b39e5VkEhMfJyyR3QgpwqggvqaakW4qCeIRI51ofFX4nUciFU3EnZ6kJOBoKGhMMdJGCu16nyM9wojlN9OQP4xDu+E23RmcZeKVpAEl2qH91R8kOONEaMyQUj3PTXWQI6kpZmRa62eKpAiP0ZD0DBWIExXks+BT59goAydOpHlCOzP190aOuFITHpnJIqZa9ArxP6+X6fgiyKlIM00Enh+KM+boxClacAZUEqzZxBCEJTVZHTxCEmFtuqqZErzFLy8T/7R52fRuzxotr2yjCodwBCfgwTm04Bra4AOGDJ7hFd6sJ+vFerc+5qMVq9w5gD+wPn8AbXmTFQ==</latexit><latexit sha1_base64="kEEC7bzA7ZcValjfBXFBUV6/R5I=">AAAB93icbVBNS8NAFHypX7V+NOrRS7AInkoignorePEkFYwttDFstpt26e4m7G6EGvpLvHhQ8epf8ea/cdPmoK0DC8PMe7zZiVJGlXbdb6uysrq2vlHdrG1t7+zW7b39e5VkEhMfJyyR3QgpwqggvqaakW4qCeIRI51ofFX4nUciFU3EnZ6kJOBoKGhMMdJGCu16nyM9wojlN9OQP4xDu+E23RmcZeKVpAEl2qH91R8kOONEaMyQUj3PTXWQI6kpZmRa62eKpAiP0ZD0DBWIExXks+BT59goAydOpHlCOzP190aOuFITHpnJIqZa9ArxP6+X6fgiyKlIM00Enh+KM+boxClacAZUEqzZxBCEJTVZHTxCEmFtuqqZErzFLy8T/7R52fRuzxotr2yjCodwBCfgwTm04Bra4AOGDJ7hFd6sJ+vFerc+5qMVq9w5gD+wPn8AbXmTFQ==</latexit><latexit sha1_base64="kEEC7bzA7ZcValjfBXFBUV6/R5I=">AAAB93icbVBNS8NAFHypX7V+NOrRS7AInkoignorePEkFYwttDFstpt26e4m7G6EGvpLvHhQ8epf8ea/cdPmoK0DC8PMe7zZiVJGlXbdb6uysrq2vlHdrG1t7+zW7b39e5VkEhMfJyyR3QgpwqggvqaakW4qCeIRI51ofFX4nUciFU3EnZ6kJOBoKGhMMdJGCu16nyM9wojlN9OQP4xDu+E23RmcZeKVpAEl2qH91R8kOONEaMyQUj3PTXWQI6kpZmRa62eKpAiP0ZD0DBWIExXks+BT59goAydOpHlCOzP190aOuFITHpnJIqZa9ArxP6+X6fgiyKlIM00Enh+KM+boxClacAZUEqzZxBCEJTVZHTxCEmFtuqqZErzFLy8T/7R52fRuzxotr2yjCodwBCfgwTm04Bra4AOGDJ7hFd6sJ+vFerc+5qMVq9w5gD+wPn8AbXmTFQ==</latexit>

n  Group entries of m-th column of 

n  Buses grouped together comprise a level set N k
m

<latexit sha1_base64="kEEC7bzA7ZcValjfBXFBUV6/R5I=">AAAB93icbVBNS8NAFHypX7V+NOrRS7AInkoignorePEkFYwttDFstpt26e4m7G6EGvpLvHhQ8epf8ea/cdPmoK0DC8PMe7zZiVJGlXbdb6uysrq2vlHdrG1t7+zW7b39e5VkEhMfJyyR3QgpwqggvqaakW4qCeIRI51ofFX4nUciFU3EnZ6kJOBoKGhMMdJGCu16nyM9wojlN9OQP4xDu+E23RmcZeKVpAEl2qH91R8kOONEaMyQUj3PTXWQI6kpZmRa62eKpAiP0ZD0DBWIExXks+BT59goAydOpHlCOzP190aOuFITHpnJIqZa9ArxP6+X6fgiyKlIM00Enh+KM+boxClacAZUEqzZxBCEJTVZHTxCEmFtuqqZErzFLy8T/7R52fRuzxotr2yjCodwBCfgwTm04Bra4AOGDJ7hFd6sJ+vFerc+5qMVq9w5gD+wPn8AbXmTFQ==</latexit><latexit sha1_base64="kEEC7bzA7ZcValjfBXFBUV6/R5I=">AAAB93icbVBNS8NAFHypX7V+NOrRS7AInkoignorePEkFYwttDFstpt26e4m7G6EGvpLvHhQ8epf8ea/cdPmoK0DC8PMe7zZiVJGlXbdb6uysrq2vlHdrG1t7+zW7b39e5VkEhMfJyyR3QgpwqggvqaakW4qCeIRI51ofFX4nUciFU3EnZ6kJOBoKGhMMdJGCu16nyM9wojlN9OQP4xDu+E23RmcZeKVpAEl2qH91R8kOONEaMyQUj3PTXWQI6kpZmRa62eKpAiP0ZD0DBWIExXks+BT59goAydOpHlCOzP190aOuFITHpnJIqZa9ArxP6+X6fgiyKlIM00Enh+KM+boxClacAZUEqzZxBCEJTVZHTxCEmFtuqqZErzFLy8T/7R52fRuzxotr2yjCodwBCfgwTm04Bra4AOGDJ7hFd6sJ+vFerc+5qMVq9w5gD+wPn8AbXmTFQ==</latexit><latexit sha1_base64="kEEC7bzA7ZcValjfBXFBUV6/R5I=">AAAB93icbVBNS8NAFHypX7V+NOrRS7AInkoignorePEkFYwttDFstpt26e4m7G6EGvpLvHhQ8epf8ea/cdPmoK0DC8PMe7zZiVJGlXbdb6uysrq2vlHdrG1t7+zW7b39e5VkEhMfJyyR3QgpwqggvqaakW4qCeIRI51ofFX4nUciFU3EnZ6kJOBoKGhMMdJGCu16nyM9wojlN9OQP4xDu+E23RmcZeKVpAEl2qH91R8kOONEaMyQUj3PTXWQI6kpZmRa62eKpAiP0ZD0DBWIExXks+BT59goAydOpHlCOzP190aOuFITHpnJIqZa9ArxP6+X6fgiyKlIM00Enh+KM+boxClacAZUEqzZxBCEJTVZHTxCEmFtuqqZErzFLy8T/7R52fRuzxotr2yjCodwBCfgwTm04Bra4AOGDJ7hFd6sJ+vFerc+5qMVq9w5gD+wPn8AbXmTFQ==</latexit><latexit sha1_base64="kEEC7bzA7ZcValjfBXFBUV6/R5I=">AAAB93icbVBNS8NAFHypX7V+NOrRS7AInkoignorePEkFYwttDFstpt26e4m7G6EGvpLvHhQ8epf8ea/cdPmoK0DC8PMe7zZiVJGlXbdb6uysrq2vlHdrG1t7+zW7b39e5VkEhMfJyyR3QgpwqggvqaakW4qCeIRI51ofFX4nUciFU3EnZ6kJOBoKGhMMdJGCu16nyM9wojlN9OQP4xDu+E23RmcZeKVpAEl2qH91R8kOONEaMyQUj3PTXWQI6kpZmRa62eKpAiP0ZD0DBWIExXks+BT59goAydOpHlCOzP190aOuFITHpnJIqZa9ArxP6+X6fgiyKlIM00Enh+KM+boxClacAZUEqzZxBCEJTVZHTxCEmFtuqqZErzFLy8T/7R52fRuzxotr2yjCodwBCfgwTm04Bra4AOGDJ7hFd6sJ+vFerc+5qMVq9w5gD+wPn8AbXmTFQ==</latexit>

RM
<latexit sha1_base64="CogYWJivdTTzvL5TaUgFd99TSEk=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSLopiQi6LLgxo1QxT6gDWEynbRDJw9mbsQy5Bvc+CtuXCji1pU7/8ZJmoW2Hhg4nPs6c/yEMwm2/W1UlpZXVteq67WNza3tHXN3ryPjVBDaJjGPRc/HknIW0TYw4LSXCIpDn9OuP7nM6917KiSLozuYJtQN8ShiASMYtOSZJwOgD1DsUT7HZJKpQYhh7AfqNvMKSjBX11nmmXW7YRewFolTkjoq0fLMr8EwJmlIIyAcS9l37ARchQUwwmlWG6SSJvoiHtG+phEOqXRVYSWzjrQytIJY6BeBVai/JxQOpZyGvu7MPcr5Wi7+V+unEFy4ikVJCjQis0NByi2IrTwfa8gEJcCnmmAimPZqkTEWmIBOsaZDcOa/vEg6pw3Hbjg3Z/WmU8ZRRQfoEB0jB52jJrpCLdRGBD2iZ/SK3own48V4Nz5mrRWjnNlHf2B8/gC8YZ9T</latexit><latexit sha1_base64="CogYWJivdTTzvL5TaUgFd99TSEk=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSLopiQi6LLgxo1QxT6gDWEynbRDJw9mbsQy5Bvc+CtuXCji1pU7/8ZJmoW2Hhg4nPs6c/yEMwm2/W1UlpZXVteq67WNza3tHXN3ryPjVBDaJjGPRc/HknIW0TYw4LSXCIpDn9OuP7nM6917KiSLozuYJtQN8ShiASMYtOSZJwOgD1DsUT7HZJKpQYhh7AfqNvMKSjBX11nmmXW7YRewFolTkjoq0fLMr8EwJmlIIyAcS9l37ARchQUwwmlWG6SSJvoiHtG+phEOqXRVYSWzjrQytIJY6BeBVai/JxQOpZyGvu7MPcr5Wi7+V+unEFy4ikVJCjQis0NByi2IrTwfa8gEJcCnmmAimPZqkTEWmIBOsaZDcOa/vEg6pw3Hbjg3Z/WmU8ZRRQfoEB0jB52jJrpCLdRGBD2iZ/SK3own48V4Nz5mrRWjnNlHf2B8/gC8YZ9T</latexit><latexit sha1_base64="CogYWJivdTTzvL5TaUgFd99TSEk=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSLopiQi6LLgxo1QxT6gDWEynbRDJw9mbsQy5Bvc+CtuXCji1pU7/8ZJmoW2Hhg4nPs6c/yEMwm2/W1UlpZXVteq67WNza3tHXN3ryPjVBDaJjGPRc/HknIW0TYw4LSXCIpDn9OuP7nM6917KiSLozuYJtQN8ShiASMYtOSZJwOgD1DsUT7HZJKpQYhh7AfqNvMKSjBX11nmmXW7YRewFolTkjoq0fLMr8EwJmlIIyAcS9l37ARchQUwwmlWG6SSJvoiHtG+phEOqXRVYSWzjrQytIJY6BeBVai/JxQOpZyGvu7MPcr5Wi7+V+unEFy4ikVJCjQis0NByi2IrTwfa8gEJcCnmmAimPZqkTEWmIBOsaZDcOa/vEg6pw3Hbjg3Z/WmU8ZRRQfoEB0jB52jJrpCLdRGBD2iZ/SK3own48V4Nz5mrRWjnNlHf2B8/gC8YZ9T</latexit><latexit sha1_base64="CogYWJivdTTzvL5TaUgFd99TSEk=">AAACEnicbVDLSsNAFJ3UV62vqEs3wSLopiQi6LLgxo1QxT6gDWEynbRDJw9mbsQy5Bvc+CtuXCji1pU7/8ZJmoW2Hhg4nPs6c/yEMwm2/W1UlpZXVteq67WNza3tHXN3ryPjVBDaJjGPRc/HknIW0TYw4LSXCIpDn9OuP7nM6917KiSLozuYJtQN8ShiASMYtOSZJwOgD1DsUT7HZJKpQYhh7AfqNvMKSjBX11nmmXW7YRewFolTkjoq0fLMr8EwJmlIIyAcS9l37ARchQUwwmlWG6SSJvoiHtG+phEOqXRVYSWzjrQytIJY6BeBVai/JxQOpZyGvu7MPcr5Wi7+V+unEFy4ikVJCjQis0NByi2IrTwfa8gEJcCnmmAimPZqkTEWmIBOsaZDcOa/vEg6pw3Hbjg3Z/WmU8ZRRQfoEB0jB52jJrpCLdRGBD2iZ/SK3own48V4Nz5mrRWjnNlHf2B8/gC8YZ9T</latexit> R:,3 =

2

6666664

1
3
6
1
3
3

3

7777775

<latexit sha1_base64="0RkNoriTQVpMAv7wyeqnx4pdrvQ="></latexit>

1 

2 

3 

4 

5 6 

N 1
3

<latexit sha1_base64="VNWcBSBRDuzMqwuZOQ/TfWOa7+c=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiStoMuCG1dSwT6gjWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vmBAlnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyXXudx+pVCwW93qaUC/CI8FCRrA2km9XBhHWY4J5djvzGw+ub1edmjMHWiVuQapQoOXbX4NhTNKICk04VqrvOon2Miw1I5zOyoNU0QSTCR7RvqECR1R52Tz4DJ0ZZYjCWJonNJqrvzcyHCk1jQIzmcdUy14u/uf1Ux1eeRkTSaqpIItDYcqRjlHeAhoySYnmU0MwkcxkRWSMJSbadFU2JbjLX14lnXrNbdTqdxfVplPUUYITOIVzcOESmnADLWgDgRSe4RXerCfrxXq3Phaja1axcwx/YH3+AFWWktA=</latexit>

N 2
3

<latexit sha1_base64="YqIRcJeVRPf140/DS/bWj8GEA+0=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiStoMuCG1dSwT6gjWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vmBAlnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyXXudx+pVCwW93qaUC/CI8FCRrA2km9XBhHWY4J5djvzGw913646NWcOtErcglShQMu3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQepogkmEzyifUMFjqjysnnwGTozyhCFsTRPaDRXf29kOFJqGgVmMo+plr1c/M/rpzq88jImklRTQRaHwpQjHaO8BTRkkhLNp4ZgIpnJisgYS0y06apsSnCXv7xKOvWa26jV7y6qTaeoowQncArn4MIlNOEGWtAGAik8wyu8WU/Wi/VufSxG16xi5xj+wPr8AVcaktE=</latexit>

N 3
3

<latexit sha1_base64="Ow0WYI6y0kMMxmqUhw+Eeuc5BJI=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiStoMuCG1dSwT6gjWEynbRDJ5MwMxFq6Je4caGIWz/FnX/jpM1CWw8MHM65l3vmBAlnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjopTSWibxDyWvQArypmgbc00p71EUhwFnHaDyXXudx+pVCwW93qaUC/CI8FCRrA2km9XBhHWY4J5djvzGw8N3646NWcOtErcglShQMu3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQepogkmEzyifUMFjqjysnnwGTozyhCFsTRPaDRXf29kOFJqGgVmMo+plr1c/M/rpzq88jImklRTQRaHwpQjHaO8BTRkkhLNp4ZgIpnJisgYS0y06apsSnCXv7xKOvWa26jV7y6qTaeoowQncArn4MIlNOEGWtAGAik8wyu8WU/Wi/VufSxG16xi5xj+wPr8AViektI=</latexit>



n  What if voltages are collected only at  

R&B with partial voltage data 

12 

n  Level sets of probing nodes are partially observed 

where 

n  Modified R&B recovers a reduced grid 

ü  radial grid 

ü  recovers non-metered buses having two 
children each one with a probed descendant 

ü  correct pair-wise path resistances 

M?
<latexit sha1_base64="qXZZsxNsg4kjChMzgqIZzrURdlI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6M6CGzdCBfuAJpTJ9KYdOpmEmYlQQn/DjQtF3Poz7vwbp20W2npg4HDOvdwzJ0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08auskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wfDvzO0+oNE/ko5mkGMR0KHnEGTVW8v2YmhGjIr+f3vSrNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p5b9x4uaw2vqKMMJ3AK5+DBFTTgDprQAgYpPMMrvDmZ8+K8Ox+L0ZJT7BzDHzifPwZrkZs=</latexit><latexit sha1_base64="qXZZsxNsg4kjChMzgqIZzrURdlI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6M6CGzdCBfuAJpTJ9KYdOpmEmYlQQn/DjQtF3Poz7vwbp20W2npg4HDOvdwzJ0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08auskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wfDvzO0+oNE/ko5mkGMR0KHnEGTVW8v2YmhGjIr+f3vSrNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p5b9x4uaw2vqKMMJ3AK5+DBFTTgDprQAgYpPMMrvDmZ8+K8Ox+L0ZJT7BzDHzifPwZrkZs=</latexit><latexit sha1_base64="qXZZsxNsg4kjChMzgqIZzrURdlI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6M6CGzdCBfuAJpTJ9KYdOpmEmYlQQn/DjQtF3Poz7vwbp20W2npg4HDOvdwzJ0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08auskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wfDvzO0+oNE/ko5mkGMR0KHnEGTVW8v2YmhGjIr+f3vSrNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p5b9x4uaw2vqKMMJ3AK5+DBFTTgDprQAgYpPMMrvDmZ8+K8Ox+L0ZJT7BzDHzifPwZrkZs=</latexit><latexit sha1_base64="qXZZsxNsg4kjChMzgqIZzrURdlI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi6M6CGzdCBfuAJpTJ9KYdOpmEmYlQQn/DjQtF3Poz7vwbp20W2npg4HDOvdwzJ0wF18Z1v53S2vrG5lZ5u7Kzu7d/UD08auskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wfDvzO0+oNE/ko5mkGMR0KHnEGTVW8v2YmhGjIr+f3vSrNbfuzkFWiVeQGhRo9qtf/iBhWYzSMEG17nluaoKcKsOZwGnFzzSmlI3pEHuWShqjDvJ55ik5s8qARImyTxoyV39v5DTWehKHdnKWUS97M/E/r5eZ6DrIuUwzg5ItDkWZICYhswLIgCtkRkwsoUxxm5WwEVWUGVtTxZbgLX95lbQv6p5b9x4uaw2vqKMMJ3AK5+DBFTTgDprQAgYpPMMrvDmZ8+K8Ox+L0ZJT7BzDHzifPwZrkZs=</latexit>

R =


RM,M RM,O

RO,M RO,O

�

<latexit sha1_base64="SyacWIzBU12AqXld/VMwPaxnUow="></latexit><latexit sha1_base64="SyacWIzBU12AqXld/VMwPaxnUow="></latexit><latexit sha1_base64="SyacWIzBU12AqXld/VMwPaxnUow="></latexit><latexit sha1_base64="SyacWIzBU12AqXld/VMwPaxnUow="></latexit>

actual recovered 

ṼM = RMMP̃M
<latexit sha1_base64="KTo9ZCO+2IR+HtrrNKaHWV+uNIM="></latexit>



Numerical tests 

13 

IEEE 37-bus feeder 

Probability of Erroneous Topology 

n  Each inverter is probed Tm times to average out noise 

Complete voltage data 

Partial voltage data 



Convex relaxation heuristic 
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n  Graph algorithms rely on noiseless estimates of  RM (RM,M)
<latexit sha1_base64="OEMjQOhmIcUd/pCSbA4x8Yd6xx0=">AAACKHicdVDLSsNAFJ34rPUVdelmsAgVpCQi6M6CGzdCFfuANoTJdNIOnUzCzEQoIf6NG3/FjYgi3folTtIsaqsHBg7nnMvce7yIUaksa2IsLa+srq2XNsqbW9s7u+befkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ug689uPREga8gc1jogToAGnPsVIack1r3oBUkPPT+5TN8k5Riy5TdOn6j/O6WzqxDUrVs3KAReJXZAKKNBwzfdeP8RxQLjCDEnZta1IOQkSimJG0nIvliRCeIQGpKspRwGRTpIfmsJjrfShHwr9uIK5OjuRoEDKceDpZLaknPcy8S+vGyv/0kkoj2JFOJ5+5McMqhBmrcE+FQQrNtYEYUH1rhAPkUBY6W7LugR7/uRF0jqr2VbNvjuv1O2ijhI4BEegCmxwAergBjRAE2DwDF7BB/g0Xow348uYTKNLRjFzAH7B+P4BFj2oWg==</latexit><latexit sha1_base64="OEMjQOhmIcUd/pCSbA4x8Yd6xx0=">AAACKHicdVDLSsNAFJ34rPUVdelmsAgVpCQi6M6CGzdCFfuANoTJdNIOnUzCzEQoIf6NG3/FjYgi3folTtIsaqsHBg7nnMvce7yIUaksa2IsLa+srq2XNsqbW9s7u+befkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ug689uPREga8gc1jogToAGnPsVIack1r3oBUkPPT+5TN8k5Riy5TdOn6j/O6WzqxDUrVs3KAReJXZAKKNBwzfdeP8RxQLjCDEnZta1IOQkSimJG0nIvliRCeIQGpKspRwGRTpIfmsJjrfShHwr9uIK5OjuRoEDKceDpZLaknPcy8S+vGyv/0kkoj2JFOJ5+5McMqhBmrcE+FQQrNtYEYUH1rhAPkUBY6W7LugR7/uRF0jqr2VbNvjuv1O2ijhI4BEegCmxwAergBjRAE2DwDF7BB/g0Xow348uYTKNLRjFzAH7B+P4BFj2oWg==</latexit><latexit sha1_base64="OEMjQOhmIcUd/pCSbA4x8Yd6xx0=">AAACKHicdVDLSsNAFJ34rPUVdelmsAgVpCQi6M6CGzdCFfuANoTJdNIOnUzCzEQoIf6NG3/FjYgi3folTtIsaqsHBg7nnMvce7yIUaksa2IsLa+srq2XNsqbW9s7u+befkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ug689uPREga8gc1jogToAGnPsVIack1r3oBUkPPT+5TN8k5Riy5TdOn6j/O6WzqxDUrVs3KAReJXZAKKNBwzfdeP8RxQLjCDEnZta1IOQkSimJG0nIvliRCeIQGpKspRwGRTpIfmsJjrfShHwr9uIK5OjuRoEDKceDpZLaknPcy8S+vGyv/0kkoj2JFOJ5+5McMqhBmrcE+FQQrNtYEYUH1rhAPkUBY6W7LugR7/uRF0jqr2VbNvjuv1O2ijhI4BEegCmxwAergBjRAE2DwDF7BB/g0Xow348uYTKNLRjFzAH7B+P4BFj2oWg==</latexit><latexit sha1_base64="OEMjQOhmIcUd/pCSbA4x8Yd6xx0=">AAACKHicdVDLSsNAFJ34rPUVdelmsAgVpCQi6M6CGzdCFfuANoTJdNIOnUzCzEQoIf6NG3/FjYgi3folTtIsaqsHBg7nnMvce7yIUaksa2IsLa+srq2XNsqbW9s7u+befkuGscCkiUMWio6HJGGUk6aiipFOJAgKPEba3ug689uPREga8gc1jogToAGnPsVIack1r3oBUkPPT+5TN8k5Riy5TdOn6j/O6WzqxDUrVs3KAReJXZAKKNBwzfdeP8RxQLjCDEnZta1IOQkSimJG0nIvliRCeIQGpKspRwGRTpIfmsJjrfShHwr9uIK5OjuRoEDKceDpZLaknPcy8S+vGyv/0kkoj2JFOJ5+5McMqhBmrcE+FQQrNtYEYUH1rhAPkUBY6W7LugR7/uRF0jqr2VbNvjuv1O2ijhI4BEegCmxwAergBjRAE2DwDF7BB/g0Xow348uYTKNLRjFzAH7B+P4BFj2oWg==</latexit>

n  For complete voltage data, invert probing data model 

G. Cavraro and V. Kekatos, “Inverter Probing for Power Distribution Network Topology 
Processing,” IEEE Trans. on Control of Network Systems, Sep. 2019. 

Ṽ = RP̃+N
<latexit sha1_base64="v2N8nFO7FtUpk5tUWfCWCaQN90g=">AAACJXicbVDLSgMxFM34rPU16tJNsAiCUGaqoAuFghtXUsU+oDOUTCbThmYeJBmhDPkZN/6KGxcWEVz5K2baKWjrgcDJOfdy7z1ewqiQlvVlLC2vrK6tlzbKm1vbO7vm3n5LxCnHpIljFvOOhwRhNCJNSSUjnYQTFHqMtL3hTe63nwgXNI4e5Sghboj6EQ0oRlJLPfPKkZT5JHNCJAdekLWUup7xBzVnNpSCp3D2u1M9s2JVrQngIrELUgEFGj1z7PgxTkMSScyQEF3bSqSbIS4pZkSVnVSQBOEh6pOuphEKiXCzyZUKHmvFh0HM9YsknKi/OzIUCjEKPV2ZbyjmvVz8z+umMrh0MxolqSQRng4KUgZlDPPIoE85wZKNNEGYU70rxAPEEZY62LIOwZ4/eZG0alX7rFq7P6/U7SKOEjgER+AE2OAC1MEtaIAmwOAZvIJ3MDZejDfjw/icli4ZRc8B+APj+wcgBqbI</latexit>

P̃ = LṼ +E
<latexit sha1_base64="xE+ULRTLXMwIEg42yyC4dD/wOEU=">AAACI3icbZDLSsNAFIYnXmu9RV26CRZBEEpSBUUQCiK4cFHBXqAJZTKZtEMnkzAzEUqYd3Hjq7hxoRQ3LnwXJ20K2npg4OP/z2HO+f2EEiFt+8tYWl5ZXVsvbZQ3t7Z3ds29/ZaIU45wE8U05h0fCkwJw01JJMWdhGMY+RS3/eFN7refMBckZo9ylGAvgn1GQoKg1FLPvHIloQHO3AjKgR9mDaWuZ3yv5syWUqczvlU9s2JX7UlZi+AUUAFFNXrm2A1ilEaYSUShEF3HTqSXQS4JoliV3VTgBKIh7OOuRgYjLLxscqOyjrUSWGHM9WPSmqi/JzIYCTGKfN2ZbyjmvVz8z+umMrz0MsKSVGKGph+FKbVkbOWBWQHhGEk60gARJ3pXCw0gh0jqWMs6BGf+5EVo1arOWbX2cF6pO0UcJXAIjsAJcMAFqIM70ABNgMAzeAXv4MN4Md6MsfE5bV0yipkD8KeM7x8yU6Zl</latexit>

convex 
relaxation 

n  Recover tree through heuristics (e.g., minimum spanning tree) 

n  Topology identification via data fitting 

min
L

kP̃� LṼk2F

s.to L � 0

Lm,n  0, 8m 6= n

kLk0,o↵ = 2N
<latexit sha1_base64="ATJyzuchDhDxfShPyRANv0nqv60="></latexit>

min
L

kP̃� LṼk2F + �kLk1 � µ log |L|

s.to L ⌫ 0

Lm,n  0, 8m 6= n
<latexit sha1_base64="3Ws5viCNz0e5YC0yPXBPzlSQy7k="></latexit>

L = R�1
<latexit sha1_base64="uXkaEG6uPnOBIyVASRiVY9JvMmI="></latexit>
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n  Similar formulation if Laplacian is parameterized in terms of lines 

b` =

⇢
1 , line ` is energized
0 , otherwise

<latexit sha1_base64="e4heVNzJcjXyfiDC3Mqcubm0DfY="></latexit><latexit sha1_base64="e4heVNzJcjXyfiDC3Mqcubm0DfY="></latexit><latexit sha1_base64="e4heVNzJcjXyfiDC3Mqcubm0DfY="></latexit><latexit sha1_base64="e4heVNzJcjXyfiDC3Mqcubm0DfY="></latexit>

where 

G. Cavraro, V. Kekatos, and H. Veeramachaneni ”Voltage analytics for power distribution 
network topology verification," IEEE Trans. on Smart Grid, Jan. 2019. 

L(b) =
X

`2L

b`
r`
a`a

>
`

<latexit sha1_base64="3UMQOMwmQC8FhJ//YZXrGHG+5jo="></latexit>

n  Topology detection through data fitting 

convex 
relaxation 

min
b

kP̃� L(b)Ṽk2F

s.to b 2 {0, 1}L̄

b>1 = N

L(b) � 0
<latexit sha1_base64="sYIgMP1U3TdXUlFu8UJnVmWKruM="></latexit>

min
b

kP̃� L(b)Ṽk2F � µ log |L(b)|

s.to b 2 [0, 1]L̄

b>1 = N
<latexit sha1_base64="p4mj8hBI7VxH32+6g3FXQpTyR+s="></latexit>

n  Related formulations with covariance matrices for smart meter data analytics 



Numerical tests 
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n  Resistive Laplacian matrix 
for IEEE 13-bus feeder 

n  Identification/detection results for IEEE 37-bus feeder 

actual recovered 



Exact model fitting 

17 

n  Vectorize probing data model 

n  Optimal gLS provides LS fit error 

Khatri-Rao 
product 

n  Pretending topology A is known, find conductances g through LS fit 

topology line conductances 

where P̃ = LṼ +E
<latexit sha1_base64="xE+ULRTLXMwIEg42yyC4dD/wOEU=">AAACI3icbZDLSsNAFIYnXmu9RV26CRZBEEpSBUUQCiK4cFHBXqAJZTKZtEMnkzAzEUqYd3Hjq7hxoRQ3LnwXJ20K2npg4OP/z2HO+f2EEiFt+8tYWl5ZXVsvbZQ3t7Z3ds29/ZaIU45wE8U05h0fCkwJw01JJMWdhGMY+RS3/eFN7refMBckZo9ylGAvgn1GQoKg1FLPvHIloQHO3AjKgR9mDaWuZ3yv5syWUqczvlU9s2JX7UlZi+AUUAFFNXrm2A1ilEaYSUShEF3HTqSXQS4JoliV3VTgBKIh7OOuRgYjLLxscqOyjrUSWGHM9WPSmqi/JzIYCTGKfN2ZbyjmvVz8z+umMrz0MsKSVGKGph+FKbVkbOWBWQHhGEk60gARJ3pXCw0gh0jqWMs6BGf+5EVo1arOWbX2cF6pO0UcJXAIjsAJcMAFqIM70ABNgMAzeAXv4MN4Md6MsfE5bV0yipkD8KeM7x8yU6Zl</latexit>

H = Ṽ
>
A

> ?A>
<latexit sha1_base64="sUfHYaWg/bMST88GJPzhikhMjGQ=">AAACL3icbVDLSsNAFJ34rPVVdelmsAiuSlIF3QgVQbqsYB/QxDKZTNqhkwczN0IJ+SM3/ko3Ioq49S+ctilo64GBc8+5l7n3uLHgCkzzzVhZXVvf2CxsFbd3dvf2SweHLRUlkrImjUQkOy5RTPCQNYGDYJ1YMhK4grXd4e3Ebz8xqXgUPsAoZk5A+iH3OSWgpV7pzg4IDFw/rWfXNnDhsXSutLLs0YYontc3eamASLwg9kpls2JOgZeJlZMyytHolca2F9EkYCFQQZTqWmYMTkokcCpYVrQTxWJCh6TPupqGJGDKSaf3ZvhUKx72I6lfCHiq/p5ISaDUKHB152RNtehNxP+8bgL+lZPyME6AhXT2kZ8IDBGehIc9LhkFMdKEUMn1rpgOiCQUdMRFHYK1ePIyaVUr1nmlen9Rrll5HAV0jE7QGbLQJaqhOmqgJqLoGY3RO/owXoxX49P4mrWuGPnMEfoD4/sHRXWrkg==</latexit>

p = Hg + e
<latexit sha1_base64="KkLGqvQH6E4eqmbSLS8BgjGUZJ8=">AAACE3icbZDLSsNAFIZP6q3WW9Slm2ARRKEkVdCNUHDTZQV7gTaUyXTSDp1MwsxEKCHv4MZXceNCEbdu3Pk2TtoUtPWHgY//nMOc83sRo1LZ9rdRWFldW98obpa2tnd298z9g5YMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfFtVm8/ECFpyO/VJCJugIac+hQjpa2+edYLkBp5fhKlN3Osp3MapudzJGnfLNsVeyprGZwcypCr0Te/eoMQxwHhCjMkZdexI+UmSCiKGUlLvViSCOExGpKuRo4CIt1kelNqnWhnYPmh0I8ra+r+nkhQIOUk8HRntqFcrGXmf7VurPxrN6E8ihXhePaRHzNLhVYWkDWggmDFJhoQFlTvauEREggrHWNJh+AsnrwMrWrFuahU7y7LNSePowhHcAyn4MAV1KAODWgChkd4hld4M56MF+Pd+Ji1Fox85hD+yPj8Ab3Fn0Y=</latexit>

L = A>dg(g)A
<latexit sha1_base64="UZihdADAHjTHmJSseO8vQIMZRvQ=">AAACJHicbVDLSsNAFJ34rPUVdekmWIS6KUkVFESouHHhooJ9QBPLZDpph04ezNyIJeRj3Pgrblz4wIUbv8Vpm6K2Hhg4nHMuc+9xI84kmOanNje/sLi0nFvJr66tb2zqW9t1GcaC0BoJeSiaLpaUs4DWgAGnzUhQ7LucNtz+xdBv3FEhWRjcwCCijo+7AfMYwaCktn5q+xh6rpdcpWcTep7e2hBGNtB7EH7S6abFidVND35Sbb1glswRjFliZaSAMlTb+pvdCUns0wAIx1K2LDMCJ8ECGOE0zduxpBEmfdylLUUD7FPpJKMjU2NfKR3DC4V6ARgj9fdEgn0pB76rksMN5bQ3FP/zWjF4J07CgigGGpDxR17MDQiNYWNGhwlKgA8UwUQwtatBelhgAqrXvCrBmj55ltTLJeuwVL4+KlSsrI4c2kV7qIgsdIwq6BJVUQ0R9ICe0At61R61Z+1d+xhH57RsZgf9gfb1DaKkppc=</latexit>

f(A) = �p
>
H

�
H

>
H
��1

H
>
p

<latexit sha1_base64="K2MJymAId4IpvX474CcEC/LWaCU=">AAACVXicdVHNS8MwFE/r15xfU49eikOYB0c7Bb0IEy87TnAqrHWkWboF0yQkr8Io/Se9iP+JF8F0TtSpDwK/j/fIyy+x4syA77847sLi0vJKZbW6tr6xuVXb3rkxMtOE9ojkUt/F2FDOBO0BA07vlKY4jTm9jR8uS//2kWrDpLiGiaJRikeCJYxgsNKgxpNGmGIYx0l+URyeH30SVdyHINUn7RQhpwk0vvi8rdloDIf3+VFQ/NOkikGt7jf9aXm/QTADdTSr7qD2FA4lyVIqgHBsTD/wFUQ51sAIp0U1zAxVmDzgEe1bKHBKTZRPUym8A6sMvURqewR4U/X7RI5TYyZpbDvLDc28V4p/ef0MkrMoZ0JlQAX5uCjJuAfSKyP2hkxTAnxiASaa2V09MsYaE7AfUbUhBPNP/g1uWs3guNm6Oqm3g1kcFbSH9lEDBegUtVEHdVEPEfSEXh3HcZ1n581ddJc/Wl1nNrOLfpS79Q7PyLZU</latexit>

n  Recall grid Laplacian 

n  Find topology A attaining smallest LS fit 

S. Taheri, G. Cavraro, and V. Kekatos, ‘An MILP Approach for Distribution Grid Topology 
Identification using Inverter Probing,’ IEEE PowerTech, Milan, Italy, June 2019. 

f(A)
<latexit sha1_base64="DZ1apEKnF1FFPUWwb9k7ro5z4zQ=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjcQEL2QXTfSI8eIRE0ES2JBu6UJD213bLgnZ8Du8eNAYr/4Yb/4bu7AHBSdpMpl5L286QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pToA15UzSlmGG006sKBYBp4/B+DbzHydUaRbJBzONqS/wULKQEWys5IfVnsBmFITpzey8X664NXcOtEq8nFQgR7Nf/uoNIpIIKg3hWOuu58bGT7EyjHA6K/USTWNMxnhIu5ZKLKj203noGTqzygCFkbJPGjRXf2+kWGg9FYGdzCLqZS8T//O6iQmv/ZTJODFUksWhMOHIRChrAA2YosTwqSWYKGazIjLCChNjeyrZErzlL6+Sdr3mXdTq95eVhpfXUYQTOIUqeHAFDbiDJrSAwBM8wyu8ORPnxXl3PhajBSffOYY/cD5/ADTAka0=</latexit>
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n  Select from candidate lines 

n  Reformulate LS fit 

selection matrix  

every bus connected 
to at least one line 

n  Solve problem 

n  Products handled by McCormick linearization to yield MILP 

n  Caveat: If                           is singular, the relaxation is not exact! (C� dg(b⇤))
<latexit sha1_base64="ooLvOee2z497mCmbKEZUd+uplMQ=">AAACGnicbVDJSgNBEO1xjXGLevQyGIREMMxEQY+BXDxGMAtkYujp1CRNeha6a8QwzHd48Ve8eFDEm3jxb+wsiCY+KHi8V0VVPTcSXKFlfRlLyyura+uZjezm1vbObm5vv6HCWDKos1CEsuVSBYIHUEeOAlqRBOq7AprusDr2m3cgFQ+DGxxF0PFpP+AeZxS11M3ZjgAPC45PceB6STU9dRDuUfpJr5/+yG56e1J0JO8PsNjN5a2SNYG5SOwZyZMZat3ch9MLWexDgExQpdq2FWEnoRI5E5BmnVhBRNmQ9qGtaUB9UJ1k8lpqHmulZ3qh1BWgOVF/TyTUV2rku7pzfKua98bif147Ru+yk/AgihECNl3kxcLE0BznZPa4BIZipAllkutbTTagkjLUaWZ1CPb8y4ukUS7ZZ6Xy9Xm+Ys/iyJBDckQKxCYXpEKuSI3UCSMP5Im8kFfj0Xg23oz3aeuSMZs5IH9gfH4D5EmhVA==</latexit>

SS> = IN , S>S = dg(b)
<latexit sha1_base64="ujUcttycBZoJwBDMmgwwyUpmT+E="></latexit>

f(b) = p̄>dg(b)p̄+ p̄>dg(b) (C� dg(b))�1 dg(b)p̄
<latexit sha1_base64="DeXTTZ9eP5iZxRzTkOcwjwfgTJc="></latexit>



Ensuring connectivity 
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Lemma: Matrix     is invertible iff                  yields a connected grid (C� dg(b⇤))
<latexit sha1_base64="ooLvOee2z497mCmbKEZUd+uplMQ=">AAACGnicbVDJSgNBEO1xjXGLevQyGIREMMxEQY+BXDxGMAtkYujp1CRNeha6a8QwzHd48Ve8eFDEm3jxb+wsiCY+KHi8V0VVPTcSXKFlfRlLyyura+uZjezm1vbObm5vv6HCWDKos1CEsuVSBYIHUEeOAlqRBOq7AprusDr2m3cgFQ+DGxxF0PFpP+AeZxS11M3ZjgAPC45PceB6STU9dRDuUfpJr5/+yG56e1J0JO8PsNjN5a2SNYG5SOwZyZMZat3ch9MLWexDgExQpdq2FWEnoRI5E5BmnVhBRNmQ9qGtaUB9UJ1k8lpqHmulZ3qh1BWgOVF/TyTUV2rku7pzfKua98bif147Ru+yk/AgihECNl3kxcLE0BznZPa4BIZipAllkutbTTagkjLUaWZ1CPb8y4ukUS7ZZ6Xy9Xm+Ys/iyJBDckQKxCYXpEKuSI3UCSMP5Im8kFfj0Xg23oz3aeuSMZs5IH9gfH4D5EmhVA==</latexit>

A = SĀ
<latexit sha1_base64="8NPHbX4mnaK9pxgA2XJAUzjy2HU=">AAACDnicbZDLSsNAFIZP6q3WW9Slm8FScFWSKuhGqLhxWdFeoAllMp20QycXZiZCCXkCN76KGxeKuHXtzrdx2kbR1gMDH/9/DnPO78WcSWVZn0ZhaXllda24XtrY3NreMXf3WjJKBKFNEvFIdDwsKWchbSqmOO3EguLA47TtjS4nfvuOCsmi8FaNY+oGeBAynxGstNQzK06A1dDz04vzb7rJHA+L9MfIsqxnlq2qNS20CHYOZcir0TM/nH5EkoCGinAsZde2YuWmWChGOM1KTiJpjMkID2hXY4gDKt10ek6GKlrpIz8S+oUKTdXfEykOpBwHnu6c7CjnvYn4n9dNlH/mpiyME0VDMvvITzhSEZpkg/pMUKL4WAMmguldERligYnSCZZ0CPb8yYvQqlXt42rt+qRct/M4inAAh3AENpxCHa6gAU0gcA+P8AwvxoPxZLwab7PWgpHP7MOfMt6/AINdnP0=</latexit>

n  Key question: How to guarantee a connected topology? 

Ā>f = 1

�Nb  f  Nb
<latexit sha1_base64="RNWwG09ujMQOwMsgA39ibHRfF9o="></latexit>

n  Introduce optimization vector of virtual line flows  f 2 RL
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Singh, Kekatos, Taheri, Schneider, and Liu, ‘Enforcing Radiality constraints for DER-aided power 
distribution grid reconfiguration,’ in Proc. PSCC, June 2020, Porto, Portugal.  

n  Intuition: find topology that can deliver 1 pu injected at each bus and N pu 
received by substation 

n  Comparison to formulation of [Lei-Chen-Song-Hou’19] 

add these constraints to 
previous formulation 



Noise variance 

Numerical tests 
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n  Each inverter probed T times to average out noise 

Prob. of Correct Topology Identification Prob. of Correct Line Detection 

Noise variance 



Topology identification algorithms 

n  Graph algorithms 

q  complete or partial voltage data 

q  exact for noiseless data 
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n  Convex relaxation 

q  complete voltage data 

q  noisy data but heuristic 

n  Mixed-integer linear program (MILP) approach 

q  complete voltage data 

q  computationally more demanding yet exact 



Probing for learning loads 
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S. Bhela, V. Kekatos, and S. Veeramachaneni, "Enhancing Observability in Distribution Grids using 
Smart Meter Data," IEEE Trans. on Smart Grid, Nov. 2018. 
 



Coupled power flow (CPF) problem 
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Problem statement: Given inverter data on metered buses      and assuming time-
invariant injections at buses    , find states               and non-metered loads on  

probing (metered) buses      non-metered buses 

|M| �
2|O|

T

M

O

M

O

O

pn(vt) = p̂tn 8n 2 M
qn(vt) = q̂tn 8n 2 M
un(vt) = ût

n 8n 2 M
3MT

pn(vt) = pn(vt+1) 8n 2 O

qn(vt) = qn(vt+1) 8n 2 O
2O(T � 1)

{vt}Tt=1

Q1) Can non-metered loads be recovered by probing T slots? 

Q2) How to optimally design probing actions? 

Q3) How to solve the CPF problem? 

n  Counting equations and unknowns yields 

S. Bhela, V. Kekatos, and S. Veeramachaneni, “Smart Inverter Grid Probing for Learning Loads: Parts I 
& II”, IEEE Trans. on Power Systems, Sep 2019.  



Conclusions 
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Take-home: Inverter probing as active data collection paradigm for grid learning 

¨  multiphase configurations 

¨  partial and noisy data 

¨  ‘probing’ by regulators/capacitors 

þ  identifiability  

þ  topology ID algorithms 

þ  probing for load learning 

? 
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Motivation 

n  Voltage fluctuations due to renewables 
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n  Reactive power control with inverters 

solar 
generation 

n  Inefficiency of voltage control devices 

voltage deviation 



Finding reactive power setpoints 

n  Centralized OPF [Lavaei-Low’14], [Farivar-Low’15] 

27 

n  Local control curves [Turitsyn’11], [Kekatos-Zhang-Giannakis’15], [IEEE 1547] 
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Volt/VAR 
ü    no cyber cost 

✕  suboptimal 

n  Decentralized OPF  
[Dallanese-Dhople-Giannakis’15], [Peng-Low’16] 

n  Customize control curves on 
a quasi-stationary basis 
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pgn
<latexit sha1_base64="vO5F0VboN881Q2t8xwzJwDh6vH8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjxWMLbQxrLZbtqlm03YnQgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiETd4yTlQUyHSkSCUbSSn/bV47Bfrbl1dw6ySryC1KBAq1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUZXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88irxL+rXde/ustb0ijTKcAKncA4eNKAJt9ACHxgIeIZXeHOU8+K8Ox+L1pJTzBzDHzifPzr8jnE=</latexit><latexit sha1_base64="vO5F0VboN881Q2t8xwzJwDh6vH8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjxWMLbQxrLZbtqlm03YnQgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiETd4yTlQUyHSkSCUbSSn/bV47Bfrbl1dw6ySryC1KBAq1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUZXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88irxL+rXde/ustb0ijTKcAKncA4eNKAJt9ACHxgIeIZXeHOU8+K8Ox+L1pJTzBzDHzifPzr8jnE=</latexit><latexit sha1_base64="vO5F0VboN881Q2t8xwzJwDh6vH8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjxWMLbQxrLZbtqlm03YnQgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiETd4yTlQUyHSkSCUbSSn/bV47Bfrbl1dw6ySryC1KBAq1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUZXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88irxL+rXde/ustb0ijTKcAKncA4eNKAJt9ACHxgIeIZXeHOU8+K8Ox+L1pJTzBzDHzifPzr8jnE=</latexit><latexit sha1_base64="vO5F0VboN881Q2t8xwzJwDh6vH8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXjxWMLbQxrLZbtqlm03YnQgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTx6MEmmGfdZIhPdCanhUijuo0DJO6nmNA4lb4fjm5nffuLaiETd4yTlQUyHSkSCUbSSn/bV47Bfrbl1dw6ySryC1KBAq1/96g0SlsVcIZPUmK7nphjkVKNgkk8rvczwlLIxHfKupYrG3AT5/NgpObPKgESJtqWQzNXfEzmNjZnEoe2MKY7MsjcT//O6GUZXQS5UmiFXbLEoyiTBhMw+JwOhOUM5sYQyLeythI2opgxtPhUbgrf88irxL+rXde/ustb0ijTKcAKncA4eNKAJt9ACHxgIeIZXeHOU8+K8Ox+L1pJTzBzDHzifPzr8jnE=</latexit>

ü    optimal 

✕  cyber, obsolete 

ü    cyber 

✕  iterations 
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Data collection 
[30-min basis] 

Control rules do not 
have to be linear! 

Design inverter rules  
[30-min basis] 

Real-time operation 
[5-sec basis] 

n  Control rules as linear policies 

q  Chance-constrained [Ayyagari-Gatsis-Taha’17] 

q  Robust approaches [Jabr’18]; [Lin-Bitar’18] 

q  Closed-loop approach [Baker, Bernstein, Dall’Annese, Zhao’18] 

q  OPF-then-Fit [Dobbe-Callaway’18], [Karagiannopoulos-Hug’18] 



Problem formulation 
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n  Approximate grid model 

n  Options for voltage deviation penalties 

�s(q
g) = kXqg + yk22

<latexit sha1_base64="ukvMSMmgubPZJp6QzaylidVWpoQ="></latexit><latexit sha1_base64="ukvMSMmgubPZJp6QzaylidVWpoQ="></latexit><latexit sha1_base64="ukvMSMmgubPZJp6QzaylidVWpoQ="></latexit><latexit sha1_base64="ukvMSMmgubPZJp6QzaylidVWpoQ="></latexit>

- least-squares 

- epsilon-insensitive 

ṽ ' R(pg � pc) +X(qg � qc)

= Xqg + y
<latexit sha1_base64="eJnlIxbbD/lPqeAxrXbIM9oIo9E="></latexit><latexit sha1_base64="eJnlIxbbD/lPqeAxrXbIM9oIo9E="></latexit><latexit sha1_base64="eJnlIxbbD/lPqeAxrXbIM9oIo9E="></latexit><latexit sha1_base64="eJnlIxbbD/lPqeAxrXbIM9oIo9E="></latexit>

�✏(q
g) =

NX

n=1

[e>n (Xqg + y)]✏
<latexit sha1_base64="DbS4D9J7vOdm1rMb12ifIBFMfj0="></latexit><latexit sha1_base64="DbS4D9J7vOdm1rMb12ifIBFMfj0="></latexit><latexit sha1_base64="DbS4D9J7vOdm1rMb12ifIBFMfj0="></latexit><latexit sha1_base64="DbS4D9J7vOdm1rMb12ifIBFMfj0="></latexit>

n  Inverter setpoints to minimize voltage deviation penalty 

n  Inverter setpoints as policies qgn(zn) = fn(zn)
<latexit sha1_base64="KY1m9Y/MYCtd7IJK3WbMxhBDIeQ=">AAACI3icbZDLSsNAFIYn9VbrLerSTbAU6qYkIuhGKLhxWcFeoI1hMj1ph04mcWYi1NAn8Dl8ALf6CO7EjQvXvoaTNgvb+sPAx3/O4cz5/ZhRqWz7yyisrK6tbxQ3S1vbO7t75v5BS0aJINAkEYtEx8cSGOXQVFQx6MQCcOgzaPujq6zefgAhacRv1TgGN8QDTgNKsNKWZ1buPX43qPZCrIZ+kD5OPH5yGXh83vHMsl2zp7KWwcmhjHI1PPOn149IEgJXhGEpu44dKzfFQlHCYFLqJRJiTEZ4AF2NHIcg3XR6zsSqaKdvBZHQjytr6v6dSHEo5Tj0dWf2SblYy8x/a0k8EACjhfUquHBTyuNEASez7UHCLBVZWWBWnwogio01YCKoPsAiQywwUTrWkk7GWcxhGVqnNUfzzVm57uQZFdEROkZV5KBzVEfXqIGaiKAn9IJe0ZvxbLwbH8bnrLVg5DOHaE7G9y91FKUj</latexit><latexit sha1_base64="KY1m9Y/MYCtd7IJK3WbMxhBDIeQ=">AAACI3icbZDLSsNAFIYn9VbrLerSTbAU6qYkIuhGKLhxWcFeoI1hMj1ph04mcWYi1NAn8Dl8ALf6CO7EjQvXvoaTNgvb+sPAx3/O4cz5/ZhRqWz7yyisrK6tbxQ3S1vbO7t75v5BS0aJINAkEYtEx8cSGOXQVFQx6MQCcOgzaPujq6zefgAhacRv1TgGN8QDTgNKsNKWZ1buPX43qPZCrIZ+kD5OPH5yGXh83vHMsl2zp7KWwcmhjHI1PPOn149IEgJXhGEpu44dKzfFQlHCYFLqJRJiTEZ4AF2NHIcg3XR6zsSqaKdvBZHQjytr6v6dSHEo5Tj0dWf2SblYy8x/a0k8EACjhfUquHBTyuNEASez7UHCLBVZWWBWnwogio01YCKoPsAiQywwUTrWkk7GWcxhGVqnNUfzzVm57uQZFdEROkZV5KBzVEfXqIGaiKAn9IJe0ZvxbLwbH8bnrLVg5DOHaE7G9y91FKUj</latexit><latexit sha1_base64="KY1m9Y/MYCtd7IJK3WbMxhBDIeQ=">AAACI3icbZDLSsNAFIYn9VbrLerSTbAU6qYkIuhGKLhxWcFeoI1hMj1ph04mcWYi1NAn8Dl8ALf6CO7EjQvXvoaTNgvb+sPAx3/O4cz5/ZhRqWz7yyisrK6tbxQ3S1vbO7t75v5BS0aJINAkEYtEx8cSGOXQVFQx6MQCcOgzaPujq6zefgAhacRv1TgGN8QDTgNKsNKWZ1buPX43qPZCrIZ+kD5OPH5yGXh83vHMsl2zp7KWwcmhjHI1PPOn149IEgJXhGEpu44dKzfFQlHCYFLqJRJiTEZ4AF2NHIcg3XR6zsSqaKdvBZHQjytr6v6dSHEo5Tj0dWf2SblYy8x/a0k8EACjhfUquHBTyuNEASez7UHCLBVZWWBWnwogio01YCKoPsAiQywwUTrWkk7GWcxhGVqnNUfzzVm57uQZFdEROkZV5KBzVEfXqIGaiKAn9IJe0ZvxbLwbH8bnrLVg5DOHaE7G9y91FKUj</latexit><latexit sha1_base64="KY1m9Y/MYCtd7IJK3WbMxhBDIeQ=">AAACI3icbZDLSsNAFIYn9VbrLerSTbAU6qYkIuhGKLhxWcFeoI1hMj1ph04mcWYi1NAn8Dl8ALf6CO7EjQvXvoaTNgvb+sPAx3/O4cz5/ZhRqWz7yyisrK6tbxQ3S1vbO7t75v5BS0aJINAkEYtEx8cSGOXQVFQx6MQCcOgzaPujq6zefgAhacRv1TgGN8QDTgNKsNKWZ1buPX43qPZCrIZ+kD5OPH5yGXh83vHMsl2zp7KWwcmhjHI1PPOn149IEgJXhGEpu44dKzfFQlHCYFLqJRJiTEZ4AF2NHIcg3XR6zsSqaKdvBZHQjytr6v6dSHEo5Tj0dWf2SblYy8x/a0k8EACjhfUquHBTyuNEASez7UHCLBVZWWBWnwogio01YCKoPsAiQywwUTrWkk7GWcxhGVqnNUfzzVm57uQZFdEROkZV5KBzVEfXqIGaiKAn9IJe0ZvxbLwbH8bnrLVg5DOHaE7G9y91FKUj</latexit>

- remote and local inputs zn = [pgn � pcn q̄gn qcn]
>

<latexit sha1_base64="b8+5RcCqDe9vc/DftT1QPfikgpA="></latexit><latexit sha1_base64="b8+5RcCqDe9vc/DftT1QPfikgpA="></latexit><latexit sha1_base64="b8+5RcCqDe9vc/DftT1QPfikgpA="></latexit><latexit sha1_base64="b8+5RcCqDe9vc/DftT1QPfikgpA="></latexit>

min
qg

�(qg;y)

s.to � q̄g  qg  q̄g
<latexit sha1_base64="B2D6AFRGfTLVtNuj66Kr/HBxdN4="></latexit>

voltage deviation 
(per bus) 

co
st 

+✏
<latexit sha1_base64="W3DydorKNh940aV5/MJMZSerGWI=">AAACBXicbZDLSgMxFIYz9VbrrerSTbAIglBmRNBlwY3LCrZV2qFk0jNtaG4kGaGUrn0At/oI7sStz+ET+Bqm7Sy09YfAx3/O4Zz8iebMujD8Cgorq2vrG8XN0tb2zu5eef+gaVVmKDSo4srcJ8QCZxIajjkO99oAEQmHVjK8ntZbj2AsU/LOjTTEgvQlSxklzlsPZx3QlnElu+VKWA1nwssQ5VBBuerd8nenp2gmQDrKibXtKNQuHhPjGOUwKXUyC5rQIelD26MkAmw8nh08wSfe6eFUGf+kwzP398SYCGtHIvGdgriBXaxNzX9rme4bgOHCepdexWMmdeZA0vn2NOPYKTyNBPeYAer4yAOhhvkPYDoghlDngyv5ZKLFHJaheV6NPN9eVGpRnlERHaFjdIoidIlq6AbVUQNRJNAzekGvwVPwFrwHH/PWQpDPHKI/Cj5/AOQwmSw=</latexit><latexit sha1_base64="W3DydorKNh940aV5/MJMZSerGWI=">AAACBXicbZDLSgMxFIYz9VbrrerSTbAIglBmRNBlwY3LCrZV2qFk0jNtaG4kGaGUrn0At/oI7sStz+ET+Bqm7Sy09YfAx3/O4Zz8iebMujD8Cgorq2vrG8XN0tb2zu5eef+gaVVmKDSo4srcJ8QCZxIajjkO99oAEQmHVjK8ntZbj2AsU/LOjTTEgvQlSxklzlsPZx3QlnElu+VKWA1nwssQ5VBBuerd8nenp2gmQDrKibXtKNQuHhPjGOUwKXUyC5rQIelD26MkAmw8nh08wSfe6eFUGf+kwzP398SYCGtHIvGdgriBXaxNzX9rme4bgOHCepdexWMmdeZA0vn2NOPYKTyNBPeYAer4yAOhhvkPYDoghlDngyv5ZKLFHJaheV6NPN9eVGpRnlERHaFjdIoidIlq6AbVUQNRJNAzekGvwVPwFrwHH/PWQpDPHKI/Cj5/AOQwmSw=</latexit><latexit sha1_base64="W3DydorKNh940aV5/MJMZSerGWI=">AAACBXicbZDLSgMxFIYz9VbrrerSTbAIglBmRNBlwY3LCrZV2qFk0jNtaG4kGaGUrn0At/oI7sStz+ET+Bqm7Sy09YfAx3/O4Zz8iebMujD8Cgorq2vrG8XN0tb2zu5eef+gaVVmKDSo4srcJ8QCZxIajjkO99oAEQmHVjK8ntZbj2AsU/LOjTTEgvQlSxklzlsPZx3QlnElu+VKWA1nwssQ5VBBuerd8nenp2gmQDrKibXtKNQuHhPjGOUwKXUyC5rQIelD26MkAmw8nh08wSfe6eFUGf+kwzP398SYCGtHIvGdgriBXaxNzX9rme4bgOHCepdexWMmdeZA0vn2NOPYKTyNBPeYAer4yAOhhvkPYDoghlDngyv5ZKLFHJaheV6NPN9eVGpRnlERHaFjdIoidIlq6AbVUQNRJNAzekGvwVPwFrwHH/PWQpDPHKI/Cj5/AOQwmSw=</latexit><latexit sha1_base64="W3DydorKNh940aV5/MJMZSerGWI=">AAACBXicbZDLSgMxFIYz9VbrrerSTbAIglBmRNBlwY3LCrZV2qFk0jNtaG4kGaGUrn0At/oI7sStz+ET+Bqm7Sy09YfAx3/O4Zz8iebMujD8Cgorq2vrG8XN0tb2zu5eef+gaVVmKDSo4srcJ8QCZxIajjkO99oAEQmHVjK8ntZbj2AsU/LOjTTEgvQlSxklzlsPZx3QlnElu+VKWA1nwssQ5VBBuerd8nenp2gmQDrKibXtKNQuHhPjGOUwKXUyC5rQIelD26MkAmw8nh08wSfe6eFUGf+kwzP398SYCGtHIvGdgriBXaxNzX9rme4bgOHCepdexWMmdeZA0vn2NOPYKTyNBPeYAer4yAOhhvkPYDoghlDngyv5ZKLFHJaheV6NPN9eVGpRnlERHaFjdIoidIlq6AbVUQNRJNAzekGvwVPwFrwHH/PWQpDPHKI/Cj5/AOQwmSw=</latexit>

�✏
<latexit sha1_base64="MfLDB4JkujvdY/gJP/gWuXnuhkc=">AAACBXicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuiy4MZlBdsq7VAy6Zk2NDeSjFBK1z6AW30Ed+LW5/AJfA3Tdhba+kPg4z/ncE7+RHNmXRh+BYWV1bX1jeJmaWt7Z3evvH/QtCozFBpUcWXuE2KBMwkNxxyHe22AiIRDKxleT+utRzCWKXnnRhpiQfqSpYwS562Hsw5oy7iS3XIlrIYz4WWIcqigXPVu+bvTUzQTIB3lxNp2FGoXj4lxjHKYlDqZBU3okPSh7VESATYezw6e4BPv9HCqjH/S4Zn7e2JMhLUjkfhOQdzALtam5r+1TPcNwHBhvUuv4jGTOnMg6Xx7mnHsFJ5GgnvMAHV85IFQw/wHMB0QQ6jzwZV8MtFiDsvQPK9Gnm8vKrUoz6iIjtAxOkURukQ1dIPqqIEoEugZvaDX4Cl4C96Dj3lrIchnDtEfBZ8/53KZLg==</latexit><latexit sha1_base64="MfLDB4JkujvdY/gJP/gWuXnuhkc=">AAACBXicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuiy4MZlBdsq7VAy6Zk2NDeSjFBK1z6AW30Ed+LW5/AJfA3Tdhba+kPg4z/ncE7+RHNmXRh+BYWV1bX1jeJmaWt7Z3evvH/QtCozFBpUcWXuE2KBMwkNxxyHe22AiIRDKxleT+utRzCWKXnnRhpiQfqSpYwS562Hsw5oy7iS3XIlrIYz4WWIcqigXPVu+bvTUzQTIB3lxNp2FGoXj4lxjHKYlDqZBU3okPSh7VESATYezw6e4BPv9HCqjH/S4Zn7e2JMhLUjkfhOQdzALtam5r+1TPcNwHBhvUuv4jGTOnMg6Xx7mnHsFJ5GgnvMAHV85IFQw/wHMB0QQ6jzwZV8MtFiDsvQPK9Gnm8vKrUoz6iIjtAxOkURukQ1dIPqqIEoEugZvaDX4Cl4C96Dj3lrIchnDtEfBZ8/53KZLg==</latexit><latexit sha1_base64="MfLDB4JkujvdY/gJP/gWuXnuhkc=">AAACBXicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuiy4MZlBdsq7VAy6Zk2NDeSjFBK1z6AW30Ed+LW5/AJfA3Tdhba+kPg4z/ncE7+RHNmXRh+BYWV1bX1jeJmaWt7Z3evvH/QtCozFBpUcWXuE2KBMwkNxxyHe22AiIRDKxleT+utRzCWKXnnRhpiQfqSpYwS562Hsw5oy7iS3XIlrIYz4WWIcqigXPVu+bvTUzQTIB3lxNp2FGoXj4lxjHKYlDqZBU3okPSh7VESATYezw6e4BPv9HCqjH/S4Zn7e2JMhLUjkfhOQdzALtam5r+1TPcNwHBhvUuv4jGTOnMg6Xx7mnHsFJ5GgnvMAHV85IFQw/wHMB0QQ6jzwZV8MtFiDsvQPK9Gnm8vKrUoz6iIjtAxOkURukQ1dIPqqIEoEugZvaDX4Cl4C96Dj3lrIchnDtEfBZ8/53KZLg==</latexit><latexit sha1_base64="MfLDB4JkujvdY/gJP/gWuXnuhkc=">AAACBXicbZDLSgMxFIYz9VbrrerSTbAIbiwzIuiy4MZlBdsq7VAy6Zk2NDeSjFBK1z6AW30Ed+LW5/AJfA3Tdhba+kPg4z/ncE7+RHNmXRh+BYWV1bX1jeJmaWt7Z3evvH/QtCozFBpUcWXuE2KBMwkNxxyHe22AiIRDKxleT+utRzCWKXnnRhpiQfqSpYwS562Hsw5oy7iS3XIlrIYz4WWIcqigXPVu+bvTUzQTIB3lxNp2FGoXj4lxjHKYlDqZBU3okPSh7VESATYezw6e4BPv9HCqjH/S4Zn7e2JMhLUjkfhOQdzALtam5r+1TPcNwHBhvUuv4jGTOnMg6Xx7mnHsFJ5GgnvMAHV85IFQw/wHMB0QQ6jzwZV8MtFiDsvQPK9Gnm8vKrUoz6iIjtAxOkURukQ1dIPqqIEoEugZvaDX4Cl4C96Dj3lrIchnDtEfBZ8/53KZLg==</latexit>

OPF 
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n  Given data                                   and kernel function 

where  

Hastie, Tibshirani, Friedman, The Elements of Statistical Learning: Data Mining, Inference, and 
Prediction, Springer, 2009. 

n  Representer’s Theorem: Minimizing function depends only on training data 

HK :=

(
f(x) =

X

t

K(x, xt)at

)

<latexit sha1_base64="zLKTpw1ioW75I57aJYMYqj8UHlg="></latexit><latexit sha1_base64="15Mj4FPO38Tdtn2WsEy/gmnDV+8="></latexit><latexit sha1_base64="15Mj4FPO38Tdtn2WsEy/gmnDV+8="></latexit><latexit sha1_base64="pwzp3OX5jEWdbLKhFeBqnTzCX5A="></latexit>

argmin
a

kz�Kak22 + µ
p
a>Ka
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n  Functional minimization as vector optimization 
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n  Control rule design as function fitting using T scenario data 

n  Jointly learning inverter functions can be solved as QP or SOCP 

rule described by 

A. Garg, M. Jalali, V. Kekatos, and N. Gatsis, ‘Kernel-Based Learning for Smart Inverter Control,’ 
in Proc. GlobalSIP, Anaheim, CA, Nov. 2018. 

n  Increasing      unselects some inverters from reactive control (spatial sparsity) 

min
TX

t=1

�(qg
t ;yt) + µ

NX

n=1

kqgnkKn

s.to |qgn,t|  q̄gn,t 8n, t
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Lemma: Voltage deviation penalties and sparsity across scenarios 
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n  Different from SVMs, block voltage penalties yield support feeder scenarios  

M. Jalali, V. Kekatos, N. Gatsis, and D. Deka, “Designing Reactive Power Control Rules for Smart 
Inverters using Support Vector Machines,” IEEE Trans. on Smart Grid, (early access) 
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Numerical tests  

n  Pecan Street data (8am-8pm) on IEEE 123-bus feeder (1-phase) 

n  50% solar penetration with 1.1 inverter oversizing 

n  Train for T=30 one-min data; validate on next 30 one-min data 
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OPF-then-learn vs. OPF-and-learn 
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Single-step approach
Two-step approach

n  Linear rules on IEEE 13-bus grid 
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n  OPF-then-learn: 2-step approach 

q  solve multiple OPFs 

q  fit input-minimizer pairs 



Conclusions 
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Thank you! 

þ  learning non-linear inverter rules 

þ  data-based feeder-wide designs 

þ  SVM costs for communication savings 

¨  closed-loop control 

¨  remote input and kernel selection 

¨  constrained kernel learning 

¨  DNN-based rules 

utility 

qgn(·)
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Grid IoT data analytics 
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load learning 

topology learning 

grid IoT control 

Tools 

inverter probing 
machine learning for 

grid control 

Problems 

Thank You! 
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