
1

Semidefinite Programming for Power System State
Estimation

Yang Weng, Student Member, IEEE, Qiao Li, Student Member, IEEE, Rohit Negi, Member, IEEE,
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Abstract—State Estimation (SE) plays a key role in power sys-
tem operation and management. For AC power system state es-
timation, SE is usually formalized mathematically as a Weighted
Least Square or Weighted Least Absolute Value problem, and
solved by Newton’s method. Although computationally tractable,
Newton’s method is highly sensitive to the initial point, as it is
essentially a local search algorithm. In this paper, we propose a
Semidefinite Programming (SDP) approach to effectively obtain
a good initial state to improve the performance of the existing
Newton’s method. Our simulation results not only show that the
SDP initial guess is much better than the currently used flat
start on the IEEE standard bus systems, but also demonstrates
approximately globally optimal results, with a lower bound
provided in this paper.

NOTATION

The main notation used throughout the paper is stated below
for quick reference. Other symbols are defined as required.

A. Scalars

m The number of measurements.
n The number of buses.
Vk The complex voltage at bus k.
Ik The complex current at bus k.
δk The voltage phase angle at bus k.

σi The noise standard deviation for the ith measurement.

B. Vectors

x The complex column vector of the state.
z The measurement column vector.
u The noise column vector.

U (Re(x)T , Im(x)T )T .

Uq:t The sub-vector consisting of the qth to the tth

elements of a vector U .

ek The standard column basis with a one in the kth

coordinate and zeros elsewhere.
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C. Matrices

W The state matrix with Wij = UiUj .
Y The bus admittance matrix. (i.e., I = Y V )
Yf , Yt The branch admittance matrices, which are formed to

compute the vector of complex current injections at
the from and to ends of each line, given bus voltages.

Σ The covariance matrix of measurement errors.

D. Functions and operators

h(·) The nonlinear measurement function.
J(·) The cost function.

(·)T The transpose operator.

(·)H The conjugate transpose (Hermitian) operator.
Re(·) The real part operator.
Im(·) The imaginary part operator.
tr(·) The trace operator.

E. True power measurements

Pk The true active power injection on the kth bus.

Qk The true reactive power injection on the kth bus.
Pfk The true active power flow at the from end of

the kth branch.
Qfk The true reactive power flow at the from end of

the kth branch.
Ptk The true active power flow at the to end of the

kth branch.
Qtk The true reactive power flow at the to end of

the kth branch.

|Vk| The true voltage magnitude on the kth bus.

F. Others

< The positive semidefinite matrix inequality sign.
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I. INTRODUCTION

In AC power systems, such as the U.S. electricity grid,
the generation, transmission and distribution components are
interconnected via different levels of power lines. These lines
have certain working requirements for normal secure opera-
tion, beyond which, power system stability might be violated,
leading to unexpected situations, or even cascading failures.
Hence, to reduce economic loses and damages to electricity
facilities, it is crucial to accurately estimate the state of the
power system [1], after which timely control signals can be
sent to the field for state adjustments. Power system state is
defined as a set of complex bus voltages at all buses [2], with
which, all the operational quantities, such as the power flow
through the lines, can be computed. Therefore, the goal of state
estimation (SE) is to compute the complex bus voltages from
a set of redundant measurements, such as the active power
injection, reactive power flow and voltage magnitude.

To measure the accuracy of SE, electrical engineers usually
use the Weighted Least Square (WLS) criteria to minimize the
weighted sum square residuals [3]–[8], However, as WLS is
susceptible to bad data [2], in the past several decades, various
bad data detection and identification methods were devised for
power system state estimation [9]–[13]. One such estimator
that is particularly suited in situations where bad data present
is called Weighted Least Absolute Value (WLAV) [14]–[16]
estimator.

For both WLS and WLAV methods, one of the major
challenges is the inherent non-convexity of the cost function
arising from the non-linear power system model, which makes
it hard to solve exactly. For example, the most successful
and widely used algorithm to solve the WLS state estima-
tion problem is the Newton’s method [17]. By successively
finding a better approximation, Newton’s method can reach
a local optimum of the non-convex problem. However, there
is no guarantee of obtaining the global optimum, due to the
problem’s non-convexity. If the initial guess used in Newton’s
method is (by pure chance) close to the global optimum, then
the method will likely find the global optimum. Otherwise, it
may reach a local optimum and stop.

As a result, industrial state estimation software mainly use
the previous state estimate, which was found around 2 minutes
ago [18], as an initial guess. Due to the slowly varying
operating conditions of the power system, this guess might
be very close to the current true state, which potentially
enables Newton’s method to reach the global optimal estimate.
However, because no guarantee can be made, occasionally, a
poor state estimate appears due to a local optimum. Moreover,
in the case of system starting/restarting (such as after a critical
event), when no extra information is available, a flat start is
used, i.e., as an initial guess, all bus voltages are assumed to
be 1.0 per unit and in phase with each other. Therefore the
problem of local optimum may arise when Newton’s method
is used with a flat initial guess, which might be far away from
the globally optimal state. Consequently, it is of particular
interest to obtain a good initial state guess, solely based on
the current measurements, in the context of no knowledge of
previous system state estimates.

As the main contribution of this work, we provide an initial
guess for Newton’s method, which is very close to the global
optimum. Specifically, by introducing a Semidefinite Program-
ming (SDP) approach [19], based on convex relaxation, which
allows a modified SDP problem to be efficiently solved, a
state estimation can be obtained and regarded as the initial
guess. As a result, with such an SDP initial guess, great
performance improvement is obtained comparing to a flat start,
via Newton’s method.

Another contribution in this work is that we provide a
lower bound as a benchmark for estimating the accuracy of
the existing Newton’s methods. For example, for any state
estimator with similar measurement types, considered in this
paper, such a lower bound can be used with respect to the cost
function.

Finally, simulation results demonstrate that, by comparing
the SDP initial guess approach with the flat start approach, a
significant improvement in performance can be achieved on
the IEEE standard test bed, including IEEE 14-bus, 30-bus,
39-bus and 57-bus systems [20], [21]. In addition, by adding
the lower bound into comparison, it was observed that the SDP
initial guess approach is approximately globally optimal.

The rest of the paper is organized as below: Section II
introduces the system model; Section III describes the SDP
state estimation approach; Section IV illustrates the simulation
result and section V concludes the paper.

II. MODEL

As described in the introduction, an AC power system model
is employed. The measurements are modeled as [17]:

z = h(x) + u (1)

where x = (V1, V2, · · · , Vn)
T = (|V1|ejδ1 , |V2|ejδ2 , · · · ,

|Vn|ejδn)T denotes the state vector, u = (u1, u2, · · · , um)T

denotes the additive noise column vector, whose elements are
assumed to be independent Gaussian random variables with
zero means, i.e., u ∼ N(0,Σ), where Σ is a diagonal matrix,
with the ith diagonal element to be σ2

i , z = (z1, z2, · · · , zm)T

denotes the set of telemetered measurements, such as power
flows and voltage magnitudes, h(x) is a set of nonlinear
functions used to describe the relationship among x, u and
z.

In practice, the measurement set z is usually made redun-
dant to guarantee the observability of the whole system, i.e.,
m ≥ n. State estimation aims to find an estimate x̂ of x that
best fits the measurement set z according to (1).

A general criterion that can be used to measure the goodness
of the approximation is given by:

min
x

Jp(x) =

(
m∑
i=1

∣∣∣∣zi − hi(x)

σi

∣∣∣∣p
) 1

p

(2)

Depending on our specific choice of the cost function, or
the value of p (p ≥ 0), we are led to different estimators.
For example, for p = 2, this is the WLS state estimation, for
p = 1, this is the WLAV estimation, which is robust to bad
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data, compared to the WLS estimation. The minimization in
(2) is over all admissible x. Because the cost function in (2)
is non-convex, this optimization is hard to solve efficiently.
In practice, Newton’s method is usually used, however, it is
highly sensitive to the initial guess.

In the following sections, we are looking for an efficient
initial guess based solely on the current measurements. We
will firstly address and evaluate the proposed SDP method to
approximately solve the state estimation problem (2), and then
use it as an initial guess for the Newton’s method.

III. SDP INITIAL GUESS APPROACH

In this section, we first derive an alternative form of the
WLS and WLAV problems. Using this alternative form, we
then discuss an SDP approach to estimate the system state.
Finally, this estimate will be used as an initial guess for
Newton’s method.

A. Alternative form of measurements

The classic WLS or WLAV state estimation is to solve
(2), subject to (1). In order to explain the SDP method, we
elaborate on the measurements z and rewrite the SE problem
below:

minimize
x

Jp(x)

subject to
P ′ = P (x) + up Q′ = Q(x) + uq

P ′
f = Pf (x) + upf Q′

f = Qf (x) + uqf

P ′
t = Pt(x) + upt Q′

t = Qt(x) + uqt

|Vk|′ = |Vk|+ uv

(3)

where P,Q, Pf , Qf , Pt, Qt, |Vk| are the error free mea-
surements, such as the active and reactive power injec-
tions, power flows at the from and to ends and the volt-
age magnitudes. (With an abuse of notion, we also use
these to denote the corresponding functions of the state x.)
up,uq,upf ,uqf ,upt,uqt,uv are the additive noise vectors
and P ′, Q′, P ′

f , Q
′
f , P

′
t , Q

′
t, |Vk|′ are the measurements ob-

tained at the meters in the field.
Note that, the constraints on P,Q, Pf , Qf , Pt, Qt, |Vk| are

what make the state estimation non-convex and hence difficult
to solve. Our goal is to derive a relaxed convex formulation
to approximate this non-convex problem in (3).

B. Alternative form of the state estimation problem

If we define W = UUT as in [19] with U =
(Re(x)T , Im(x)T )T , then a non-convex optimization that is
equivalent to (3) is:

min
W

Jp(W ) =

(
m∑
i=1

∣∣∣∣zi − tr(AiW )

σi

∣∣∣∣p
) 1

p

subject to W ≽ 0, rank(W ) = 1.

(4)

where, if the ith measurement zi is the measurement on the
kth active power injection, then Ai in (4) equals Ỹk, which is
specified as:

Ỹk =
1

2

(
Re(Yk + Y T

k ) Im(Y T
k − Yk)

Im(Yk − Y T
k ) Re(Y T

k + Yk)

)
where Yk = eke

T
k Y and ek is the kth standard basis vector

(see the notation section).
Similarly, if the ith measurement zi is the kth measurement

of another type, then Ai in (4) can be found in Table I, and the
definitions of ˜̃Y k, Ỹfk, ˜̃Y fk, Ỹtk, ˜̃Y tk and Mk are in Appendix
A. We highlight this problem formulation (4) in the following
Lemma.

TABLE I
THE EXPRESSION OF Ai IN (4) FOR DIFFERENT MEASUREMENT TYPES

The measurement Type for zi The corresponding term for Ai in (4)

The kth active power injection Ỹk

The kth reactive power injection ˜̃
Y k

The kth active power flow from Ỹfk

The kth reactive power flow from ˜̃
Y fk

The kth active power flow to Ỹtk

The kth reactive power flow to ˜̃
Y tk

The kth voltage magnitude Mk

Lemma III.1. The problems (3) and (4) are equivalent.

Proof: See Appendix B.
Further, problem (4) can be rewritten in the SDP forms. For

example, if p = 2 (The SDP form of p = 1 can be found in
appendix C), we have:

minimize
α

m∑
i=1

αi

subject to
(

z2i − 2tr(AiW )− αiσ
2
i

√
zi tr(AiW )√

zi tr(AiW ) −1

)
4 0,

W < 0, rank(W ) = 1.
(5)

Lemma III.2. The problems (4) and (5) are equivalent.

Proof: See Appendix D.

C. Relaxed convex form of the state estimation
Due to the rank-one condition, which is nonlinear, the

problem in (4) is hard to solve. Therefore, we consider its
relaxed form by dropping the rank-one condition, resulting in
the following new problem formulation.

minimize
α

m∑
i=1

αi

subject to
(

z2i − 2tr(AiW )− αiσ
2
i

√
zi tr(AiW )√

zi tr(AiW ) −1

)
4 0,

W < 0.
(6)

Now, as (6) is convex, it can be efficiently solved with
software. Later, we will show that, the solution to this problem
is close to the solution of (4), thus leading to an efficient initial
guess for Newton’s method for problem (3), purely based on
the current measurements.
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D. Obtaining the state estimate from the SDP solution

As shown in the proof of Lemma III.1, there is a one to
one mapping between the rank-one state matrix W and the
state vector x. However, simplicity has a price – since we
remove the rank-one condition in (6), now the Ŵ from (6), is
only approximately rank-one. As such, we will use the largest
eigenvalue to recover the state U , and then the state x. For
example, suppose the matrix W has a rank p > 1, then we
can use the eigenvalue decomposition as below:

Ŵ =

p∑
i=1

λigig
T
i

where λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0 are the eigenvalues
and g1, g2, · · · , gp are the corresponding eigenvectors. Since
λ1g1g

T
1 is the optimal rank-one approximation to W , we

define Û ,
√
λ1g1 ∈ R2n×1 as the estimate for U . By the

one to one mapping between U and x, the SDP based state
estimate x̂ is:

x̂ = Û1:n + jÛn+1:2n

where j is the imaginary unit. Finally, we will use this state
estimate x̂ as an initial guess for the Newton’s method.

E. Lower bound

Noticed that, after we obtain the state matrix Ŵ in problem
(6), we can directly compute the cost function in (6). As
(6) is with less constraints than (4), cost function in (6) will
have a global minimum to be less than or equal to the global
minimum obtained in (4). Using the result in (6) as a lower
bound for the cost function in (4), we are left with the job of
exploring the relationship between the optimums in (4) and
(6). It turns out later that the SDP initial guess from method
(6) works well in the numerical result (section IV). Finally, it
is interesting to observe that, such a lower bound holds under
broad conditions for any state estimator on the same types of
measurements considered in this paper.

In the next section, we will compare the performance of
Newton’s method between the SDP initial guess and the flat
initial guess. Furthermore, the lower bound is added in one
figure to show the approximately optimal performance of the
proposed SDP initial guess approach.

IV. NUMERICAL RESULT

In this section, relations between the SDP start and flat start
will be explored firstly with Gaussian noise, and then with bad
data added.

A. Data generation

In this work, simulations are implemented on the IEEE
4-Bus, 14-Bus, 30-Bus, 39-Bus and 57-Bus test systems.
(Because of space limits, we will only show the 14-Bus case.
But other cases have similar results.) The data have been pre-
processed by using the MATLAB Power System Simulation
Package (MATPOWER) [20] [21]. Basically, we first solve

the power flow equations in MATPOWER which produce
the true measurements without noise. Such measurements
include the power injection on each bus, the transmission line
power flow from (to) each bus that it connects and the direct
voltage magnitude of each bus. Then we randomly sample the
measurements to create a measurement set that is large enough
to ensure system observability.

B. SDP initial guess method with Gaussian noises

In this part, we evaluate the performance of the proposed
SDP initial guess method, when the measurements are cor-
rupted by Gaussian type of noises. Firstly, the background
noises are generated according to the Gaussian distribution
with zero means and standard deviations in table II from
MATPOWER, which is then added onto the error free mea-
surements. Secondly, the Matlab-based solver “SEDUMI” [22]
is used to solve the relaxed SDP problem (6) with p = 2
(WLS approach). After obtaining the state matrix W in (6),
eigenvalue decomposition from subsection III-D is used to
obtain the SDP state estimate x̂. Then this estimate is used
as the initial guess for Newton’s method to obtain a locally
optimal estimate.

TABLE II
NOISE STANDARD DEVIATION

Measurement type Standard deviation
Active power injection 0.015

Reactive power injection 0.015
Active power flow (from) 0.02

Reactive power flow (from) 0.02
Active power flow (to) 0.02

Reactive power flow (to) 0.02
Voltage magnitude 0.01

To evaluate the performance, the metric of Weighted Resid-
ual Sum of Squares error (WRSS) defined below is used
for comparison between the SDP initial guess and flat initial
guess. Besides, for fairness, we make this comparison for 100
times.

WRSS =

m∑
i=1

(
zi − tr(AiW )

σi

)2

Fig.1 plots the WRSS performance comparison with 14-bus
system. The x coordinate is the index for simulation, i.e., 90
represents the 90th simulation result. The y coordinate is for
the metric WRSS. We can observe that, the Newton’s method
with an SDP initial guess can significantly reduce the error
of WLS (by at least 20%) compared to the Newton’s method
with flat start. At some points, such as simulation 5 , 14 and
84, 60% improvement is achieved.

In addition, the distance between the SDP initial guess
method and the lower bound is small, informing that the
proposed SDP initial guess method is approximately globally
optimal. This leads to natural interpretations for the proposed
SE procedure: Because the SDP method finds a closer initial
state than a flat start method, the possibility for Newton’s
method to tend to the global optimum is greatly increased.



5

0 10 20 30 40 50 60 70 80 90 100
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Iteration Index

W
ei

gh
te

d 
R

es
id

ua
l S

um
 o

f S
qu

ar
es

 

 
Newton’s method with a flat start
SDP estimate
Newton’s method with an SDP start
Lower bound

Fig. 1. IEEE 14 Bus WRSS

2 4 6 8 10 12 14
0.98

1

1.02

1.04

1.06

1.08

1.1

bus number

vo
lta

ge
 m

ag
ni

tu
de

 

 

SDP estimate
Newton’s method with a flat start
Newton’s method with an SDP start
True

Fig. 2. IEEE 14 Bus (Gaussian noise) voltage magnitudes

Fig. 3. IEEE 14 Bus (Gaussian noise) voltage phase angles
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Fig.2 and Fig.3 provide another view of the proposed
approach, which display the state domain comparison. The
x coordinate represents the bus number. The y coordinate
represents the voltage magnitude in Fig.2 and the voltage
phase angle in Fig.3, respectively. Likewise, from these two
plots, the SDP initial guess method is superior than the flat
start method in the sense that its estimate is much closer to the
true state on each bus. In fact, the SDP initial guess method
returns a state that almost superposes on the true state.

C. SDP initial guess method with bad data

In this subsection, we consider the performance of the
proposed SDP initial guess method, when the measurements
are corrupted by both Gaussian noises and bad data. Similar
to the previous subsection, a measurement set is randomly
generated by choosing an observable set. Then independent
Gaussian noises and some random bad data are added into the
error free measurements. To make the estimation robust to bad
data, in this simulation, the cost function (2) with p = 1 is
chosen so that we solve the WLAV problem.

It is clear from Fig.4 and Fig.5 that the SDP initial guess
method has a state estimate that almost coincides the true
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state (robust to bad data), leading to an approximately optimal
result.

V. CONCLUSIONS

This paper introduces a method to initialize iterative esti-
mation algorithms such as Newton’s method in the AC power
system state estimation, which is particularly important when
the system is started or restarted, due to various reasons.
We first formulate a Semidefinite Programming problem that
relaxes the Weighted Least Square or Weighted Least Absolute
Value state estimation problem. As the relaxed problem is
convex, a state estimate can be efficiently located, which
is then fed as the initial guess for iterative algorithms. By
simulation, we show that, when the system is restarted, no
matter whether bad data appear or not, the proposed estimation
procedure can reduce the error, resulting in a more accurate
state estimate than conventional methods that are initialized by
a flat start. Finally, we also provide a lower bound to highlight
that the proposed estimator is approximately globally optimal.

APPENDIX

A. Definition of Ai in Table I

• Reactive power injection formulation:

Qk = tr(
˜̃
Y kW ) (7)

where

˜̃
Y k = −1

2

(
Im(Yk + Y T

k ) Re(Yk − Y T
k )

Re(Y T
k − Yk) Im(Y T

k + Yk)

)
• Active power flow formulation (at the from end of the

kth branch):

Pfk = tr(ỸfkW ) (8)

where Yf is the branch admittance matrix relating the bus
voltages to the branch current vector If , at the from end
of all branches, respectively. The subscript “f” indicates
this power flow was measurement at the from side of
a branch, and the index “k” indicates the kth branch.
Finally, Ỹfk is defined as:

Ỹfk =
1

2

(
Re(Yf + Y T

f ) Im(Y T
f − Yf )

Im(Yf − Y T
f ) Re(Y T

f + Yf )

)
where Yfk = ef(k)e

T
k Yf , with f(k) maps the branch

index k into its from side bus index f(k).
• Reactive power flow formulation (at the from end of the

kth branch):

Qfk = tr(
˜̃
Y fkW ) (9)

where

˜̃
Y fk = −1

2

(
Im(Yf + Y T

f ) Re(Yf − Y T
f )

Re(Y T
f − Yf ) Im(Y T

f + Yf )

)

• Active power flow formulation (at the to end of the kth

branch):

Ptk = tr(ỸtkW ) (10)

Ỹtk =
1

2

(
Re(Yt + Y T

t ) Im(Y T
t − Yt)

Im(Yt − Y T
t ) Re(Y T

t + Yt)

)
where Yt is the branch admittance matrix relating the bus
voltages to the branch current vector It, at the to end of
all branches, respectively.

• Reactive power flow formulation (at the to end of the kth

branch):

Qtk = tr(
˜̃
Y tkW ) (11)

where

˜̃
Y tk = −1

2

(
Im(Yt + Y T

t ) Re(Yt − Y T
t )

Re(Y T
t − Yt) Im(Y T

t + Yt)

)
• Voltage magnitude formulation:

The direct use of voltage magnitude |Vk| with SDP form
is hard, so we provide an alternative form |Vk|2, the
square of voltage magnitude measurement, which can be
formulated as below:

|Vk|2 = tr(MkW ) (12)

where

Mk =

(
eke

T
k 0

0 eke
T
k

)
Remark Here, it is supposed that |Vk|′ = |Vk| + uvk

,
where uvk is the kth voltage magnitude measurement
noise, which is defined as a Gaussian random variable
with zero mean and variance σ2

vk
. By approximation,

|Vk|′ 2 = (|Vk| + uvk
)2 = |Vk|2 + 2|Vk|uvk

+ u2
vk

≈
|Vk|2 + 2|Vk|ek, can be regarded as a random variable
with mean |Vk|2 and variance 4|Vk|2σ2

vk
≈ 4σ2

vk
, because

the voltage magnitude |Vk| is close to 1.

B. Proof of Lemma III.1

Proof: In this proof, we need to show firstly that hi(x) =
tr(AiW ), and then that there is a one to one mapping between
the state vector x and the state matrix W .

1) Part 1: Here we show that if the ith measurement zi
is on the kth active power injection, then hi(x) = Pk =
tr(AiW ), where Pk is the kth error free measurement:

Pk = Re{V H
k Ik} (13)

= Re{V Heke
T
k Y V } (14)

, Re{V HYkV } (15)

= UT ỸkU (16)

= tr(ỸkUUT ) (17)

= tr(ỸkW ) (18)
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where matrix Yk = eke
T
k Y , ek is the kth standard basis

vector (see the notation section). (13) comes from the defini-
tion of the active power and (16) comes from the definition
of U, V, Yk and Ỹk. Therefore hi(x) = Pk = tr(AiW ).

Also, we can derive the active power flow formulation (at
the from end of the kth branch) as below:

Pfk = Re{V H
f(k)Ifk} (19)

= Re{V Hef(k)e
T
k YfV } (20)

, Re{V HYfkV } (21)

= UT ỸfkU (22)

= tr(ỸfkW ) (23)

Therefore hi(x) = Pfk = tr(ỸfkW ). With essentially the
same techniques as above, we can also derive the formulas for
the other error free measurements in Lemma III.1, which are
omitted here.

2) Part 2: In this part, we show that there is a one to one
mapping between the state vector x and the state matrix W .

First, it is trivial to observe that there is a one to one
mapping between x ∈ Cn×1 and U ∈ R2n×1 by the definition
(U = (Re(x)T , Im(x)T )T , where C is the set of complex
numbers and R is the set of real numbers. Second, because the
state matrix W is defined as UUT , for every U , there is only
one W . Also, because W is positive semi-definite, symmetric
and rank one, by spectrum decomposition theorem, W has
one unique eigenvalue and eigenvector pair. Thus, for every
W , there is only one U =

√
λ1g1, such that UUT = W . In

summary, there is a one to one mapping between x and W .

C. SDP form when p = 1

minimize
α

m∑
i=1

αi

subject to
(

B − αiσi 0
0 −B − αiσi

)
4 0,

B = zi − tr(AiW ), W < 0,

rank(W ) = 1.

(24)

D. Proof of Lemma III.2
Proof: Firstly, given that constraint below is satisfied:(

z2i − 2tr(AiW )− αiσ
2
i tr(AiW )

tr(AiW ) −1

)
4 0, (25)

then it follows from the positive semidefinite definition that:

(
y1
y2

)T (
z2i − 2B − αiσ

2
i B

B −1

)(
y1
y2

)
≤ 0

for all y1 and y2 with B = tr(AiW ). Rewriting,

y22 −
(
2y1tr(AiW )

)
y2 −

(
z2i − 2tr(AiW )− αiσ

2
i

)
y21 ≥ 0

Choosing y1 = 1 and y2 = tr(AiW ), we see that condition(
zi − 2tr(AiW )

)2 ≤ αiσ
2
i must hold.
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