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I. ABSTRACT

This paper is motivated by major needs for accurate on-
line state estimation (SE) in the emerging electrical energy
systems; accurate state and topology are needed to support
operator’s decisions as system conditions vary both during nor-
mal conditions for enhanced efficiency and during contingency
conditions to ensure reliable operations. We propose a new
SE method which is based on a combined use of informative
historical data with the extended state space formulation for
managing the nonlinear nature of AC power flow equations and
related numerical problems. Specifically, the approach com-
prises two stages. First, based on historical data maximum-
likelihood parameter estimation is conducted to update model
parameters. The second stage utilizes these estimated model
parameters and on-line measurements to estimate the state.
Instead of using the extended Kalman Filter we are using a
Kalman Filter in a model-based physically meaningful kernel
feature space. This leads to ax two-stage Kalman Filter which
can overcome problems created by the occasional missing data
or data available at different rates (SCADA and PMU data);
therefore, we claim that its performance is highly robust. This
claim is confirmed by the simulation results performed for sev-
eral IEEE test systems which show significant improvements
over the performance of both the static SE with Newton’s
method and the extended Kalman Filter SE approach; once
the parameters are learned, the computational time is smaller
than the currently used SE, making it feasible in operations.

II. INTRODUCTION

Reliable and efficient operations of the electric power
systems is critical; each interruption of electricity service
or a wide-spread blackout are known to cause a mix of
physical hardware damage, unexpected interruption of normal
work and subsequent economic loss. The importance of state
estimation for preventing these problems in operations was
recognized some time ago and a static State Estimation (SE)
tool was introduced [1]; this approach aims at extracting the
hidden state information from redundant measurement data
in the Supervisory Control And Data Acquisition (SCADA)
system. However, this static single snapshot method fails to use
historically available data and does not even correlate directly
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consecutive on-line data. The static SE was preferred due
to the slow updates of past measurement systems. However,
much faster sensors are deployed in the recent years, giving us
the opportunities for dynamic tracking [2], [3]. In particular,
with recent and ongoing massive penetration of renewable
energy, distributed intelligence, as well as plug-in electric
vehicles, traditional state estimation methods lack the ability
to track and manage increasing uncertainties inherent in these
new technologies; managing these uncertainties can be done
much more effectively when using data-driven modeling and
decision algorithms in operations during both normal and
contingency conditions. Consequently, there exists a need
for sustainable grid services through real-time analysis and
control; this requires better streaming estimation process with
real-time guarantees [4].

Recently, several approaches were proposed for enhancing
the current static model with a linear dynamic model for quasi-
static SE [5], [6] via Kalman Filter [7]. They enable one to
correlate current and past on-line data for SE. However, they
use Extended Kalman Filter (EKF) approach which is known
to be quite suboptimal in a highly nonlinear environments such
as the electric power systems; this is caused by the fundamen-
tal flaw in the EKF of approximating non-Gaussian density
function with the Gaussian density function through a closure
scheme [8], [9]. This causes several nontrivial problems, most
importantly an unbounded error variance growth. For instance,
[10] shows that EKF is difficult to tune, and is only reliable
for systems which are almost linear on the time scale of the
updates. Secondly, the EKF approaches in [5] only rely on
active-reactive power measurement pairs, and neglect other
important types of measurements, such as voltage magnitudes
and the highly accurate Phasor Measurement Unit (PMU)
phase angle measurements [11], [12]. This leads to an overall
suboptimal design, significant performance loss, and poor
observability because of not using all available measurements;
this problem is made worse in combination with unexpected
missing data. Further, the computational burden is high as EKF
needs to store and manipulate error covariance matrices, which
becomes unmanageable for high dimensional models.

Another approach is to rely on PMU measurements [11]
alone. For instance, the ongoing industry pilot experiments
plan to have PMU measurements installed at all major 230
KV substations and all large generators. However, because
the deploying process is gradual, there will be limited PMU
measurements [12] for a long time. Even if all buses are
equipped with PMUs, we still need redundancy from other
measurement types for robustness [13], because the current
experience shows that PMU is imperfect, and its accuracy
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depends on manufacturing qualities and various sources of un-
certainties (the GPS synchronization, instrument transformers,
A/D converters, etc.). Therefore, we need a general dynamic
SE method to deal with combined SCADA and PMU data for
future SE.

Motivated by the above systemic problems in currently used
and proposed SE methods, we propose a new historical data-
driven SE approach. The proposed method can be implement-
ed given recent advances in communications and computing,
which are becoming drivers and sources of data previously
unavailable in the electric power industry. Notably, learning
from the data has been widely recognized as playing the
critical role in achieving key design of Wide Area Monitoring,
Control and Protection (WAMPAC) systems, centering on
efficient and reliable operation.

Specifically, different from earlier work [5], parameters in
the model are obtained via supervised learning over historical
data with Expectation-Maximization (EM) algorithm [14],
which is widely adopted in the machine learning literature
and successfully applied to economy forecasting, biological
sequences studies, speech recognition, video processing and
prediction of Web-user behavior. As an iterative method, EM
alternates between performing an Expectation (E) step, which
creates a function for the expectation of the log-likelihood
evaluated using the current estimate of the parameters, and
a Maximization (M) step, which computes parameters max-
imizing the expected log-likelihood found on the E-step.
Then these parameter-estimates are used to determine the
distribution of the latent variables (electric power system
states) in the next E-step. As a result, all unknown parameters
will have close form solutions. One possible advantage of
this approach to excel traditional model-based static state
estimation methods and dynamic state estimation [5], may
come from its purely data-constructed modeling, where data
can be flexibly organized for learning according to the cyclic
nature of power system operation. Further, to deal with the
inherent nonlinearity of electric power system, we employ
kernels to firstly map the system equations into a near-linear
feature space before starting the learning process with EM.

Apart from inclusion of all types of measurements for
learning and estimation, we will show that the proposed data-
driven SE produces significant improvement in accuracy of
simulation. Moreover, once the parameters are learned, the
data-driven state estimator can adaptively adjust its measure-
ment subset for possible missing data and bad data to facilitate
robust streaming SE. The proposed method is very attractive
in practical scenario because its on-line computational com-
plexity is the same or smaller than the currently used static
state estimation based on Newton’s method, where the learning
phase is done off-line due to limited computational resources.
Further, the algorithm is adaptive with bad data. Finally, when
new historical data comes into the database, the proposed
method can also be used to start a new round of learning
process for possible improvements.

This paper is organized as follows: In Section III we briefly
review dynamic SE problem formulation; in Sections IV and V
we propose a two-stage historical data-driven SE; in Sections
VI we illustrate the simulation results; enhanced performance

is shown by simulating several standard IEEE test cases, in
particular, the IEEE 14-bus, 30-bus, 39-bus, 57-bus, 118-bus
and 300-bus systems [15], [16]. Notably, the proposed data-
driven approach outperforms both the static state estimation
and the conventional model-based Kalman Filter. We conclude
in Section VII.

III. PROPOSED HISTORICAL DATA-DRIVEN SE: BASIC
PROBLEM FORMULATION

In order to introduce historical data-driven SE for pow-
er systems, we consider a sequence of historical SCA-
DA measurements obtained every 2 seconds (or short-
er, when faster devices such as PMUs are available.).
These measurements are represented as a discrete time se-
quence {z1, z2, · · · , zk, · · · , zK}. Corresponding states are
{x1,x2, · · · ,xk, · · ·xK}. The measurement equations (i.e.
power flow equations) relate measurements and states as

xk = f(xk−1) +wk (1a)
zk = h(xk) + uk (1b)

where the state vector xk = (|vk,1|ejδk,1 , |vk,2|ejδk,2 , · · · ,
|vk,n|ejδk,n)T represents the power system states (n-bus sys-
tem) at the time slot k ≥ 0. f : Rn → Rn represents the state
transition function that maps the state from time slot k− 1 to
k, and h : Rn → Rm represents measurement function taken
at time slot k. wk and uk are additive processing noise and
measurement noise vectors, both of which are assumed to be
independent Gaussian random variables [17] with zero mean
and diagonal covariance matrix, i.e., wk ∼ N (0,Γ), uk ∼
N (0,Σ). zk is a telemetered measurement column vector at
time slot k, such as power flow and voltage magnitude.

The power system dynamic state estimation aims to find a
sequence of estimates {x̂k} of the true state sequence {xk}
that fits the measurement set sequence {zk} best according to
the dynamic model in (1) with minimized mean-square error
(MMSE).

Due to the difficulty in dealing with nonlinearity in (1), the
following linear dynamic system is usually adopted in practice.

xk = Axk−1 +wk (2a)
zk = Cxk + uk (2b)

where matrices A and C are the state transition matrix and the
measurement matrix. We now define the problem of historical
data-driven SE as a two-stage problem as in Fig.1; In the first
stage, historical measurements {z1,z2, · · · , zK} are used to
obtain the best model parameters in (2a) and (2b). However,
as the actual power system model (1a) and (1b) is nonlinear,
we map the state xk into xϕ

k , which is an extended state
space proposed in [18]–[21]. In particular, a feature space
approach is used to extend the state space so that a maximum-
likelihood estimate can be obtained in this linear model. Once
the system parameters are estimated, stage two is performed
via a standard on-line Kalman Filter based on the current
measurement zt at time t and finds the Minimum Mean Square
Error (MMSE) estimate of x̂t. This two-stage historical data-
driven SE process is described next.
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Fig. 1: Block Diagram of the Proposed Historical Data-Driven
Approach.

IV. STAGE 1: HISTORICAL DATA-DRIVEN PARAMETER
ESTIMATION

Here we assume stationarity, which means topology changes
and bad data have not been detected for the time being. In
case of topology changes, only the historical data associated
with the new topology is used. In case of detected bad data,
the learned measurement matrix C in (2b) will be changed
adaptively by eliminating the corresponding rows.

A. Kernel Spaces for Nonlinearity

One drawback of using (2) to approximate (1) comes from
the inherent nonlinearity in electric power systems, which
contain watts, vars, voltage magnitudes, and voltage angles. To
overcome the drawback, we start with a kernel space approach
[22] for time series modeling to preserve the framework of
linear dynamical system for our data-driven SE.

The key to the proposed approach is the mapping from state
space into a proper feature space with xk → xϕ

k : ϕ = ϕ(xk),
which results in a linear feature space model in Fig.2, or

xϕ
k = Aϕxϕ

k−1 +wϕ
k (3a)

zk = Cϕxϕ
k + uk (3b)

where we assume wϕ
k ∼ N (0,Γϕ).

Inspired by recent works on Semidefinite Programming for
State Estimation [18]–[21], we choose polynomial kernel with
order 2 for linearity in (3b). Since the generation power and
load changes cause the system state in the power system to
change, our polynomial kernel choice for (3a) is also prefer-
able because it produces quadratic form of states (voltages)
rather than direct voltage expression in (1) and (2).

Fig. 2: Linear Feature Space Model.

B. Expectation-Maximization Algorithm

After obtaining the linear dynamic system in feature s-
pace (3), we then decide the unknown parameters (θ =
{Aϕ,Γϕ, Cϕ,Σ}) and the hidden state sequence {xϕ

k} (latent
variables) in the upper part of Fig.2, which maximize the
likelihood of historical data sequence {zk} in the lower part
of Fig.2. Because the model has latent variables, this can be
addressed using the EM algorithm [14], which has become
an appealing field for machine learning approaches [23], [24]
over the last few decades. Specifically, EM algorithm is an iter-
ative method for finding maximum-likelihood or maximum-a-
posteriori (MAP) estimates of parameters in statistical models
that are dependent on unobserved latent variables. It starts with
certain initial selection for the model parameters, being de-
noted by θold = {Aϕ,old,Γϕ,old, Cϕ,old,Σold}. Then we take
these parameter values and find the posterior distribution of
the latent variables p(xϕ|z,θold) in the E-step. Subsequently,
we use this posterior distribution to evaluate the expectation
of the logarithm of the complete-data likelihood function, as a
function of the parameters θ, and employ maximum-likelihood
criterion to find the θ in the M-step before going back to the
E-step until the algorithm converges.

1) Expectation (E) Step: In this part, filtering (forward)
and smoothing (backward) algorithms are conducted to obtain
the hidden states. The first step is forward-moving like the
Kalman Filter. Given the initial value of state mean µϕ

0 , state
variance V0, and “old” fixed parameters θold, we can compute
the Kalman gain, state mean, and state variance at time slot
k = 1 as follows

K1 = V0(C
ϕ,old)T (Cϕ,oldV0(C

ϕ,old)T +Σold)−1 (4a)

µ1 = µold
0 +K1(z

old
1 − Cϕ,oldµold

0 ) (4b)

V1 = (I −K1C
ϕ,old)V0 (4c)
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where I is an identity matrix. The algorithm then moves
forward until the end of the training data at discrete time K.

Pk−1 = Aϕ,oldVk−1(A
ϕ,old)T + Γϕ,old (5a)

Kk = Pk−1(C
ϕ,old)T (Cϕ,oldPk−1(C

ϕ,old)T +Σold)−1

(5b)

µϕ,fw
k = Aϕ,oldµϕ,fw

k−1 +Kk(zk − Cϕ,oldAϕ,oldµϕ,fw
k−1 )

(5c)

V fw
k = (I −KkC

ϕ,old)Pk−1 (5d)

where Pk−1 is for updating the state covariance matrix based
on the previous estimate. Kk is the Kalman gain for updating
the prediction with the new measurement vector zk. The
superscript “fw” indicates it is a “forward” step while the
superscript T represents the transpose operator. Thus, given
the values of µϕ

k−1 and Vk−1 in one time slot back, together
with the new observation zk, we can evaluate the Gaussian
marginal for xϕ

k having mean µϕ,fw
k and covariance V fw

k .
The Kalman Filter above is a forwarding algorithm that

is optimal in obtaining current state estimate by using the
past and current measurements. However, since all future
measurements are more or less dependent on the past state,
a better estimate can be achieved by conducting a backward
(“bw”) algorithm, which is called “smoothing” in literatures.

µϕ,bw
k = µϕ,bw

k + Jk(µ
bw
k+1 −Aµϕ,fw

k ) (6a)

V bw
k = V fw

k + Jk(V
bw
k+1 − Pk)J

T
k (6b)

where Jk , V fw
k (Aϕ,old)T (Pk)

−1.
Note that these recursions require a completed forward pass

so that the quantities µϕ,fw
k and Vk will be available for the

backward pass.
2) Maximization (M) Step: As a summary of E-step for the

M-step, we rewrite the results above in the following form

E[xϕ
k ] = µϕ,bw

k (7a)

E[xϕ
k(x

ϕ
k−1)

T ] = Jk−1V
bw
k + µϕ,bw

k (µϕ,bw
k−1 )

T (7b)

E[xϕ
k(x

ϕ
k)

T ] = V bw
k + µϕ,bw

k (µϕ,bw
k )T . (7c)

With the statistical estimate of {xϕ
k} in (7) and the mea-

surement set sequence {zk}, EM algorithm can estimate
the parameters using maximum-likelihood method over the
complete-data log-likelihood function below.

ln p(Xϕ,Z|θ) = ln p(xϕ
1 |µ

ϕ
0 , V0) +

N∑
k=2

ln p(xϕ
k |x

ϕ
k−1, A

ϕ,Γϕ)

+
N∑

k=1

ln p(zk|xϕ
k , C

ϕ,Σ) (8)

in which we have made explicit the dependence on the
parameters, and define Xϕ = {xϕ

1 , · · · ,x
ϕ
N}, Z =

{z1, · · · , zN}. Note that {Aϕ,Γϕ, Cϕ,Σ} are parameter-
s in need of new estimation in this M-step, rather than
{Aϕ,old,Γϕ,old, Cϕ,old,Σold} with fixed values in the E-step.

We now take the expectation of the complete-data log-
likelihood regarding the posterior distribution ln p(Xϕ,Z|,θ),
namely, EX|θold [ln p(Xϕ,Z|θ)]. By taking the derivative of

E[ln p(xϕ
1 |µ

ϕ
0 , V0)] and E[

∑N
k=2 ln p(x

ϕ
k |x

ϕ
k−1, A

ϕ,Γϕ)] and
employing the first order condition, we reach

µϕ,new
0 = E[xϕ

1 ] (9a)

V new
0 = E[xϕ

1 (x
ϕ
1 )

T ]− E[xϕ
1 ]E[(xϕ

1 )
T ] (9b)

Aϕ,new =

( N∑
k=2

E[xϕ
k(x

ϕ
k−1)

T ]

)( N∑
k=2

E[xϕ
k−1(x

ϕ
k−1)

T ]

)−1

(9c)

Γϕ,new =
1

N − 1

N∑
k=2

{
E[xϕ

k(x
ϕ
k)

T ]−AnewE[xϕ
k−1(x

ϕ
k−1)

T ]

− E[xϕ
k(x

ϕ
k−1)

T ](Aϕ,new)T (9d)

+Aϕ,newE[xϕ
k−1(x

ϕ
k−1)

T ](Aϕ,new)T
}
.

Note that Aϕ,new must be evaluated first, and the result
can then be used to determine Γϕ,new. Similarly, in order to
determine the new values of Cϕ,new and Σnew, maximizing
E[

∑N
k=1 ln p(zk|x

ϕ
k , C

ϕ,Σ)] in (8) with respect to Cϕ and Σ,
then we have

Cϕ,new
row i =

( N∑
k=1

zn,iE[(xϕ
n)

T ]

)( N∑
k=1

E[xϕ
k(x

ϕ
k)

T ]

)−1

(10a)

Σnew =
1

N

N∑
k=1

{
E[zkz

T
k ]− Cϕ,newE[xϕ

k ]z
T
k − zkE[(xϕ

k)
T ]

· Cϕ,new + (Cϕ,new)TE[xϕ
k(x

ϕ
k)

T ]Cϕ,new

}
. (10b)

These new parameters are treated as θold in a subsequent
E-step and a new round of EM computation is started until the
parameters converge. Notably, the Cϕ,new matrix is adaptable
for bad data detection, because of its row-wise form.

V. STAGE 2: ON-LINE KALMAN FILTER STATE
ESTIMATION

After convergence, parameters learned and denoted by θ̂ =
{Âϕ, Γ̂ϕ, Ĉϕ, Σ̂}, are used in the standard Kalman Filter for
dynamic power system AC SE. When conducting Kalman
Filter for real-time data with parameter θ̂ learned in the
historical data, state estimate lies in the feature space but not
the much desired state space. Therefore, we need to conduct a
further step to map the state back into the state space, leading
to the following optimization problem

x̂t = argmin
xt

||Cϕϕ(xt)− zt||2 (11)

where subscript t is used to distinguish the real time SE from
the EM algorithm over historical data, where the subscript k
is employed.

Performing Newton’s method with flat start for state recov-
ery is not as good as using the converged values of Ĉϕ in EM
algorithm and the real-time Kalman Filter result x̂ϕ to com-
pute the MMSE estimate via h(x̂t) = Ĉϕx̂ϕ

t = h(xt) + ut,
which creates a recovery problem as

x̂t = argmin
xt

(
h(x̂t)− h(xt)

)T

R−1
(
h(x̂t)− h(xt)

)
(12)

where R = (Ĉϕ)TP−1
t Ĉϕ.
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A. Summary

The calculation steps of the proposed data-driven SE in
Fig.1 are summarized as the following

• map the state space model into the feature space via the
polynomial kernel with order 2 to deal with the inherent
nonlinearity of the electric power system;

• use historical data to learn system parameters in the
feature space with the EM algorithm;

• the learned linear state space model is applied to conduct
feature space Kalman Filter over real-time dynamic SE;

• conduct a reverse state mapping back into the state space
for complex bus voltages.

VI. NUMERICAL RESULTS

The simulations are implemented on the IEEE standard test
systems for IEEE 14, 30, 39, 57, 118 and 300 buses. Similar
improvements in performance are observed. Due to page
limit, only 300-bus simulation results are presented here with
MATLAB Power System Simulation Package (MATPOWER)
from [15], [16].

We use on-line load profiles from New York ISO [25] in the
simulations below to simulate the power system behavior in
a practical pattern. Specifically, we use the load data between
February 2005 and December 2011 (with a consistent data
format). It includes 11 on-line load profiles (generated every
five minutes) in New York ISO area, namely ‘CAPITL’,
‘CENTRL’, ‘DUNWOD’, ‘GENESE’, ‘HUD VL’, ‘LONGIL’,
‘MHK VL’, ‘MILLWD’, ‘N.Y.C.’, ‘NORTH’, and ‘WEST’.

In order to obtain the 199 nonzero active load power
consumptions in the IEEE 300 test case, we employ a down-
sampling method to extend the 11 load profiles to 209 (11×19)
profiles. We use a new interval of 95 (5×19) minutes to replace
the 5-minute interval from the on-line resource. Accordingly,
we obtain 35, 276 valid historical load data for each load
bus from February 2005 to December 2011. Data between
February 2005 and December 2010 are used for training
with EM algorithm, and the rest are used for testing various
estimators for comparison.

Subsequently, we run an AC power flow at each time slot to
generate the true states of the power system, followed by cre-
ating true measurement sets with Gaussian noises according to
the following standard deviations: (1) 2% for power flow and
injection measurements (2) 1% for the other measurements.
Variational belief propagation (VBP) algorithm results in the
estimate v̂. Here, we assume that the measurements include
(1) the power injection on each bus; (2) the transmission line
power flow ‘from’ or ‘to’ each bus to which it connects; (3)
the voltage magnitude and phase angle of each bus.

A. Simulation Results

The proposed method achieves the improvements by con-
ducting the following SE approaches on the testing data
between 01/01/11 and 12/31/11:

• industrially used Static SE;
• the Kalman Filter Approach to Quasi-Static SE from [5],

denoted by EKF;
• the proposed Data-Driven SE in this paper.

We apply in Fig.3 a normalization for Euclidean distances
between various estimation results and the true system states
at different time slots.

Ratio{Static,k} =
||vStatic,k − vTrue,k||
||vStatic,k − vTrue,k||

= 1 (13a)

Ratio{EKF,k} =
||vEKF,k − vTrue,k||
||vStatic,k − vTrue,k||

(13b)

Ratio{DataDriven,k} =
||vDD,k − vTrue,k||
||vStatic,k − vTrue,k||

. (13c)
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Fig. 3: Normalized Euclidean State Distance.

The x coordinate in Fig.3 is the time of testing data. The
y coordinate is for the metric in (13). We observe that the
EKF SE is similar to the static SE (due to its measurement
number reduction) while the proposed data-driven approach
significantly reduces the error by at least 20% except in rare
cases, compared to the other two. The proposed method can
even achieve more than 50% improvement. In addition, the
small distance between the data-driven approach curve and
the zero value line informs that the proposed approach greatly
increases the possibility to hit the true state, because it not
only learns patterns from historical data, but also deals with
the inherent nonlinearity of electric power system by using
kernel spaces.

Fig.4a and Fig.4b compare the proposed method with others
in terms of voltage magnitudes and phase angles and display
the results in the state domain. To visualize the comparison,
Fig.4 displays part of the test results obtained (bus 2 to bus
16). Similar results are observed for other buses in 300-bus
system. From Fig.4a and Fig.4b, the proposed approach (in
red dots) shows superiority in performance to the static SE
(in blue diamond) and EKF (in green triangle) by providing a
much closer estimate to the true state (in black box).

VII. CONCLUSIONS

This paper introduces a historical data-driven framework for
solving dynamic AC power system state estimation problems
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Fig. 4: IEEE 300 bus.

in EMS/SCADA. First, we formulate a linear state space
model in the proper feature space to deal with the inherent
nonlinearity in power system, by adopting the Expectation-
Maximization algorithm for system parameter learning. Sec-
ond, we use the learned parameters in linear feature space
for real-time Kalman Filter state estimation. Subsequently, we
convert the feature space state back into the state space via
MMSE estimation to obtain complex voltages in the state
space. We demonstrate by simulations that using the data-
driven approach can significantly reduce the error and obtain
a more accurate estimate than applying the conventional static
or dynamic methods in disregard of the chance of missing data
occurrence and measurement types. Notably, we can conduct
this learning process continuously to achieve accuracy when
new measurements come into SCADA.
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