
1

Probabilistic Joint State Estimation for Operational
Planning

Yang Weng, Member, IEEE, Rohit Negi, Member, IEEE, Marija D. Ilić, Fellow, IEEE

Abstract—Due to a high penetration of renewable energy,
power systems operational planning today needs to capture
unprecedented uncertainties in a short period. Fast probabilistic
state estimation (SE), which creates probabilistic load flow
estimates, represents one such planning tool. This paper describes
a graphical model for probabilistic SE modeling that captures
both the uncertainties and the power grid via embedding physical
laws, i.e., KCL and KVL. With such a modeling, the resulting
maximum a posteriori (MAP) SE problem is formulated by
measuring state variables and their interactions. To resolve the
computational difficulty in calculating the marginal distribution
for interested quantities, a distributed message passing method is
proposed to compute MAP estimates using increasingly available
cyber resources, i.e., computational and communication intelli-
gence. A modified message passing algorithm is then introduced
to improve the convergence and optimality. Simulation results
illustrate the probabilistic SE and demonstrate the improved
performance over traditional deterministic approaches via (1)
the more accuracy mean estimate, (2) the confidence interval
covering the true state, and (3) the reduced computational time.

Index Terms—Renewable penetration, operational planning,
probabilistic state estimation, graphical model, distributed al-
gorithms, and message passing.

I. INTRODUCTION

The energy industry is currently experiencing rapid and
dramatic changes on the generator side. For example, Energy
Report predicts that the percentage of renewable generation in
global energy structure will go from 10% in 2014 to 95% by
2050 [1]. With such a high penetration of distributed energy re-
source (DER), like intermittent photovoltaic generation, states
shift at a faster speed than in the past. Increasing uncertainty
also occurs on the load side, where demand response programs
and the ongoing power industry deregulation turn passive loads
into active loads [2]. These changes both on the generator side
and load side call for well-designed planning mechanisms for
sustainable system operation.

Before the proliferation of renewables, probabilistic tools
such as probabilistic power flow [3]–[5] and probabilistic opti-
mal power flow [5], [6] have already been developed. But these
tools are for long-term planning [2], [6], [7]. For example,
system demand is taken as a random vector of correlated
variables, which allows us to consider the dependence among
generation, load, and locations [8].
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(a) Independent state estimate (b) Joint state estimate

Fig. 1. 95% confidence zone for standby reserve. The x-coordinate is
for the first voltage estimate v1, and the y-coordinate is for the second
voltage estimate v2. (a) shows the confidence zone without considering
probabilistic dependence between v1 and v2. (b) shows the confidence zone
when considering probabilistic dependence.

While long-term planning tools are essential, increasing
penetration of distributed energy resources calls for operational
planning in shorter terms. For example, the recent U.S. Depart-
ment of Energy’s call for Grid Modernization Initiative (GMI)
aims at solving the challenges of integrating conventional
and renewable sources to ensure network resilience. One of
the practical questions is how to schedule capacity bank
under uncertainties. To provide real-time probabilistic data for
services such as operational planning, we propose to conduct
probabilistic state estimator to utilize all sensor measurements
in the network. For example, we can use the probabilistic joint
state to conduct operational planning by lowering the need for
operating reserves.

Fig. 1 shows 95% confidence zone with probabilistic state
estimation. Once this confidence zone is determined, we
can plan reserves, such as standby gas generators, capacitor
banks, and storage devices, to accommodate for changes in
the current operation point of a power grid. In other words,
the operational planners can use a probabilistic analysis to
calculate required reserve margins [9], [10], so that a sufficient
reserve in energy production will be arranged immediately
and called upon if necessary [8], [11]. If needed, a system
operator can also change the number 95% used in Fig. 1 to
a larger number, such as 99% or 99.9%, for reserve planning
depending on the preference.

Also, we can further reduce the needed reserves by using
probabilistic joint state estimation. For example, Fig. 1(a) and
Fig. 1(b) show the 95% confidence zone without and with
joint state estimate for planning standby resources. By using
the probabilistic joint state estimation, the needed standby re-
sources can be reduced significantly. Finally, joint probabilistic
state estimation can also initiate other services such as 1)
quantifying joint voltage variation for voltage regulation with
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intermittent renewable energy generation [12] and 2) creating
probabilistic electricity market products [6].

To conduct probabilistic modeling for probabilistic SE, one
can use the Bayesian framework. For instance, [13] uses a
Bayesian linear state estimator and provide trade-offs among
the number of PMUs, PMU placement, and measurement
uncertainty. [14] uses load forecast for distribution grid state
estimation with limited measurements. Different than these
methods, our focus is on the graphical representation of the
electric power system so that the fast and scalable computation
in graphical model can be used for operational planning.
This is because, for making probabilistic inferences, joint
distribution needs to be marginalized over the whole parameter
space for interested states [15]. However, similar to many
probabilistic power flow methods [16], direct marginalization
requires significant computational time with computational
complexity O(|X |N ), making marginalization non-scalable.
(Tables are available only for the bivariate case [17].) Such
non-scalability prevents real-time probabilistic state estimation
for operational planning. Luckily, graphical model provides
both the sum-product for marginalization and max-product for
maximum a posteriori estimate that can reduce the computa-
tional complexity from to O(N |X |2) in a dynamic program-
ming fashion.

For constructing the graphical model, we model power grid
states (bus voltages) as random variables on graph vertices.
The edges of the graph determine the interaction of the state
variables according to physical laws, i.e., Kirchhoff’s law.
Viewed together, the graphical model is specified by the joint
density of random variables in the network for SE, subject to
the constraints imposed by the physical laws. Then, we choose
the objective of maximum a posteriori (MAP) for estimation
[18], [19]. Under such an MAP problem formulation, distribut-
ed message passing (sum-product or max-product algorithms)
is subsequently employed in a belief propagation (BP) fashion
[20]–[23]. Although the BP algorithm is optimal for tree
networks in distribution grids, it needs adaptation for meshed
networks in transmission grids. Therefore, we adopt a tree-
reweighted message passing algorithm based on a variational
belief propagation (VBP) algorithm in the Bayesian framework
[24]–[27]. To overcome the convergence problem and reduce
needed computer memory, we modify the VBP algorithm into
a sequential VBP algorithm. A tree agreement condition is
used to check the optimality of our algorithm.

Notably, [22], [23] show how to use a factor graph and
linearization techniques to conduct belief propagation for
mean state estimates in the tree-structure distribution grid.
Different from them, we show how to build a graphical model
to avoid linearizing the nonlinear power flow equations for
preserving physical laws. We also consider mesh structures in
transmission systems and some urban distribution systems. For
these systems, we show how to adapt the belief propagation
algorithms. Finally, we show how to use mean estimates as
well as the variance estimates for operation planning.

We use simulations of IEEE test systems on both trans-
mission grids (e.g., 14 buses) and distribution grids (e.g.,
123 buses). The numerical results obtained show that the
probabilistic state estimation provides highly accurate mean

estimates and confidence intervals that adequately capture the
true state. The computational time is short. Only one-tenth
time of the current industrial approach is needed for the
new approach in relatively large systems, leading to real-time
application.

When compared with existing SE methods, the novelty of
the proposed approach lies in 1) motivating the probabilistic
state estimation for operational planning, 2) embedding physi-
cal laws in the probabilistic modeling, 3) reducing the compu-
tational burden associated with the probabilistic estimate, and
4) empirically demonstrating the idea and the performance
of the proposed probabilistic state estimate. Finally, the static
state estimation is the basis for static security analysis, voltage
stability analysis, optimal generator dispatch. Therefore, our
proposed probabilistic state estimate can also be used for ser-
vices such as probabilistic security analysis [28], probabilistic
voltage stability analysis [29], probabilistic optimal generator
dispatch [30], etc.

This paper is organized as follows: Section II introduces the
graphical model for SE; in Section III, we present a distributed
probabilistic estimation approach via MAP; in Section IV, we
illustrate the new approach with an example; in Section V, we
simulate results. We conclude in Section VI.

II. GRAPHICAL MODELING

In a mathematical description of a power grid, the key
state variables v are usually assumed to be deterministic. It is
related to the observed measurements via

zi = hi(v) + ui, (1)

where zi is the ith telemetered measurement, such as
power flow and voltage magnitude. The vector v =
[|v1|ejδ1 , |v2|ejδ2 , · · · , |vn|ejδn ]T . hi(·) is the nonlinear func-
tion associated with the ith measurement. Finally, ui is the
ith additive measurement noise assumed to be independent
Gaussian random variable with zero mean, i.e., u ∼ N (0,Σ).
Σ is a diagonal matrix with the ith diagonal element σ2

i . While
ui is modeled as a random variable, zi is a deterministic
number. This is because when zi is measured, the noise is
sampled from a distribution. After sampling, it is determinant
[31]. To estimate the deterministic v, weighted least squares
(WLS)-based approach is usually used for the point estimate
v.

v̂WLS = argmin
v

m∑
i=1

(
zi − hi(v)

σi

)2

. (2)

The WLS objective provides a deterministic state estimate.
For probabilistic state estimate, we propose a probabilistic
description of a power grid, which provides a dynamic pro-
gramming type of computation to reduce the probabilistic SE’s
computational time in large-scale smart grids. This is because
the grid of monitoring interest is becoming larger and larger
with new components such as renewable generators, electrical
vehicles, and sensing devices. Therefore, it is important to
have scalable properties.
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Such a probabilistic description is illustrated in the cyber-
physical graph representation in Fig. 2 based on the increas-
ing intelligence penetration with communication and compu-
tational functionalities. This representation is motivated by
an abstract model of the existing U.S. electric power grid,
which creates an undirect cyber graph G(V,E). Vertices in V
represent the buses’ voltages (generators and loads) and edges
in E represent sensors placed on branches and transformers.
In a graphical model, the state vi represents the probabilistic
state at the ith bus, instead of a deterministic state in (1). Other
auxiliary variables zi represent measured physical quantities,
such as power flow. Known physical laws, such as Kirchhoff
laws, determine the interaction of these variables, which are
represented by the edges E of the graph. Therefore, the cyber
layer may have a different topology than the physical network.
The edge in the cyber network, e.g., in blue color, represents
sensors. The edge in the physical network, e.g., in black
color, represent physical branches. For the vertices in both the
physical layer and the cyber layer, they represent the voltages.

Similar to static state estimation, topology verification and
bad data of the physical layer need to be verified for the
estimation on the cyber layer. For instance, traditional topology
verification methods can be used for such purpose, e.g., Chi-
Square Test on the residuals [31]. In the future, we plan to
extend the current work for robust Bayesian modeling [32].
In the following, we assume that the topology is verified and
bad data are removed.

Fig. 2. The physical network and the corresponding cyber network for IEEE
14-bus system.

For graphical model, probabilistic inferences such as
marginalization for interested states usually require large com-
putational time. For example, state estimate via marginaliza-
tion or maximum a posteriori estimates has a computational
complexity of O(|X |N ), making it hard to conduct real-time
operational planning. Fortunately, scalable computation can be
achieved via Belief Propagation [20], [21], [33] in a graphical
model, reducing the complexity to O(N |X |2). The procedure
of Belief Propagation can be represented by different colors in
Fig. 2. For example, the probabilistic distribution of voltage s-
tates in the pink area will pass their messages around to update
the states locally according to the measurements around. At
the same time, the probabilistic distribution of states in the red,

blue, and green areas are updated locally as well. Then, the
messages will be exchanged among different areas, shown in
the bar on the right-hand side. Such a distributed computation
reduces the computational time via dynamic programming
while providing a probabilistic state estimation.

Such an algorithm can be used for distributions within the
exponential family, such as Gamma distribution and Gaussian
distribution. For example, One simple modeling technique is
to use an arbitrarily discriminative model in the exponential
family for p(v|z). Here, discriminative method represents a
class of methods aiming at learning a direct mapping from
measurements to the states without considering the physical
relationship. However, the discriminative method omits the
useful power system knowledge, e.g., power flow equations,
for learning [34]. Therefore, we would like to use a generative
model via embedding physical understanding, but still within
the chosen distribution, e.g., Gaussian distribution. Here, a
generative algorithm models how the data was generated to
estimate the original state [21].

Since the measurement noise in (1) is usually assumed to
be with a Gaussian distribution [31], we can use the criterion
of maximum a posteriori probability (MAP) in (3).

v̂MAP = max
v

p(v|z), (3)

where p(·) represents the probability density function. By
following the Bayes’ theorem, Gaussian distribution appears
in p(z|v).

max
v

p(v|z) = p(v)p(z|v)
p(z)

. (4)

When computing the posterior distribution p(v|z) in (4),
p(z) is needed. In practice, z represents the measurements.
So, once measurements are used to estimate v, z is a number
without uncertainty. The probability of p(z) is then fixed with
100% certainty at the observed values. In other words, p(z) is
the probability of a deterministic constant function that equals
to 1. Therefore, the MAP objective p(v|z) has a Gaussian
distribution if p(v) is uniformly distributed.

III. DISTRIBUTED JOINT STATE ESTIMATION

In the Bayesian framework, the Bayesian inference is a
method of statistical inference in which the Bayes’ theorem
is used to update the probability for a hypothesis as more
evidence or information becomes available. Bayesian inference
is an important technique in statistics, and especially in math-
ematical statistics. For example, it can enable distributed joint
state estimation efficiently. In the next Section, we discuss the
prior probability distribution that can be used in the Bayesian
framework.

A. An Objective Prior Probability

For the prior p(v) in (4), we can utilize the historical
data to provide a prior distribution. For example, we can
use historical data to fit the prior state distribution [35]–
[37]. However, we propose that we can also use a non-
informative prior or an objective prior to reduce possible bias
produced by the historical data. This is because the MAP
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estimation can be viewed as a regularization of currently used
maximum likelihood estimation (MLE) [34]. By relaxing the
regularization conditions on non-informative prior probability
distributions, we can reduce bias in the Bayesian framework.

The simplest rule for determining a non-informative prior is
the principle of indifference, which assigns equal probabilities
to all possibilities [21]. By plugging in the constant value to
(4), the posterior function is directly related to the physical
equations. This makes the prior information have no impact
on the result, leading to significantly reduced bias. Specifi-
cally, we use uniform prior probability distribution for both
voltage magnitude, i.e., |vi| ∈ [0, 10], and phase angle, i.e.,
δi ∈ [0, 2π], instead of historical data to avoid bias. The unit
in voltage magnitude is per unit, where a per-unit system is the
expression of system quantities as fractions of a defined base
unit quantity. Calculations are simplified because quantities
expressed as per-unit do not change when they are referred
from one side of a transformer to the other. Also, The upper
bound of 10 in voltages can be changed according to the
system operator’s experience.

B. Embedding Physical Laws in the Conditional Probability

For conditional probability p(z|v), additive Gaussian noise
in (1) is used to integrate physical laws, e.g., hi(v). Essen-
tially, we can work with log of posterior distribution.

p(z|v) ∼ exp

{
−
∑
i

(zi − hi(v))
2/σ2

i

}
. (5)

This is because, from equation (1), the measurement zi equals
to the summation of h(v) and the noise ui. If we treat zi
as a random variable, its randomness comes from both h(v)
and ui. If v is known, h(v) is known as the measurement
function hi(·) is known. For example, if hi(v) represents the
power flow equation that maps v into a power injection, hi(v)
is a quadratic function of v and this function is deterministic.
Therefore, conditioning on the value of v, the distribution of
zi|v is from the same distribution family as the noise ui. As
ui is a Gaussian variable, zi|v will have a mean hi(v) and the
variance is σi of ui. If one writes the distribution of zi|v, one
obtains (5). As the coefficient before the base e is a constant,
zi|v is proportional to the right-hand side of (5).

Without loss of generality, we omit the variance σ2
i in the

rest of the paper for simplicity. In the following, we specify
each measurement type for p(zi|v).

• The complex valued power flow (pf) measurement on
the branch (edge) s − t near bus s: If we let Y be the
admittance matrix and Yst be the matrix element on the
s row and t column,

p(zpfi |v) ∼ exp

{
−
∑
i

∣∣∣zi − (vs − vt)Y
∗
stv

∗
s

∣∣∣2}. (6)

This is because (vs − vt)Y
∗
stv

∗
s represents the noiseless

power flow from bus s to bus t. Plugging (vs− vt)Y
∗
stv

∗
s

into (5) leads to the form of p(zpfi |v). This form can
be easily extended into real power measurements and
reactive power measurements.

• The voltage magnitude (vm) on bus s:

p(zvmi |v) ∼ exp

{
−

∑
i

(
zi − (vsv

∗
s )

1
2

)2
}
. (7)

When Phasor Measurement Unit (PMU) appears in the net-
work, we can utilize PMU measurements. Note that the
sampling rate of PMU measurements is quite faster than the
sampling rate of SCADA measurements. One idea is to use the
PMU measurements together with SCADA measurement when
the SCADA measurements are available. Interested readers can
refer to such hybrid methods in [38], [39].

• The voltage phase angle (va) on bus s:

p(zvai |v) ∼ exp

{
−
∑
i

(
zi − tan−1 Im(vs)

Re(vs)

)2
}
. (8)

The probability distribution functions associated with the
measurement types above satisfy the pairwise Markov Random
Field representation required by BP (more details in Sub-
Section III-C). However, the probability distribution function
associated with power injection measurements below violates
the pairwise requirement.

• The power injection into bus s

p(zpinji |v) ∼ exp

{
−

∑
i

∣∣∣zi − ∑
t∈N (s)

(vs − vt)Y
∗
stv

∗
s

∣∣∣2}
= exp{−T}, (9)

where T equals to∑
i

∣∣∣zi − ∑
t∈N (s)

(vs − vt)Y
∗
stv

∗
s

∣∣∣2
=

∑
i

{
zi −

∑
t∈N (s)

(vs − vt)Y
∗
stv

∗
s

}
{
zi −

∑
k∈N (s)

(vs − vk)Y
∗
skv

∗
s

}∗

=
∑
i

{
|zi|2 − zi

∑
k∈N (s)

(v∗s − v∗k)Yskvs − z∗i
∑

t∈N (s)

(vs − vt)

Y ∗
stv

∗
s +

∑
t∈N (s)

∑
k∈Ns

|vs|2Y ∗
stYsk(vs − vt)(v

∗
s − v∗k)

}
, (10)

where the multiplications of three different state variables
violating the pairwise Markov random field assumption re-
quired by the distributed BP algorithm. This is because the
message passing algorithm passes a message from a node to
another each time. It is based on the function that correlates
the two state variables and the updated distribution of the
“from” node. This is one reason why we need a pairwise
relationship in a pairwise Markov random field. If there is
a multiplication component with three state variables, the
message passing method can not guarantee exact convergence
to the true margins [24], [25]. To solve this problem, we first
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abstract (10) into∑
s

{
θs(vs) +

∑
t∈N (s)

θ(vs, vt)

+
∑

t∈N (s)

∑
k∈N (s)

|vs|2Y ∗
stYskvtv

∗
k

}
,

where |vs|2Y ∗
stYskvtv

∗
k represents the multiplication of three

different state variables. θ is compatibility function. θs is the
compatibility function associated with the node s. Then, we
define dummy variable vector wstk , [w

(1)
stk, w

(2)
stk, w

(3)
stk]

T

and regularization variable λ(wstk) , |ws|2Y ∗
stYskwtw

∗
k.

The regularization variable λ represents the multiplication of
three components but with non-state dummy variables wstk.
Terms such as a

∣∣w(1)
stk − vs

∣∣2 in the equations below are for
regularization purpose, so that the three elements of wstk will
be close to the values of vs, vt, and vk. With these definitions,
the original problem of maximizing (9) can be regarded as the
problem of minimizing the following regularized problem∑

s

{
θs(vs) +

∑
t∈N (s)

θst(vs, vt) +
∑

t∈N (s),k∈N (s)

λ(wstk)

+ a
∣∣w(1)

stk − vs
∣∣2 + a

∣∣w(2)
stk − vt

∣∣2 + a
∣∣w(3)

stk − vk
∣∣2}, (11)

where a is a penalty coefficient that can be obtained by cross
validation [40].

∣∣w(1)
stk − vs

∣∣2 =
∣∣w(1)

stk

∣∣2−w
(1)
stkv

∗
s −w

(1)∗
stk vs +

|vs|2 results in a pairwise expression, with similar extension
to regularization on vt and vk in the problem above.

Remark III.1. One may concern about the bias of prior
information, which may cause states to look good although
bad data appears. However, when using a Bayesian approach,
it is assumed that the statistical model is correct, or that bad
data detection and the filtering process are conducted before
the proposed inference is run.

C. Marginalization for Interested State in Tree-Structured
Networks

After obtaining proper formulations for p(v), p(z|v), and
p(z), we can find the expression of p(v|z) using (4). The
task now is to infer the most likely joint states and their con-
fidence intervals. Therefore, we need to efficiently marginalize
over p(v|z). However, marginalization for interested states
is computationally expensive because all different variable
combinations for un-interested variables need to be checked
for the marginalization. This type of computation grows expo-
nentially with the number of state variables in the power grid.
Therefore, we introduce a belief propagation (BP) algorithm,
namely sum-product algorithm, to reduce computational cost.
This algorithm can be directly applied to tree-structured power
systems, such as feeder systems for distribution grids.

Remark III.2. Similar to other efficient algorithms in electric
power system analysis, the BP algorithm explores network
sparsity to compute marginal probabilities in a timeframe that
grows only linearly with the number of nodes in the systems.
The underlying principle of such a process is the divide
and conquer process in typical serial dynamic programming

(DP), i.e., we solve a large problem by breaking it down
into a sequence of simpler problems. However, as a form of
non-serial dynamic programming, BP generalizes the serial
form of deterministic dynamic programming to arbitrary tree-
structured graphs, where each sub-graph is again a tree
disjoint from other subgraphs (trees).

Therefore, as a generalization of DP, BP can be conducted
on an arbitrary tree-structured graph G(V,E) with a pairwise
Markov random field factorization [21]

p(v1, v2, · · · , vn) = α
∏
s∈V

ϕs(vs)
∏

(s,t)∈E

ϕst(vs, vt),

where ϕs and ϕst are compatibility functions for the joint
distribution p(v1, v2, · · · , vm) from the MAP form in (4)
[20]; Compatibility functions ϕs and ϕst can be found in the
components of joint distributions in (6), (7), etc. For example,
(vs− vt)Y

∗
stv

∗
s in (6) equals to Y ∗

stvsv
∗
s +Y ∗

stvtv
∗
s forming the

basis for ϕs and ϕst. α denotes a positive constant chosen
to ensure the distribution normalization. Finally, BP conducts
message updates via

Ms→t(vt)←
∑
vs

ϕs(vs)ϕst(vs, vt)

k ̸=t∏
k∈N (s)

Mk→s(vs), (12)

where N (s) is the set of neighboring buses of the bus s.
In such a message-passing calculation, the product is taken

over all messages going into node s except for the one coming
from node t. In practice, we can start with the nodes on the
graph edge and compute a message only when all necessary
messages are received. Therefore, each message needs to be
computed only once for a tree-structured graph. We use Fig.
3 to illustrate the message passing steps. Let’s assume that
the message is passed from the left to the right and v1 and
v2 were updated. Now, there is a power flow equation in
(6) that couples v1 and v3 in ϕ13(v1, v3). Similarly, there is
another power flow equation in (6) that couples v1 and v3 in
ϕ23(v2, v3). There is also a voltage measurement that can be
plugged into (7). By plugging in the distributions of v1, v2,
the two power flow measurements and the voltage magnitude
measurement into ϕ13(v1, v3), ϕ23(v2, v3), and ϕ3(v3), we can
marginalize over v1 and v2 and obtain the distribution of v3.
Once the distribution of v3 is known, we can pass this message
or belief to v4 via the compatibility function ϕ34(v3, v4).

Fig. 3. Message Passing.
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D. From Tree Structure for Distribution Grids to Mesh Struc-
ture for Transmission Grids.

As observed above, the key assumptions of the BP algorithm
are 1) each sub-graph remains a tree after graph division, and
2) the subgraphs are disjointed. Such assumptions are valid for
the majority of electric power distribution grids. However, they
do not hold for many transmission networks, such as in the test
case of the IEEE 14-bus system with loops. To overcome this
problem, a variational BP (VBP) approach is used by randomly
generating spanning trees of the meshed network structure in
the cyber layer [24]. The key is to assign probabilities to the
edges based on the edges’ appearance probability ρst in the
spanning trees according to (13).

ρst =
No. of spanning trees with edge (s,t)

No. of all spanning trees
. (13)

Mathematically, VBP starts by randomly generating span-
ning trees in the mesh network structure of the cyber layer
in Fig. 2 [41], leading to the probability assignment of edge
appearance ρst. The following algorithm illustrates how to
randomly generate a spanning tree.

Algorithm 1 Randomly generating a spanning tree

Require: Let Ẽ denote an empty set. Let num = 0.
1: Randomly generate i, j ∈ {1, · · · , n}, where i ̸= j and n

is the bus number.
2: Assign the branch (i, j) into the set Ẽ .
3: for num ̸= n do
4: num = num+ 1.
5: Randomly generate a new pair of i′, j′ ∈ {1, · · · , n},

where i′ ̸= j′.
6: Assign the branch (i′, j′) into the set Ẽ .
7: end for

Subsequently, convex combination methods are adopted to
approximate the inference on the meshed networks with the
BP algorithm on these artificial trees [25]. Mathematically, the
new message-passing algorithm below is run with ρst until
states converge.

Mt→s(vs) = α
∑
vt

{
exp

(
θst(vs, vt)

ρst
+ θt(vt)

)
∏

k∈N (t)\s[M
n
k→t(vt)]

ρkt

[Mn
s→t(vt)]

(1−ρts)

}
, (14)

where θst and θt are the exponential parameters associated
with compatible functions such as ϕst and ϕs in (12).

Remark III.3. Note that, if ρst = 1 for all (s, t) ∈ E, the VBP
in (14) degrades to the BP form in (12) due to the implication
of a tree structure. Finally, the VBP approach relies on an
exponential family that includes a wide range of many common
distributions, such as the Gaussian, Exponential, Gamma, and
Chi-square distributions. Therefore, the usage of Gaussian
noise for representing p(z|v) in Sub-Section III-B is proper.

E. Improvement over Convergence, Optimality, and Memory
Requirement

1) Improve Convergence: Note that sending a message
from node s to node t is equivalent to reparameterizing vectors
θt and θst for node t and edge (s, t), respectively [26]. Further,
the VBP algorithm in (14) is formed by minimizing an upper
bound based on a convex combination of re-parameterized
parameters, e.g., trees [24], [25]. However, there are no guar-
antees regarding the decrease of this bound, which may go up.
This is because the tree re-weighted algorithm does not main-
tain the convex combination constraints

∑
ρ{i}θ

{i}
s = θs and∑

ρ{i}θ
{i}
st = θst, where θ{i} and θ are parameters associated

with the mesh network and the corresponding spanning trees
[26]. Without such a constraint, reparameterizations of the
original parameter vector may violate the equality constraint
and never converge. To improve convergence, we propose
a modified VBP called sequential tree re-weighted message
passing algorithm from [26] below.

Algorithm 2 Sequential tree re-weighted algorithm.

1: Generate spanning trees that satisfy
∑

i ρ
{i}θ

{i}
s = θs,∑

i ρ
{i}θ

{i}
st = θst, and

∑
i ρi = 1, where ρ{i} is the ith

spanning tree probability and the summation over i is with
respect to all the generated spanning trees.

2: Select an order for nodes and edges in V ∪ E. For each
element w ∈ V ∪ E, find all trees containing w. If there
is more than one tree, reparameterize θ such that θ gives
the correct min-marginals for all trees [26].

3: “Averaging” operation:
• If w = s is a node in V , compute θn+1

s =
1
ρs

∑
ρiθ

n,{i}
s , where ρs is the node appearing prob-

ability.
• If w = (s, t) is an edge in E, compute Mn+1

t→s =
1
ρst

∑
vt
ρst(θ

n+1
s (vs) + θnst(vs, vt) + θn+1

t (vt)); set
θn+1
st (vs, vt) such that θn+1

s (vs) + θn+1
st (vs, vt) +

θn+1
t (vt) = Mn+1

t→s .
4: Check whether the message Mt→s converges; Check if

each edge is covered at least once. If yes, terminate.
Otherwise, go to step 1.

Remark III.4. Similar to the VBP approach, this sequential
method works by message passing. Specifically, for each
directed edge (t → s) ∈ E, a message Mt→s is computed
and passed.

2) Check Optimality: Tree Agreement Condition for Mesh
Networks: For tree networks, the VBP algorithm (14) and the
sequential VBP (sequential tree re-weighted) algorithm reduce
to the sum-product algorithm, so that they are exact for tree
networks. However, for mesh networks, this can no longer
guarantee the output of the correct MAP assignment even if the
algorithm converges. This is because the algorithmic derivation
is based on approximating the distribution of mesh networks
via upper bounds, and it is straightforward to demonstrate
problems on which it specifies an incorrect MAP estimate.

To obtain correct MAP, we use the following condition
to validate the tightness of bounds after the associated VBP
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algorithm or sequential VBP algorithm. This condition is
called the tree agreement condition [26].

Definition III.1. We say that the VBP decomposition satisfies
the tree agreement if different spanning trees, which form the
upper bound of the mesh network, share a common optimal
result when the BP algorithm is run on each of them.

3) Reduce Memory Requirement: Importantly, the sequen-
tial belief propagation algorithm only requires half as much
memory when compared to the memory needed for VBP. This
is because VBP requires bi-direction message storing, i.e., Mst

and Mts. However, the new approach needs to store either
Mst or Mts due to the node pre-ordering. For example, we
can store only messages oriented towards the current node.
The reverse messages are not needed since we update them
before they are used.

Fig. 4. The flow chart of the proposed approach.

F. Algorithm Summary

Finally, a summary is provided in Algorithm 3 and Fig. 4.
In Algorithm 3, various measurement values such as zi are
firstly plugged into the equations (5) to obtain the expression
that the conditional probability p(z|v) is proportional to. If
the grid is a tree, there is only one spanning tree that can be
generated. If the grid is with a mesh structure, we randomly
generate spanning trees for many times. Then, by using the
combination of results on generated spanning trees, we can
approximate the result on a mesh network. Such a combination
is achieved by using Algorithm 2, which conducts belief
propagation on a mesh network. Finally, we repeat this process
until state variables converge or when the iteration reaches the
maximal allowed time.

Algorithm 3 Enhancing Algorithm 2
1: Use the measurement values of z in (9) to obtain the joint

probability function (5) over state v.
2: Generate spanning trees based on power system cyber

layer topology.
3: Initialize the state variables, i.e., ones for voltage magni-

tudes, and zeros for voltage phase angles.
4: Apply Algorithm 2 for state variable updates with the

regularization of power injection measurements.
5: Repeat until state variables converge or when the iteration

reaches the maximal allowed time.

G. Computational Complexity

For the computational complexity of our Sequential VBP,
we need to consider the process for both generating the span-
ning trees and running BP iterations. For spanning tree gener-
ation, producing a spanning tree, which is chosen uniformly at
random, needs an expected running time of O(n logn) [41].
For belief propagation, a key step is message passing. The
computational complexity for each message passing is O(s2)
[25], where s represents how many states the voltage can have.
This is much better than the brute-force marginalization, which
requires O(sn), where n is the bus number. Therefore, the
computational complexity for one iteration of BP is O(n ·s2).
For variational belief propagation, the iteration is stopped if
the result converges or it reaches the maximum allowable
iteration number. So, we can set up a constant c, leading
to a computational complexity of O(c · n · s2). Together,
the computational complexity of the proposed method is
O(n log n+ c · n · s2).

IV. ILLUSTRATION USING AN EXAMPLE

Fig. 5(a) represents a 3-bus system to which the proposed
algorithm is applied. In this example, we assume that we
have voltage measurement zvm1 on bus 1, voltage phase angle
measurement zva2 on bus 2, complex power flow measurement
zpf3 on the branches 2 − 3 near bus 2, and a complex power
injection measurement zpinj4 on bus 3.

(a) 3 Bus System (b) 1st spanning tree

(c) 2nd spanning tree (d) 3rd spanning tree

Fig. 5. Generation of spanning trees to obtain the value of ρij .

• Step 1: Because there are three possible spanning trees
shown in Fig. 2(b),(c),(d) with equal edge probability,
ρ12 = ρ23 = ρ13 = 2/3.
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• Step 2: Write p(v|z) as

p(v1, v2, v3|z) ∼ exp

{
−
(
zvm1 − (v1v

∗
1)

1
2

)2

−
(
zva2 − tan−1 Im(x2)

Re(v2)

)2

−
∣∣∣zpf3 − (v2 − v3)Y

∗
ijv

∗
2

∣∣∣2
−

∣∣∣zpinj4 −
[
(v3 − v1)Y31 + (v3 − v2)Y32

]
v∗3

∣∣∣2}
(15)

and use the measurement value zi and the admittance
value Yij , leading to

p(v1, v2, v3) ∼ exp
{
θv1(v1) + θv2(v2) + θv1,v2(v1, v2)

+ θv2,v3(v2, v3) + θv1,v3(v1, v3)

+ ϕv1,v2,v3(v1, v2, v3)
}
.

• Step 3: Initialize the voltage belief on each bus with
magnitude one and phase angle zero.

• Step 4: With regularization on ϕv1,v2,v3(v1, v2, v3), apply
the result above to the sequential VBP algorithm. Pass the
message Mij .

• Step 5: Repeat Step 4 until state variables converge.
• Step 6: Check tree agreement condition in Definition

III.1.

V. NUMERICAL RESULTS

We simulate and show the performance of the proposed
graphical model-based probabilistic SE, where MATLAB
Power System Simulation Package (MATPOWER) [42], [43]
is used. To mimic the penetration of distributed energy re-
sources (DERs), we add solar power generation using the
PVWatts Calculator from the National Renewable Energy
Laboratory (NREL) [44]. For extensive runs over different
cases, we implement simulations on both IEEE transmission
grids, including 9, 14, 30, 39, 57, 118, and 300-bus systems,
and distribution grids, including 8 and 123-bus systems.

Specifically, we first run a power flow to generate the
true state of the power system based on online load profile
from New York ISO [45] (for transmission grid), load profile
from PG&E (for distribution grid), and National Renewable
Energy Laboratory (NREL) data set (for adding renewables).
Specifically, between 10% and 20% of buses, randomly chosen
from IEEE networks, are integrated with solar panels. The
hourly power generation profile is computed by PVWatts
Calculator [46], an online application developed by NREL
that estimates the power generation of a photovoltaic system
based on weather and physical parameters [15]. The data are
computed based on the weather history in North California and
the physical parameters of a 5kW solar panel. The renewable
power generation is modeled as a negative load.

After obtaining the true state, we generate measurements
based on system equations and Gaussian measurement noises.
The noise standard deviations are (1) power injection: 0.015,
(2) power flow: 0.02, (3) voltage magnitude: 0.01, and (4)
voltage phase angle: 0.003. Our database for measurement
selection includes (1) the power injection on each bus, (2)
the transmission line power flow ‘from’ or ‘to’ each connected

bus, (3) the direct voltage magnitude of each bus, and (4)
the voltage phase angle of each bus. Avoiding the ideal
case of using all possible measurements, the measurements
are randomly chosen. Specifically, after generating all pos-
sible measurements, we choose the types and the number
of measurements that are available in different grids while
maintaining system observable. We also use different mea-
surement numbers according to our working experience with
South California Edison’s 7 feeders: The distribution grids,
especially the secondary distribution grids have much fewer
sensors than the transmission grids. So, when conducting
the simulations, we put fewer sensors in the distribution
grids to reflect the reality. We also choose 10% to 20% of
the buses with PMU measurement for our transmission grid
evaluations. But, we have much less PMU measurements for
our distribution grid evaluation. At the end of this section, we
evaluate the performance of probabilistic state estimates with
different PMU numbers. For that last part, we choose from
0% to 100% of PMU measurements for evaluating the impact
of PMU measurements.

Finally, System observability is checked and the conver-
gence criteria to stop the calculation is defined as 10−5 in per
unit value.

Remark V.1. The number of spanning trees: If the grid is
a tree, there is only 1 spanning tree that we can generate. So,
1 will be enough. For a complete graph with 3 nodes, there
are three spanning trees. For complete networks with more
than n = 3 nodes, there are has nn−2 spanning trees [24],
[47]. Fortunately, power system has a sparse structure, greatly
reduces the possibility of spanning trees. As the exponent is
highly related to the network node degree, we generate about
n2 trees. This is because the node degree of power system is
usually around 2 or lower than 2. In networks with higher
node degree, one can increase this number on the exponent.

For accuracy, we use the 14-bus system to demonstrate error
domain improvements. We use the 30-bus transmission system
and 123-bus distribution system to demonstrate state domain
comparisons. For computational time, we use the 9-bus to 300-
bus systems for demonstration.

A. Error Domain Comparison Based on Mean Estimate

Although this paper proposes a probabilistic estimate for SE,
mean estimate is still necessary. Therefore, we compare our
mean estimate with the deterministic estimate obtained from
Newton’s method. For comparison in the error domain, the
sum square error is defined as

∑m
i=1 (zi − hi(v̂)/σi)

2, where
m is the total measurement number.

Fig. 6(a) shows 30 simulations in the 14 bus system. The x-
axis represents the simulation test number. The y-axis displays
the sum square error for each run. The red star represents the
proposed belief propagation method. The blue rectangle rep-
resents Newton’s method applied to the weighted least square
objective in (2). For the comparison of relative performance,
we normalize the two errors with respect to the error in blue
rectangle, leading to Fig. 6(b). Fig. 6(b) shows that the mean
estimate based on the graphical model can reduce the error by
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Fig. 6. IEEE 14-bus.
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Fig. 7. Results obtained from the IEEE 30-bus (transmission grid).
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Fig. 8. Results obtained from the IEEE 123-bus (distribution grid).
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20% on average when compared to Newton’s method with a
flat start. A more than 50% improvement is achieved on the
8th, 12th, 20th, 24th, and 29th simulations. The reason that
there is a difference in performance between the two methods
is because of the renewable data added into the simulation.
This makes the testing case file different than the standard case
file in MATPOWER. While Newton’s method is sensitive to
the initial guess, the new BP-based method does not have this
drawback. Therefore, the possibility of the BP-based approach
coming closer to the global optimum is substantially increased.

Remark V.2. The Newton’s method, with a flat start, performs
better only in the 27th simulation. This means that the initial
guess is good for the 27th simulation’s setup, helping Newton’s
method reach the global optimum. As the BP-based approach
has an objective of MAP, it cannot improve a globally optimal
estimate of WLS. Therefore, the proposed approach is worse
than the flat start-based Newton’s method in this case. Finally,
note that the proposed distributed method is superior to the
distributed implementation of Newton’s method as well. This
is because the centralized method is equal to or better than
its distributed realization.

B. Variance Estimate

While there is a mean estimate, it is hard to know how
confident the mean estimate is. This is because two confidence
intervals in the same bus for the same confidence level may
be dramatically different due to measurement location, meter
quality, etc. Therefore, we plot the probabilistic state estimates
with 95% confidence level in Fig. 7 and Fig. 8.

For transmission grids, Fig. 7 shows the simulation results
for IEEE 30-bus system. Specifically, Fig. 7(a) shows the
probabilistic estimates of voltage magnitudes of the proposed
approach. Fig. 7(b) shows the probabilistic estimates of phase
angles. It can be seen from the two plots that the BP-based
approach in the red star region, formed by confidence intervals,
captures the true states.

For distribution grids, Fig. 8 shows the simulation results
for IEEE 123-bus system. Specifically, Fig. 8(a) shows the
probabilistic estimates of voltage magnitudes of the proposed
approach. Fig. 8(b) shows the probabilistic estimates of phase
angles. Similar to the result in the transmission grid, the mean
estimate is closer to the true state than Newton’s method.
While the confidence interval is larger than the transmission
grid scenario, the confidence region does capture the true state
completely. Finally, as renewables are simulated in our test
case, Fig. 7 and Fig. 8 highlight the strength of probabilistic
estimate, which can serve as the input to operational planning,
e.g., probabilistic power flow.

C. Computational Cost

Because one of the major contributions in this work comes
from the scalability of the probabilistic estimate, we plot
comparisons in computational time in Fig. 9, which is based
on the needed CPU times for test cases with different bus
numbers. For comparison purpose, the computational times
for centralized WLS and distributed WLS are added to the

same figure. All simulations are obtained using MATLAB on
an Intel Core i5 CPU with 4 GB RAM.

The x-axis in Fig. 9 represents different bus numbers. The
y-axis represents the needed CPU time. We observe that the
computational time needed by the BP-based method grows
linearly and is much lower than the time needed by the
centralized WLS and distributed WLS methods. Therefore, the
computational cost is low for fast probabilistic state estimation.
This confirms the scalable feature of the BP-based method,
which is the key to the design of the future wide area
monitoring, control, and protection (WAMPAC) systems.
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Fig. 9. CPU time comparison.

D. Improvement over Convergence, Optimality, and Memory

In Section III-E, we show that the modified sequential tree
re-weighted algorithm (S-VBP) has attractive properties over
the ordinary tree-reweighted algorithm (VBP). As such, we
simulated the test cases to compare the two algorithms. The
probability of optimality was checked by the tree agreement
condition. We summarize the results in Table. I.

TABLE I
CONVERGENCE

Method Convergence probability Probability of optimality
VBP 93% 86%
S-VBP 100% 97%

From the table, the modified S-VBP algorithm can solve the
convergence problem in the VBP algorithm. The probability
of optimality is large, at 97%. Such a good performance is due
to the fact that the power system is mostly with a tree structure
in the distribution grids and with sparse mesh structure in the
transmission networks.

Finally, it is worth noting that we observe that the S-VBP
algorithm needs about half the memory than the ordinary
VBP approach. This property is particularly important for
computations over large networks.

E. The Impact of PMU Measurements

Although it is unlikely that all the nodes in the distribution
system will have PMU measurements, this subsection serves
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as an evaluation of the impact of PMU numbers to the results
of probabilistic state estimate. We choose from 0% to 100%
PMU numbers to evaluate the impact of PMU measurements.

Fig. 10 shows that the mean square error and associated
estimation variance decreases when the percentage of PMU
measurements increases in the network. Fig. 10(a) is for
voltage magnitudes and Fig. 10(b) is for voltage phase angles.
Both of them have the lowest mean square error and the
lowest variance when the network is fully equipped with PMU
measurements.

For comparison in the error domain, the mean square error
below is used 1

m

∑m
i=1 (zi − hi(v̂)/σi)

2, where m is the total
measurement number.

Similar to the classic WLS with PMU measurements, the
more PMU measurements, the better the performance.

Remark V.3. If all bus voltages are directly measured, the
method is still in need. This is because, in the distribution
grid (especially the secondary distribution), where residential
customers are increasingly installing renewable generations,
e.g., solar penal-based generator, it is hard to let all buses be
equipped with PMU measurements due to the tremendous bus
number. Existing sensors, such as smart meters, however, can
provide measurements such as power injections and voltage
magnitudes. In addition, PMU measurements can have bad
data, e.g., calibration error, etc. More measurements than pure
PMU measurements mean that there is more redundancy in
recovering a better system state estimate.

VI. CONCLUSION AND FUTURE RESEARCH

The increasing penetration of renewables calls for opera-
tional planning in real-time. To provide a real-time proba-
bilistic estimate for operational planning, e.g., probabilistic
load flow, we propose a probabilistic state estimation method
based on graphical modeling of smart grids. Specifically,
such a modeling combines cyber intelligence with physical
laws in a Bayesian framework. To reduce the computation-
al burden that is usually associated with probabilistic state
estimation, the sum-product algorithm is employed to find
the marginal probabilistic state estimation of interest. For the
purpose of enhancing the algorithm’s robustness, a convergent
tree-reweighted sum-product algorithm is designed to resolve
convergence issues, check optimality, and reduce required
computer memory for large-scale computation. We demon-
strate that the proposed approach can provide an accurate mean
estimate and the associated confidence zone fully capturing the
state uncertainty.

The most common assumption of noises in power system
state estimation formulation (1) is that different noises are
independent [31]. Therefore, the formulation in this paper is
based on such an assumption. However, recent research on
noise modeling shows that measurement readings from the
same device are correlated. For example, active and reactive
power measurements are computed with the same current
transformer (CT) and potential transformers (PT), leading to
correlation between the active and reactive power at the same
location [48]. While measurements from different locations
still have independent noises, there is a need to see how

to remove the correlation locally in a Bayesian framework.
Finally, we also plan to conduct robust Bayesian estimation
for topology uncertainties and data outliers [32].
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