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Abstract

Residential customers are increasingly participating in demand response program for both economic

savings and environmental benefits. For example, baseline estimation-based rewarding mechanism is cur-

rently being deployed to encourage customer participation. However, the deterministic baseline estimation

method good for commercial users was found to create erroneous rewards for residential consumers.

This is due to larger uncertainty associated with residential customers and the inability of a deterministic

approach to capturing such uncertainty. Different than the deterministic approach, we propose to conduct

probabilistic baseline estimation and pay a customer over a period of time when the customer’s predicted

error decreases due to reward aggregation. To achieve this goal, we analyze 12, 000 residential customers’

data from PG&E and propose a Gaussian Process-based rewarding mechanism. Real data from PG&E and

OhmConnect are used in validating the algorithm and showing fairer payment to residential customers.

Finally, we provide a theoretical foundation that the proposed method is always better than the currently

used industrial approaches.
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I. INTRODUCTION

Federal Energy Regulatory Commission defines demand response (DR) as electric usage adjustments

by the consumers from their normal consumption patterns [1]. Such adjustments are in response to 1)

changes in the price of electricity over time, or 2) incentive payments designed to induce lower electricity

consumption at usage peaks or when the system reliability is jeopardized [2].

Traditional DR programs are usually designed for large commercial customers, where a baseline is used

for rewards. As the power usage of these customers is predictable, current baseline estimation methods

for commercial users assume that the uncertainties can be ignored. So, a deterministic baseline evaluation
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is used for the electricity consumption estimation based on the no-DR period [3], [4]. The difference

between an estimated normal consumption and the actual usage is used to calculate the savings [5]–[7].

For example, deterministic methods such as simple load average and temperature-based linear regression

have been used for commercial customers with satisfactory results [8]–[10]. DR program had a great

success with large power consumption users. GreenTech Media reported in 2013 that 8.7 million dollars

in revenue had been generated within seven months in the Pennsylvania, Jersey, Maryland (PJM) Power

Pool by conducting demand response in system operation with mostly large customers.

While large customers currently create a significant portion of the revenue in the DR programs, the

smaller residential consumers hold the key to potential growth in the DR customer number and the

DR revenue. For example, there are 9.3 million customers participated in DR programs by March 2016

in U.S., but more than 90% of them are in the residential sector. In addition to making profits, DR

at residential level is also becoming an attractive solution for the radically increased renewable energy

to balance the local power flow. For these reasons, California Public Utilities Commission (CPUC)

issued the Electric Rule 24, calling for the opening of direct participation of residential customers in

DR programs. Now, consumers can call in to bid for aggregated 15-minute load reductions into Pacific

Gas and Electric Company (PG&E)’s Intermittent Renewable Management Pilot Phase 2 program to earn

payments directly from CAISO’s Proxy Demand Resource product. These grid market calls can happen

several times a week, compared to the relatively rare peak events that can trigger a traditional DR.

In response to this incentive, private companies like OhmConnect started to expand beyond utility-

operated demand response for residential customers. As these consumers are reluctant to let aggregator

companies have total control of their related assets [11], a baseline-based rewarding method for large

customers was initially indiscriminately applied to residential customers. However, high uncertainty in

these consumers’ load consumption makes the estimation error rate as high as 50% [12], leading to

lots of complaints from participating consumers. Therefore, a new baseline estimation method and an

accordingly reward mechanism are needed to keep the current consumers and attract new participants.

For improving the deterministic baseline estimation, [13] proposes to consider non-DR days preceding

the DR event and choose the average load of the highest consumption days within those days for a baseline.

Such a method is called HighXofY (used by New York Independent System Operator (NYISO)). [14],

[15] compare HighXofY, LowXofY, MidXofY in [13] with an exponential moving average (used by ISO

New England) and regression methods with adjustments. An economic analysis of a hypothetical peak

time rebate (PTR) program is carried out afterward. To improve accuracy, non-DR participants can be

used in the control group [16]–[18]. However, it may be hard to uniquely define the best control group

that properly captures user behavior of the treatment group (DR participants). To resolve this problem,
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[19] presents a clustering-based method, where customers are first divided into groups. Within each group,

DR participants’ baselines are estimated by non-DR participants’ loads.

While there are some improvements, the drawback of deterministic methods lies in (1) their failure

to utilize the historical data in capturing the dynamics of complex user behaviors [10], [20], particularly

important for small to medium consumers with more variability [21]; and (2) their unfair rewards which

can have very different baseline estimation errors for different DR-participants. As large utility companies

have started to make historical data available to approved third parties, e.g., the Green Button initiative

in CA [22], we propose to (1) conduct machine learning of historical data to capture the residential

consumer uncertainties and (2) reward customer at a similar baseline-estimation-error rate for fairness.

Specifically, our data analytics of a fairly large residential customer dataset shows properties of

Gaussianity, so we propose to use Gaussian Process (GP) regression for machine learning [23], [24].

This is because GP regression naturally provides the prediction of uncertainties inherent in the customer

loads. It also has the flexibility of an adaptive component design according to customer behavior [23].

Based on probabilistic estimates, we further propose to reward consumers until most users’ aggregated but

averaged rewarding uncertainty decreases to a tolerable level, e.g., 5%. Finally, we prove that Gaussian

process-based baselining method’s mean estimate is equivalent or better than the estimates generated by

currently used baseline estimation methods.

For simulation, we use an hourly PG&E dataset with 12, 000 residential customers [12], [25] and

OhmConnect dataset with 425 users, where the demand response period occurs in the afternoon and

evening of summer days. By using these dataset sets, the proposed method is compared with other state-

of-the-art baseline estimation approaches. The results show that the probabilistic estimate not only has

a mean estimate better than the currently used deterministic estimates, but also provides a new 95%

confidence zone estimate, which covers true load values completely. Notably, we add a machine learning

method-based on gradient boosting model, for comparison. Its worse performance indicates that our data

analytics for machine learning modeling is necessary for estimation accuracy. If we further aggregate a

user’s estimates over days based on the mean and variance estimates, the rewarding error can reduce to

5%. This result aligns well with our theoretical expectation thus validates the correctness of the estimate.

While we provide simulation results for all customers, we notice that different customers reach the 5%

error tolerate threshold at a different speed. So, our suggestion of waiting until most of the consumers

reach a threshold is practical to both the aggregators and the consumers.

The innovation comes from the following: 1) motivate the need of probabilistic baselining, 2) use

load pattern to justify the Gaussian Process (GP) modeling for residential customers, and 3) use real

dataset for design and validation. Comparing to [26], we use feature extraction to demonstrate why
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a Gaussian process is proper for modeling uncertainty. We show how to embed different covariance

functions to the GP platform to model residential users power assumption pattern. Instead of a simple

demonstration of aggregation in users, we also extensively simulate aggregations in the days for fairer

payments. Different user types are also compared to understand user behavior and its impact on payments.

Finally, computational time is analyzed for large-scale implementation.

The rest of this paper is organized as follows: Section II reviews current methods; Section III introduces

the modeling and proves its superior property; Section IV shows how to utilize a probabilistic estimate

for rewards; Section V illustrates simulation results and Section VI concludes this paper. In Table I, we

list all the notations that will be used in the paper sequentially.

II. PROBABILISTIC BASELINE ESTIMATION FOR RESIDENTIAL CUSTOMERS

For commercial customers, the consumption without DR signal is quite regular. Therefore, a determin-

istic baseline estimation shown in Fig. 1 is used to calculate the reward. Once the baseline estimate is

Fig. 1: Deterministic baseline estimation for rewards.

found, the difference between the actual consumption and the baseline estimate can be used for reward

calculation.

As residential customer level demand response is becoming more important, various schemes have

been developed to evaluate responsive loads for ancillary services to grids [8].

1) Simple Average: average loads in the past ten days.

2) Selected Simple Average: an average of the highest (or median) three out of ten most recent days,

e.g., HighXofY [13] or MedXofY.

3) Weighted Average: weighted average over historical loads in the past ten days.

4) Morning Usage Adjustment: methods above can also be accompanied with a morning usage ad-

justment of the event day to improve performance [8].
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TABLE I: Table of Notations

yi : historcal load data

ti : historcal temperature data

xi : a column vector containing time index i and the temperature ti

X : xi at different time slots form the matrix

y∗i : probabilistic load estimate for the demand response period at time index i

y : the joint probability distribution of the load data in a vector form during the

no-DR period

K(·, ·) : the covariance matrix

µX∗ : the expectation for each row of X∗

m(X) : the expectation for each row of X

I : the identity matrix

Cov(y) : the covariance matrix of the variable vector y

y1:N : time series output data between time 1 and time N

y1:N−r : time series output data between time 1 and time N − r

yr+1:N : time series output data between time N − r and time N

y′ : the random variable that creates the empirical results of y1:N−r

y′′ : the random variable that creates the empirical results of yr+1:N

k(r) = k(xt,xt+r) : the covariance matrix between two time series

wi : weighted coefficient with respect to index i

T : the number of covariance functions in consideration

Ld : the actual load recorded by the smart meter

Ld,estimated : the estimated load

Sd : Ld,estimated - Ld

Pµ : The expected total reward

Pµ,aggregate : The expected and aggregated total reward

E(·) : expectation

D : the total dates for the demand response events

O(·) : Computational complexity

L(·) : Log-likelihood

5) Regression: exponential smoothing model [20] in time or piecewise linear model over temperature

[21].

However, such deterministic baseline estimation approaches usually produce large reward error for

residential customers’ baselining due to their highly uncertain power consumption [12]. Fig. 2 shows

the mean with a large variance of a consumer’s daily data from a PG&E dataset. For example, the 95%

confidence interval for standard deviation can be as large as the mean, making a deterministic baseline
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Fig. 2: Customer 469 (PG&E database): a large variance.

estimation fail to give a fair reward to the consumer when the customer is rewarded with such high

uncertainty. Therefore, we propose to estimate the variance of the baseline estimator [27], in addition to

estimating the mean. We define a probabilistic baseline estimation problem for a residential customer as

the following.

• Given: historical load yi for the no-DR period and historical temperature data ti for both no-DR

and DR periods, where i is the time index.

• Find: probabilistic load estimate y∗i for the DR period.

III. PROBABILISTIC BASELINE ESTIMATION VIA GAUSSIAN PROCESS REGRESSION

To obtain a probabilistic estimation for y∗i , we analyze the PG&E and OhmConnect data for a

proper statistical model first. The loads have been normalized and decomposed by removing seasonality

components. Specifically, a repeating pattern within each year is known as seasonal variation. For

removing seasonality, the original time series is often decomposed into three sub-time series: “seasonal”,

“trend”, “random” [28]. We remove the seasonality by

• Step 1: import the data,

• Step 2: detect the trend,

• Step 3: de-trend the time series,

• Step 4: average seasonality,

• Step 5: leave random noise, and

• Step 6: reconstruct the original signal.

Fig. 3a and Fig. 3b show the distributions of two loads at two different time stamps. The red dashed

lines are the fitted Gaussian distributions to the data. Fig. 3c shows the joint distribution of the same
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(a) The histogram of normalized load

distribution at one time index.

(b) The histogram of normalized load

distribution at another time index.

(c) The joint load distribution of

the two time indices.

Fig. 3: The Gaussianity of residential customers’ loads at different time indices.

load in two time indices of a day. Together with these three figures, our data analysis shows the loads at

different time slots can be modeled as a multivariate Gaussian distribution.

As we cannot exhaust all possible joint distribution due to space limit, we conduct D’Agostino’s K-

squared test [29] and the Jarquea-Bera test [30] for checking Gaussianity rigorously. The key step of these

two tests is to find test numbers that have a p-value greater than 0.05. Specifically, we randomly select

200 users and conduct both tests on the residuals at the same time of day for 2 months. More than 70%

of them have p-value greater than 0.05, indicating that they are samples drawing from Gaussian random

variables. Notice that, even for users with smaller p-value, we cannot claim that they are non-Gaussian.

This is because the residuals are samples from different days. The result is shown in Fig. 4.

Fig. 4: D’Agostino’s K-squared test and the Jarque-Bera test.

Because of the Gausianality, we propose to use Gaussian process regression to infer the probabilistic

function yi(xi), where yi is the load and xi is a column vector containing time index i and the temperature

ti. In Gaussian process (GP) regression, the regressed result is based on GP input variables’ distances to

historical input variables and the covariance function based on input variables. It makes fewer assumptions

about covariance functions and let the designer to choose based on one’s prior knowledge of the data
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property [23]. For example, GP regression only requires a positive semidefinite property, leading to large

classes of suitable functions, e.g., squared exponential, Matern class, linear covariance, Brownian motion,

periodic covariance, neural network covariance, etc. Furthermore, one can also construct a new covariance

from existing ones by using certain rules, e.g., product, convolution [24].

Therefore, xis at different time slots form the matrix X . The joint probability distribution of the load

data y in a vector form during the no-DR period and the load data y∗ during the DR period is modeled

as  y

y∗

 ∼ N
 µX

µX∗

 ,
 K(X,X), K(X,X∗)

K(X∗, X), K(X∗, X∗)


where the matrix X = [x1, · · · ,xi, · · · ] with the time index i belongs to the no-DR period. The matrix

X∗ = [x1, · · · ,xi, · · · ], where the time index i belongs to the DR period. m(y) represents the mean of

y and is a function of X . K(·, ·) is the covariance function. Therefore, the proposed Gaussian process

model is specified by a mean function and a covariance function of the data [31].

By using a Bayesian framework for Gaussian process [31], the mean estimate is

E(y∗) =µX∗ +K(X∗, X)[K(X,X) + σ2n · I]−1 · (y −m(X)), (1)

where µX∗ takes the expectation for each row of X∗. The prior distribution of the noise is defined to be

N (0, σ2n). And the covariance estimate is

Cov(y∗) =K(X∗, X∗)−K(X∗, X) · [K(X,X) + σ2n · I]−1K(X,X∗). (2)

As shown in (1) and (2), the covariance function design K(·, ·) is the key to extracting features from

highly uncertain residential loads.

Theorem 1. Gaussian process regression provides a better estimate than the linear regression-based

estimate with respect to the likelihood function.

Proof. See Appendix.

A. Feature Extraction: Covariance Function Design

In the following, we demonstrate how to use the flexibility of Gaussian process to embed various user

behavior into baseline estimation automatically.

1) Embedding distance-based correlation: A future load equals to the summation of a past load and

the change in between. This leads to a stronger correlation of load values between two time slots closer

to each other. As shown in Fig. 5a, the correlation decreases from 1-hour interval to 11-hour interval
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(a) Autocorrelation with different intervals: The x-coordinate repre-

sents load at time t. The y-coordinate represents load at time t+ t0,

where t0 is the time interval between loads at two indices.

(b) Periodicity analysis of residential load series.

Fig. 5: Distance-based correlation and periodicity analysis. We do not plot higher frequencies although

they do exist and will be included if their magnitude reaches the thresholds.

for the PG&E dataset and OhmConnect dataset. Therefore, we employ a squared exponential covariance

based on Euclidean distance, with a hyper-parameter θ1 to control the length-scale:

kd(x,x
′) = exp

(
− ‖x− x

′)‖22
2θ21

)
. (3)

For kd, the distance-based covariance function is dependent on the distance between input variables x

and x′. This means that the further away the historical data from our current data in the input space, the

less impact the historical data will have on the forecasted data output data, e.g., y.

2) Embedding periodic pattern: From Fig. 5a, the correlation increases again to 24-hour interval

indicating a daily periodic. As different residential customers may have different periodicities with

different weights, we propose to let periodic patterns be automatically detected and embedded into the

covariance function. For example, Fig. 5b shows the different periodicities of our dataset, where the x

coordinate represents the period. While the 12-hour period in Fig. 5b is significant, it is likely to be

ignored by a typical prediction design based on experience instead of a data-driven fashion. However, by

using the data itself, we can set up a threshold to extract the periodicity automatically, this highlights that

the data-driven approach is important for automatical feature extraction and the consequent improvement

in the estimator accuracy.

While there are many functions to represent a periodic pattern, different bases can map to each other by

algebraic transformation. Here, we propose the following covariance function based on sinusoid functions:

kp(x,x
′) = exp

(
− 2θ23 sin

2
(
θ4‖x− x′‖2

)
− ‖x− x

′‖22
2θ22

)
. (4)

The first part of this covariance function with a sin sign is for the periodicity in power systems. The second

part of the square exponential is to penalize the periodic pattern according to the distance. Therefore, kp
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is used to capture the periodic pattern in power systems with the help of θ3 and θ4. θ2 is used to make

a closer point having a larger impact on the estimate.

3) Embedding piecewise linear pattern in temperature: As loads are usually sensitive to temperature,

the temperature is also used in our covariance function. PG&E dataset shows a strong correlation between

temperature and power usage in Fig. 6.

Fig. 6: The relationship between residential loads and temperature in the PG&E dataset.

Therefore, a piecewise linear relationship can be embedded with the covariance function below, where

the temperature range is divided into several zones (i.e., 6 zones in [21]), leading to a vector form x of

the input data that fit a piecewise linear regression:

kt(x,x
′) = σ20x · x′, (5)

where x·x′ is the dot-product of two vectors. Specifically, the covariance function above is for embedding

inner product of the temperatures. The linear kernel is not like the others in that it’s non-stationary, where

a stationary covariance function is one that only depends on the relative position of its two inputs, and

not on their absolute locations.

For example, we first convert the scalar temperature variable t to a 6 dimensional vector, with 6

thresholds: T1 = 30, T2 = 45, T3 = 60, T4 = 75, T5 = 90, and T6 = 105. This is for considering

the nonlinear demand-temperature relationship. For each temperature t, its corresponding 6 dimensional

vector x = [t1, · · · , t6] is defined as:

• t1 = min(max(0, t− T1), T2 − T1)

• t2 = min(max(0, t− T2), T3 − T2)

• t3 = min(max(0, t− T3), T4 − T3)

• t4 = min(max(0, t− T4), T5 − T4)

• t5 = min(max(0, t− T5), T6 − T5)

• t6 = max(0, t− T6).

For example, if the temperature is t = 77, then x = [15, 15, 15, 2, 0, 0].
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4) Embedding more functions: One can also embed other types of covariance function by identifying

special patterns of an individual load via data mining. For example, one may find a rational quadratic

covariance useful for distance-based correlation, where θ5 controls length-scale and θ6 controls the shape:

kr(x,x
′) =

(
1 +
‖x− x′‖22

2θ5

)−θ6
. (6)

For this covariance function, the covariance of two loads depends on the distance between the corre-

sponding time indices.

Remark For irregular usage during a day for residential customers, the covariance functions, such as (6),

is a characterization of the uncertainties. This is because a covariance is a measure of the joint variability

of two random variables. For example, if the irregularity of a load is high, the value of a corresponding

covariance function is usually high, which will lead to an estimate of high uncertainties.

5) Training and testing: To estimate hyper-parameters in covariance functions, we minimize the sum

square error over the training data with respect to (θ,σ). Finally, the learned hyper-parameter is used

together with steps in (1) and (2) for probabilistic estimation in the testing dataset (X∗,y∗).

B. Automatic Model Selection and Parameters Reduction

Due to the diversity of user behaviors, different users will have different features. Even for the same

features, the weights will be different based on customer behaviors, social events, and environmental

settings. Therefore, our algorithm shall adaptively learn the diversity of users by accepting or rejecting

different types of covariance function components based on the data from different users. We propose to

conduct a data-driven learning for coefficients. Moreover, we propose to set a threshold to automatically

reject covariance functions with small coefficients. For example, if a load is independent of temperature,

the covariance function for temperature becomes unnecessary and is removed.

To learn the empirical covariance, we reorganize the training data y1:N to create two time series:

y1:N−r and yr:N , where N is the training data length. Let y′ and y′′ be two random variables that create

the empirical results of y1:N−r and yr+1:N jointly. So, both time series are with N-r elements. Then, we

compute an empirical covariance function of distance r with

k(xt,xt+r) = Cov(y′, y′′) =
1

N − r

N−r∑
i=1

(
y′(i)− E

(
y′(i)

))(
y′′(i)− E

(
y′′(i)

))
, (7)

where E(y′) = 1
N−r

∑N−r
i=1 y′i and E(y′′) = 1

N−r
∑N−r

i=1 y′′i . Such a process creates an empirical result

for stationary covariance function k(r) = k(xt,xt+r). For example, we can obtain the empirical auto-

correlation in Fig. 7 by varying the value of r. Subsequently, a linear regression is used to decide the
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Fig. 7: Autocorrelation with different lags (r’s). The unit of the x coordinate is an hour.

weights w of different covariance functions:

ŵ = argmin
w

T∑
i=1

(
k(r)− wiki(r)

)2
, (8)

where T is the number of covariance functions in consideration. Then, insignificant stationary covariance

functions associated with small weights (i.e., small wis) will be eliminated to avoid overfitting on the

training data. Subsequently, a cross-validation is used to see if the remaining stationary covariance

functions are good enough to exclude non-stationary covariance functions, i.e., the dot-product covariance

function for temperature. Finally, if some parameters are easy to fix without training, i.e., the periodicity

parameter θ2, we suggest power system analysis to directly fix those parameters to prevent local optimal

results or slow convergence.

Remark While model reduction may reduce the accuracy in the training data, it can increase the accuracy

in the testing data by avoiding overfitting. Also, relying on the load data before and after the DR day

may be problematic because the probability law in a DR day may be different than the probability law in

a no-DR day. For example, the DR call may occur when the temperature is very low in Europe. This is

why we propose three different embedding functions and mention that one can add more when needed.

By using historical data, the most useful functions will have larger coefficients after the learning process.

Therefore, the baseline is not only simply dependent on the day before and after.

IV. UTILIZING PROBABILISTIC ESTIMATE FOR FAIR PAYMENT TO RESIDENTIAL CUSTOMERS

Baseline estimations on a day-by-day basis usually result in large uncertainties. For example, Fig. 8a

shows different estimation results for one user during the DR period (1:00 pm - 6:00 pm). The error is large
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(a) Load prediction for 1 day based on

normalized aggregation over 1 day.

(b) Load prediction for 1 day based on

normalized aggregations over 6 days.

(c) Load prediction for 1 day based on

normalized aggregations over 11 days.

Fig. 8: The prediction variance decreases as we aggregate the baseline estimate over days.

for different approaches. And the width of the 95% confidence interval (CI) for the Gaussian Process-based

approach is as large as the true load value. Since the estimation is represented in a probabilistic form, we

can aggregate over days due to the fact that variance grows slower than the mean with day aggregation.

Although the load reduction is needed in a specific day for demand response, we use aggregated days

for reducing reward error for payments.

To formulate the load reduction, we first define Ld as the actual load recorded by the smart meter. With

a baseline estimation, the estimated load on day d is defined as Ld,estimated. With Ld and Ld,estimated,

we calculate the difference for the load reduction represented by Sd = Ld,estimated − Ld. Without loss

of generality, let the rewards per unit load reduction to be P = 1. The expected total reward Pµ with

aggregation is Pµ,aggregation = Ed∈{1,··· ,D}

[
(
∑D

d=1 Sd) · P
]
= µD, where the operator E represents

expectation.

On the other hand, the standard deviation of the aggregated usage of a single user over D days is

Pσ =
√
DσP =

√
Dσ. Therefore, the variance per day is σ/

√
D. As D increases, the relative uncertainty

of the payment decreases. When the reward Pµ > Pσ · P or D ≥ µ2

σ2 , utilities or private companies can

reward customers with a relatively large confidence corresponding to the standard deviation. Therefore,

aggregation over days allows payments or allocation of DR rewards with much higher confidence, offering

the reliability desirable by consumers.

V. SIMULATION RESULT

We use two datasets for simulations. The first one is the PG&E dataset with 12, 000 residential

customers in Northern California for simulation. It contains anonymized and secured hourly smart meter

readings on electricity consumption for a period of one year from 08/01/2011 to 07/31/2012 at 1-hour

interval. The second dataset is from OhmConnect. It contains anonymized and secure smart meter readings



14

on electricity consumption for 425 OhmConnect customers for a period of one year spanning from

01/01/2014 to 12/31/2014 at 1-hour interval. The average hourly demand is 0.62 kWh and the standard

deviation of average hourly demand over 425 customers is 0.43 kWh. WeatherUnderground.com is used

for temperature information for (1) 08/01/2011 to 07/31/2012 and (2) 01/01/2014 to 12/31/2014. Our

sample is fairly large in both space and time and comes from different sources, so we believe it serves

as a legitimate basis for this proof of concept demonstration.

A description of methodology implementation is in below.

• Gaussian process-based method: Use the temperature and time stamp as input X , the load at the

timestamp as the output y, and then feed them into the GP model to get the optimized hyperparam-

eters of the covariance matrix. The training length is for 2 months and the model has been evaluated

for multiple days. The Python package “pyGPs” is used for implementation.

• Selected simple averaging method: Take the load of last 10 days and choose the median 8 loads to

average.

• Regression model-based method: The model assumes that a load is a function of time in a week,

and assigns a regression coefficient to each 1-hour interval. The model also assumes that demand

is a piecewise linear and continuous function of outdoor air temperature [32]. Following [9], we

divide each observed temperature into six equal sized temperature zones. A regression coefficient is

assigned to each bin.

• Gradient boosting model (GBM): For comparison, a machine learning based method, GBM is added.

It combines simple regression models gradually to form a powerful regression model [33]. The loss

function of the gradient descent is the sum squared residual of the training data. In the simulation,

we use the same features as the regression model, and the GBM gets an optimal ensemble of 100

simple decision tree regression models by using gradient descent method to find the relative weights

of different decision tree regression models.

For the overall error, [12] used averaged mean absolute percentage error (MAPE) for commercial

customers. However, for residential customers, there are many near-zero consumption periods in a day

which may cause large MAPE with little absolute error in these periods. Therefore, we choose the root-

mean-square error (RMSE) for the y-coordinate: RMSE =
√

1
N

∑N
i=1(yi,estimated − yi,true)2, where the

time index i is iterating through 12pm-6pm (the peak hours) for all DR days. For example, there are 6

points in the 6 hours period. and if we aggregate the DR savings for 3 days, there are N = 6× 3 = 18

points in total.
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Fig. 9: Error comparison for methods with 1) GP-based (mean estimate), 2) Generalized Boosted Model

(GBM)-based, 3) averaging-based, and 4) temperature-based regression.

A. Improved daily accuracy without day aggregation

For each customer, Theorem 1 shows that the GP-based approach provides a better estimate than the

linear regression-based estimate with respect to likelihood. Our dataset’s customers follow this property.

As an illustration, Fig. 8a shows a probabilistic estimate of the afternoon loads on day 290 for customer

1003. The result from the probabilistic GP-based approach is plotted, where the red line represents the

mean estimate and the light red region represents the confidence interval. For comparison purpose, we also

plot simple average method over 10 days and regression method based on temperature. The x-coordinate

represents 24 hours in a day. The y-coordinate represents the hourly load. The mean estimates for the

afternoon loads based on GP are similar to the actual loads. Besides, we can visualize data randomness

with the error via confidence intervals (CIs). The 95% CIs completely cover the path of actual loads. In

contrast, the average and regression methods do not work well.

Across all customers, Fig. 9 shows the RMSE for different methods and different days in a week.

The figure shows that the GP-based method has smaller errors for all days. The result that the proposed

GP-based method is better than GBM-based method shows that our data analytics for choosing machine

learning model is necessary for estimation accuracy.

B. Reduced relative confidence intervals with day aggregation

Fig. 8b and Fig. 8c show the relative confidence intervals if we average the probabilistic baseline

estimation over multiple days. For a 6-day average, the estimated confidence region becomes smaller.

For an 11-day average, the confidence region becomes even smaller. This means that rewarding the

consumer based on his normalized estimation uncertainty can reduce the risk of erroneous payments.



16

To compare different users with different consumption patterns, we select 4 users (user 6, 19, 33,

and 60 of our datasets). Fig. 10a shows that the normalized aggregated variances are different among

different users. User 3 and 4’s estimation uncertainties decrease to a pre-defined threshold much faster.

This is because their consumptions are more predictable. User 2 reaches the threshold slower. User 1 is

the slowest in this group, but the prediction variance reduces significantly over day/event aggregation.

When it comes to rewarding, one can have different strategies. One method is to reward consumers

until all customers’ aggregated but averaged rewarding uncertainty decreases to a tolerable level, e.g.,

5%. However, this may lead to too long a waiting time as some customers may have significant large

uncertainty than other customers. By rewarding customers when most of them reach a pre-defined

threshold, we not only reward the customer timely, but also made sure that the rewarding uncertainty is

low for most of the customers. Therefore, we propose to reward customers when most of them reach a

pre-defined threshold.

C. Reduced relative error with day aggregation

To validate what we observed and proposed in the last section, we show the error evaluation in Fig.

10b for each user. As predicted by the variance comparison in Fig. 10a(a), the relative error in Fig. 10a(b)

decreases with day aggregation. Also, the order of the error curves for different user’s is in accordance

with different user curves for variance estimates in Fig. 10a(c)(d)(e)(f).

Fig. 10 presents the user-by-user comparison by putting individual user’s variance and error together.

Basically, the error curve of each user follows the variance curve. This validates the accuracy of the

proposed rewarding mechanism based on day/event aggregation. Therefore, as uncertainty decreases

dramatically with aggregation over days, both the aggregation companies (utilities and private aggregator

companies) and the customers are offered more confidence for fair DR rewards.

D. Computational time

It is known that the computation complexity of a GP-based regression is O(n3) which is large when

applied to a big dataset. However, our proposed GP-based regression algorithm is trained using one

customer at a time. With a 15-minute interval on typical smart meters with a less than 10 years’ record,

the baselining can be calculated in several minutes, which can be easily implemented to Hadoop/Spark

parallel jobs on a computer cluster. Finally, as the reward evaluation is a post-event analysis, it does not

require real-time computation. Our method is sufficiently fast for such a task.

Remark Although the Map-Reduce framework is quite useful for speeding up, it is mainly for speeding

up queries. However, our GP-based method is not based on queries. It is based on conducting GP
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(a) Variance estimates of four cus-

tomers with day aggregation.

(b) RMSE for the mean estimates of

four customers with day aggregation.

(c) User 1

(d) User 2 (e) User 3 (f) User 4

Fig. 10: Prediction variance and error for four different users with day aggregation.

regression for each customer, store the learned mapping parameters for each customer, and apply the

learned mapping parameters for forecasting/estimating the demand response period for each customer.

VI. CONCLUSIONS

Demand response helps to meet the climbing need for energy through the reduction in flexible loads.

Although the current deterministic methods provide simplicity in estimating for commercial customers,

they introduce large errors when applied to residential customers due to these methods’ failure to capture

various uncertainties due to different customer behaviors. To characterize uncertainty, we propose a

probabilistic Gaussian process (GP)-based baselining method after data analytics. The proposed method

can actively discover customer patterns and embed such knowledge into learning with a short time. By

using the probabilistic estimate, we further show that the proposed payment mechanism reduces rewarding

error when increasing the day-aggregation. Finally, we prove the improved performance of the proposed

GP-based method over the current deterministic approaches even without considering the variance estimate

and reward aggregation. Simulation results over PG&E and OhmConnect datasets show that our method

not only improves the mean estimate’s accuracy, but also enables the new variance estimate to capture

estimation uncertainties for fairer rewarding. For the future, we will analyze the impact of energy increase

successive to the load reduction in addition to evaluating the load reduction in the demand response hours.
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APPENDIX A

PROOF TO THEOREM 1

Proof. As the regression-based estimation is based on temperature, dot-product covariance function

kt(x,x
′) = σ20x · x′ for temperature is used in this proof. For example, we can plug in this covariance

into Gaussian process mean estimate in (1). As we can always align data to zero means, we do not write

m(X) in the following derivation for compactness.

E[y∗] =K(X∗, X)
(
K(X,X) + σ2nI

)−1
y = σ20(X

∗)TX(σ20X
TX + σ2nI)

−1y (9)

=(X∗)TX

(
XTX + (

σn
σ0

)2I

)−1
y = (X∗)TX

(
XTX + γ2I

)−1
y, (10)

where γ = σn

σ0
. σ2n is associated with the observation noise ε ∼ N (0, σ2n), representing the noise level.

To compare GP-based regression with the linear regression, we compare their likelihood functions in

the following. As GP in Section III assumes a joint Gaussian distribution between its input and output,

the likelihood function is p(y|X, γ) = 1

(2π)
n
2 |K(γ)| 12

exp

(
− 1

2y
TK−1(γ)y

)
. To make comparison easier,

we consider the log-likelihood function L(γ) below

L(γ) = log p(y|X, γ) = −1

2
yTK−1(γ)y − 1

2
log |K(γ)| − n

2
log 2π (11)

=
1

2
yT
(
σ2n
γ2

(XTX + γ2I)−1
)
y︸ ︷︷ ︸

A

−1

2
log

∣∣∣∣σ2nγ2 (XTX + γ2I)

∣∣∣∣︸ ︷︷ ︸
B

−n
2
log 2π︸ ︷︷ ︸
C

. (12)

For a fixed noise level (i.e., σ2n), when γ → 0, A decreases to 0, B decreases to −∞, and C is

a constant. Therefore, the log-likelihood function L(γ), which is maximized by GP estimate, has the

following relationship.

max
γ∈(0,∞)

L(γ) > lim
γ→0

L(γ). (13)

In below, we will show that limγ→0 L(γ) is equal to the log-likelihood function of linear regression,

which completes the proof. First, we can extract wGP from the mean estimate solution (10) by examining

the regression model y = wTx + ε, leading to wGP (γ) = X(XTX + γ2I)−1y, where X ∈ Rc×n, c

is the number of features, and n is the number of testing points. If c ≥ n and X has full rank, then

limγ→0wGP (γ) = wGP (0) = X(XTX)−1y. If c < n and X has a full rank, then [34] shows that

limγ→0wGP (γ) = (XXT )−1Xy. Therefore, in both cases, limγ→0wGP (γ) converges to a least square

solution. Together with (13), this result proves that GP regression provides a better estimate than the

linear regression-based estimate with respect to likelihood.

Remark For a fixed σn, γ → 0 means that σ0 tends to infinite. This creates an uninformative prior for

GP regression because the variance is infinite. This illustrates another special relationship between the
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GP regression and the linear regression. When γ → 0, GP regression degrades to linear regression. The

following lemma shows the equivalence after the degradation.

Lemma 2. The mean estimate from Gaussian process regression is equivalent to the estimate from linear

regression in a Bayesian framework with a prior distribution.

Proof. For a linear regression model with Gaussian noise, we have f(x) = xTw, y = f(x) + ε, ε ∼

N (0, σ2n). The probability density function over the training set is p(y|X,w) ∼ N (XTx, σ2nI). Under

a Bayesian framework, we specify a prior, w ∼ N (0, σpI). By implementing Bayes’ rule, the posterior

probability is p(w|X, y) ∼ N ( 1
σ2
n
A−1Xy, A−1), where A = σ−2n XXT + σ−1p I . Subsequently, the

corresponding predictive distribution is p(y∗|x∗, X,y) = N ( 1
σ2
n
xT∗A

−1Xy,xT∗A
−1x∗), which is identical

to the predictive distribution deducted from the GP regression in (10), after replacing σp with σ0.
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