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Abstract: There is an increasing need for monitoring and controlling uncertainties brought by distributed energy resources in dis-

tribution grids. For such goal, accurate multi-phase topology is the basis for correlating measurements in unbalanced distribution

networks. Unfortunately, such topology knowledge is often unavailable due to limited investment, especially for secondary distri-

bution grids. Also, the bus phase labeling information is inaccurate due to human errors or outdated records. For this challenge,

this paper utilizes smart meter data for an information-theoretic approach to learn the topology of distribution grids. Specifically,

multi-phase unbalanced systems are converted into symmetrical components, namely positive, negative, and zero sequences.

Then, this paper proves that the Chow-Liu algorithm finds the topology by utilizing power flow equations and the conditional inde-

pendence relationships implied by the radial multi-phase structure of distribution grids with the presence of incorrect bus phase

labels. At last, by utilizing Carson’s equation, this paper proves that the bus phase connection can be correctly identified using

voltage measurements. For validation, IEEE systems are simulated using three real data sets. The simulation results demonstrate

that the algorithm is highly accurate for finding multi-phase topology even with strong load unbalancing condition and DERs. This

ensures close monitoring and controlling DERs in distribution grids.

1 Introduction

The power distribution system is currently undergoing a dramatic
transformation in both form and function. A large-scale deployment
of technologies such as rooftop solar, electric vehicles (EVs), and
smart home management systems have the potential to offer cheaper,
cleaner and more controllable energy to the customers. On the other
hand, integrating these resources has been proven to be nontrivial,
largely because of their inherent uncertainty and distributed nature.

For example, even a small-scale of distributed energy resources
(DERs) can affect the stability of the local distribution grid [1].
Such a problem will be aggravated by the unbalance situation in dis-
tribution grids especially when uneven DER deployment happens.
Furthermore, the more frequent bi-directional power flows easily
leave the existing monitoring system with passive protective devices
insufficient for robust grid operations. In addition to the static con-
nectivity, mobile components, such as EVs, can further jeopardize
the grid stability due to their frequent plug-in [2]. Therefore, the
multi-phase grid monitoring tools need to be carefully designed
for islanding and line work hazards in system operation with deep
and uneven DER penetrations. For such monitoring, grid topology
information is a prerequisite.

For topology estimation, the transmission grid assumes a prior
grid knowledge, which needs limited error correction. Also, it is
assumed that infrequent reconfiguration happens, identifiable by
generalized state estimation [3–5]. Unfortunately, such assump-
tions do not hold in medium- and low-voltage distribution grids,
where topology can change relatively more frequently with limited
sensing devices. Furthermore, many urban distribution lines have
been underground for decades, making prior knowledge of topology
suspicious and expensive to verify [6].

For distribution grid topology identification, many methods have
been proposed in recent years. For example, in [7], the correct topol-
ogy is searched from a set of possible radial networks. Given the
line parameters, [8] and [9] propose maximum likelihood meth-
ods to select the operational distribution grid topology. [10], [11],

and [12] utilize the statistical correlation of single-phase voltages
collected from smart meters to estimate distribution grid topology.
Unfortunately, all of these methods focus on the balanced or single-
phase systems. For utility practice, distribution grids for buildings
and residential areas are usually unbalanced multi-phase systems.
One reason is that the loads connected at different phases are unbal-
anced due to the uneven growth in each feeder territory [13, 14].
For example, surveyed by the American National Standards Insti-
tute (ANSI), 2% distribution grids in the USA have a significant
undesirable degree of unbalance [15, 16]. With the growth of renew-
able penetration, the load unbalance problem will become more
frequent in future distribution grids. For example, the unbalance of
the multi-phase system appears more often because the installations
and operations of many DER devices are not fully controlled by util-
ities. This fact makes the requirement of balanced grids in previous
works invalid in field applications.

In order to find the topology of unbalanced multi-phase distribu-
tion grids, [17] and its follow-up work [18] formulate multi-phase
measurements as vectors and apply the single-phase approach to
estimate grid topology. In [19], the multi-phase power flow equa-
tions are linearized and the topology estimation is formulated as a
statistical learning problem. For all these approaches, a prerequisite
is PMU installation, which has not been widely available in distribu-
tion grids. In addition, these methods assume bus phase labelings are
correct at each bus. For many utilities, as high as 10% phase label-
ings are incorrect or unknown because of human errors or outdated
records. This high error rate makes identifying new topology based
on existing methods not sound anymore.

For resolving the problems above, this paper proposes a data-
driven method that utilizes the smart meter data in different phases
to estimate the topology of multi-phase distribution grid systems.
Building on our previous works on probabilistic graphical model
formulation of distribution grids [20], firstly, this paper expands the
method from single-phase representation to multi-phase balanced
systems with incorrect bus phase labels. In such model, a node rep-
resents the multi-phase bus voltages and an edge between nodes
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indicates the statistical dependency among multi-phase bus voltage
measurements. Subsequently, the system of three unbalanced pha-
sors is converted to three symmetrical components, namely the pos-
itive, negative, and zero sequences. Then, the Chow-Liu algorithm
is proved to be optimal for identifying the multi-phase topology
by utilizing power flow equations and the conditional independence
relationships implied by the radial multi-phase structure of distri-
bution grids. As a highlight, the proposed method does not require
PMUs and is robust to incorrect phase labels, which is a big problem
in distribution grid operations. This is due to the label-invariant prop-
erty of mutual information. Another major contribution is bus phase
correction and identification. Specifically, a data-driven approach is
proposed to identify correct bus phase connections by utilizing Car-
son’s equation [21], which is employed for deriving the primitive
phase impedances of different lines.

The performance of the proposed method is verified by simula-
tions on the IEEE 37-bus and 123-bus distribution test cases [22].
Three different data sets are used for simulation: North Califor-
nia PG&E residential household data sets, ADRES project data set
[23, 24] that contains 30 houses load profiles in Upper-Austria,
and Pecan Street data set, which contains load data of 345 houses
with PV panels in Austin, Taxes. Simulations are conducted via
GridLAB-D, an open source distribution grid simulator [25] for
multi-phase systems. Simulation results show that, provided with
hourly measurements, the proposed algorithm can perfectly esti-
mate the topology of multi-phase distribution grids with noiseless
measurements.

The rest of the paper is organized as follows: Section 2 introduces
the modeling of the multi-phase distribution system and the prob-
lem of data-driven topology estimation. Section 3 firstly proves the
topology estimation problem of multi-phase distribution grid can be
solved as a mutual information maximization problem and proposes
an algorithm to solve such a maximization problem in multi-phase
setup. Also, a method is proposed to identify bus phase connec-
tion. In Section 4, to address the unbalance in distribution grids, an
unbalanced distribution grid is transformed to a symmetric system
using sequence component frame and prove that the mutual informa-
tion approach can still apply to grid topology estimation and phase
identification. Section 5 evaluates the performance of our method
using IEEE test cases and real data collected from different regions.
Section 6 concludes this paper.

2 Multi-phase Distribution Grid Modeling and
Problem Formulation

A distribution grid is modeled by a graph G = (M, E), where
the vertex set M = {0, 1, 2, · · · ,M} represents the set of buses
and the unidirectional edge set E = {(i, k), i, k ∈ M} represents
the branches. The branch between two buses is not necessary to be
multi-phase. In the distribution grid, bus 0 is the substation with a
fixed voltage and is the root of the tree graph.M+ denotes the set
of buses excluding the substation, i.e.,M+ =M\{0}. If bus i and
bus k are connected, i.e., (i, k) ∈ E , and bus i is closer to the root
(substation) than bus k, bus i is the parent of bus k and bus k is the
child of i. Let pa(i) denote the parent bus of bus i. The root has no

parent and all other buses inM+ have exactly one parent. Let C(i)
denote the set of child buses of bus i and use S(i) = C(pa(i))\{i}
to denote the set of sibling buses of bus i.

Let a, b, and c denote the three phases of the distribution grid.

The vector V
abc
i = [V a

i , V b
i , V

c
i ]

T ∈ C
3 denotes the nodal volt-

ages at bus i, where V φ
i denotes the line-to-ground complex voltage

on phase φ and T is the transpose operator. Similarly, I
abc
i =

[Iai , I
b
i , I

c
i ]

T ∈ C
3 and S

abc
i = [Sa

i , S
b
i , S

c
i ]

T ∈ C
3 denote the vec-

tors of current injections and injected complex powers at bus i,
respectively. If a bus is only connected with one or two phases,
the quantities of the missing phase are zeros. For example, if bus
i does not have phase c, V c

i = 0, Ici = 0, and Sc
i = 0. For conve-

nience, Vi, Ii, and Si are used as the general notation of multi-phase
quantities at bus i.

If bus i and bus k are connected, i.e., (i, k) ∈ E , the relation-
ship between their nodal voltages and currents can be expressed as
follows [26, 27]:

[
Ii

Ik

]
=

[
Yik + 1

2Bi,shunt −Yik

−Yik Yik + 1
2Bk,shunt

] [
Vi

Vk

]
, (1)

where Yik ∈ C
3×3 denotes the admittance submatrix between bus

i and bus k and Bi,shunt ∈ C
3×3 denotes the shunt capacitance at

bus i. In a multi-phase system, Yik is not diagonal. The voltages
at different phases are coupled. As shown in Section 5, this cou-
pling property in multi-phase systems leads the existing single-phase
methods to have poor performance in unbalanced multi-phase sys-
tems. Since Bi,shunt is relatively small in distribution grids [28],
Bi,shunt is assumed to be zeros, i.e., 0. In the formulation above,
the effect of the neural wire is merged into the multi-phase wires by
applying Kron’s reduction [27]. If bus i and bus k are not connected,
Yik = 0.

For bus i, the voltage measurement at time n is vi[n] =

[vai [n], v
b
i [n], v

c
i [n]]

T , where vφi [n] = |v
φ
i [n]| exp

(
jθφi [n]

)
denotes

the complex voltage measurement on phase φ at time n and j =√
−1. The magnitude |vφi [n]| ∈ R is in volt and the phase angle

θφi [n] ∈ R is in degree. All measurements are assumed to be noise-
less at first. In Section 5, the proposed algorithm will be validated
with noisy measurements. In the following part, the upper-case let-
ter denotes the symbol and the lower-case letter denotes the snapshot
of symbol measurement. For example, V denotes the voltage symbol
and v[n] denotes the voltage measurement at time n.

With the modeling above, the multiphase distribution grid topol-
ogy estimation and bus phase identification problem is defined
as

• Problem: data-driven multiphase distribution grid topology and
bus phase estimation using voltage measurements
• Given: the time-series voltage measurements with unknown bus
phase labels vi[n], n = 1, · · · , N, i ∈M+

• Find: the unknown grid topology E and bus phase φ.

3 Multi-Phase Distribution Grid Topology
Estimation and Bus Phase Identification

This section firstly extends our previous work [20] to estimate the
topology of multi-phase system with incorrect phase labels. Then, a
novel method is proposed to identify and correct bus phase labels by
utilizing the statistical relationship between voltage measurements.
The method proposed in this section focuses on balanced distribu-
tion systems. When a distribution system is unbalanced, a modified
algorithm is proposed in Section 4. Fig. 1 summarizes the criteria for
the topology estimation method selection.

The end-user measurements are time-series data. One way to
represent these data is using a probability distribution. If the
nodal multi-phase voltage vector Vi is modeled a random vec-
tor, the joint distribution of voltage measurement P (VM+) is
P (V1)P (V2|V1) · · ·P (VM |V1, · · · ,VM−1). Bus 0 is omitted
because it is the slack bus with a fixed voltage.

In many previous works of distribution grid topology estimation
[7, 10, 20, 29], only the single-phase voltages are required. However,
with the presence of incorrect or unknown phase labels, all three
phases voltage measurements are needed for topology estimation.
The later part of this section will show that our method is invariant to
phase labels and therefore and can estimate topology with incorrect
or unknown phase labels.

In many medium- and low-voltage distribution grids, the prob-
ability distribution of voltage is irregular. To better formulate the
topology estimation problem, the incremental change of measure-
ments is adopted in this paper [12, 30, 31]. At bus i, the incremental

change of voltage is ∆vi[n] = v
abc
i [n]− v

abc
i [n− 1] for n ≥ 2.

When n = 1, ∆vi[1] = 0. By using the incremental change ∆V,
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Is the distribution system 

balanced?

Does the distribution 

system have bus phase 

labels information?

Algorithm 3

Single-phase 

topology estimation [21]

YES NO

YES NO

Does the distribution 

system have voltage 

phase angle data?

YES NO

Algorithm 1 Algorithm 2

Fig. 1: Flow chart of topology estimation method selection.

the joint probability is

P (∆VM+) = P (∆V1)P (∆V2|∆V1) · · ·
×P (∆VM |∆V1, · · · ,∆VM−1). (2)

Since the nodal voltages are modeled as random vectors, the graph
G becomes a probabilistic graphical model with a tree structure.
In a graphical model, the vertex represents a random vector (e.g.,
∆Vi) and the edge between two vertices indicates the statistical
dependency between bus voltages. Therefore, estimating distribution
grid topology is equivalent to recovering the radial structure of the
graphical model G.

In the single-phase distribution grid, the nodal voltages only have
statistical dependency with the nodal voltages of their parent bus
[20]. In the next part, such dependency will be extended from the
single-phase system to approximate the multi-phase system joint
probability P (∆VM+) as

P (∆VM+) ≃
M∏

i=1

P (∆Vi|∆Vpa(i)). (3)

If (3) holds, finding the structure of G is equivalent to finding
the parent of each bus. The next part will prove the approxi-
mation in (3) holds with equality with two stages. In the first
stage, the bus voltages are proved to be conditionally independent
with their parents, grandparents, and siblings, i.e., P (∆VM+) =∏M

i=1 P (∆Vi|∆V{pa(i),pa(pa(i)),S(i)}). Then, inspiring by the
real data observation, (3) is shown to holds with equality.

Before starting the first stage proof, two assumptions are proposed
and justified using real data.

Assumption 1. In a multi-phase distribution gird,

• the incremental change of the current injection ∆I at each non-
slack bus is independent, i.e., ∆Ii ⊥ ∆Ik for all i 6= k.
• the incremental changes of the current injection ∆I and bus volt-
age ∆V at each bus follow Gaussian distribution with zero means
and non-zero covariances.

Fig. 2 shows the pairwise mutual information of the incremental
changes of bus current injection using the real data from PG&E. The
mutual information I(X,Y) is a measure of the statistical depen-
dence between two random vectors X and Y. When the mutual
information is zero, these two random vectors are independent, i.e.,

X ⊥ Y [32]. As shown in Fig. 2, most pairs of ∆I have small
values. Therefore, the current injections are assumed to be indepen-
dent with some approximation errors. This assumption has also been
adopted in other works, e.g., [7, 10, 19]. To further validate the inde-
pendence of ∆I, Fig. 3 plots the average auto-correlation of current
injection increment of PG&E data in the IEEE 123-bus system. The
error bar is one standard deviation. In Fig. 3, the auto-correlation of
∆I drops significantly as the lag increases. This observation justifies
that the current injection increments are approximately independent
over time.

Fig. 2: Mutual information of pairwise current injection increment
∆I and power injection increment ∆S of PG&E data sets in the
IEEE 123-bus system.

Fig. 3: Average auto-correlation of current injection increment ∆I

of PG&E data sets in the IEEE 123-bus system. The error bar is one
standard deviation.

In the existing distribution grid topology estimation works, both
injected power increment independence and injected current incre-
ment independence are used. In [12], the authors use the real data to
show that these two assumptions are equivalent in distribution grids.
Fig. 2 illustrates that the mutual information of pairwise power injec-
tion increment ∆S and that of pairwise current injection increment
∆I. Both histograms are similar. In this paper, the assumption of
current injection independence is preferred because it simplifies the
proof of following theorems and lemmas.

Fig. 4 illustrates the histograms of bus voltage |∆V| in IEEE 123-
bus system using PG&E data. Hence, the voltage data approximately
follow Gaussian distributions. With Assumption 1, P (∆VM+)

is proved to be
∏M

i=1 P (∆Vi|∆V{pa(i),pa(pa(i)),S(i)}). For con-

nivance, let C∞(i) denote all buses that are below bus i. For
example, in Fig. 5, C∞(1) = {2, 3, 4, 5, 6, 7} and C∞(2) = {4, 5}.

Lemma 1. If the incremental change of current injection at each bus
is approximately independent (i.e., ∆Ii ⊥ ∆Ik for i 6= k), given the
incremental voltage changes of bus i’s parent (∆Vpa(i)), grandpar-

ent (∆Vpa(pa(i))), and siblings (∆VS(i)), the incremental voltage
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Fig. 4: Histograms of |∆V| of four buses in IEEE 123-bus system
using PG&E data.

0

1

2 3

4 5 6 7

Fig. 5: An example of an 8-bus multi-phase system. A node rep-
resents a bus, which can be single-phase or multi-phase. An edge
represents a branch between two buses. The branch is unnecessary
to be multi-phase. Bus 0 is the substation (root).

changes of bus i and the buses that are not below bus i are con-
ditionally independent, i.e., ∆Vi ⊥ ∆Vk|∆V{pa(i),pa(pa(i)),S(i)}
for k /∈ {pa(i), pa(pa(i)),S(i),C∞(i)} and i 6= k.

Here, a simple example will demonstrate Lemma 1. A formal
proof is given in Appendix section 7.1. For the example system in
Fig. 5, the nodal admittance equation is YM+∆VM+ = ∆IM+ ,
where

YM+ =





Y11 Y12 Y13 0 0 0 0

Y21 Y22 0 Y24 Y25 0 0

Y31 0 Y33 0 0 Y36 Y37
0 Y42 0 Y44 0 0 0

0 Y52 0 0 Y55 0 0

0 0 Y63 0 0 Y66 0

0 0 Y73 0 0 0 Y77





, (4)

Yik = Yki, and Yii = −
∑7

k=0,k 6=i Yik . If Yik = 0, there is no

branch between bus i and k.
For bus 4, pa(4) = 2, pa(pa(4)) = 1, and S(4) = {5}. There-

fore, given ∆V1 = ∆v1, ∆V2 = ∆v2, and ∆V5 = ∆v5, there
are the following equations:

∆I1 = Y11∆v1 +Y12∆v2 +Y13∆V3, (5)

∆I4 = Y42∆v2 +Y44∆V4, (6)

∆I6 = Y63∆V3 +Y66∆V6, (7)

∆I7 = Y73∆V3 +Y77∆V7. (8)

Given ∆I1 ⊥ ∆I4, according to (5) and (6), ∆V3 and ∆V4 are
conditionally independent given ∆V1, ∆V2, and ∆V5. In (5),

∆V3 can be rewritten as (Y13)
−1(∆I1 −Y11∆v1 −Y12∆v2).

Then, ∆V3 is substituted into (7). Since ∆I1, ∆I4, and ∆I6 are
independent, ∆I4 and ∆I6 −Y63(Y13)

−1∆I1 are independent.
Therefore, ∆V4 and ∆V6 are conditionally independent. Similarly,
∆V4 and ∆V7 are conditionally independent.

For a non-leaf bus, bus 2, given ∆V3 = ∆v3 and ∆V1 = ∆v1,
there are the following equations:

∆I1 = Y11∆v1 +Y12∆V2 +Y13∆v3, (9)

∆I6 = Y63∆v3 +Y66∆V6, (10)

∆I7 = Y73∆v3 +Y77∆V7. (11)

Given ∆I1 and ∆I6 are independent, according to (9) and (10),
∆V2 and ∆V6 are conditionally independent. Similarly, ∆V2 and
∆V6 are conditionally independent given ∆I1 and ∆I7 are inde-
pendent. Our conclusion in Lemma 1 is similar to the results in
[33].

Assumption 2. In a distribution grid, the mutual information
between ∆Vi and its parent ∆Vpa(i) is much larger than the mutual

information between ∆Vi and ∆Vpa(pa(i)) and ∆VS(i).

95 100 105 110

Bus
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100

105

110
B

u
s

3

4

5

6

7

8

Fig. 6: Mutual information of pairwise buses in IEEE 123-bus sys-
tem using PG&E data sets. The circle indicates the neighbors of bus
i. The crossing indicates the two-step neighbor of bus i. The square
without markers represents the bus pair that are more than two-step
away.

Assumption 2 is inspired by the observation from real data. Fig. 6
plots the mutual information of voltage increments between each
bus pair in IEEE 123-bus distribution system using the real load
data from PG&E. The distribution grid configuration and simulation
setup are described in Section 5. In Fig. 6, the color in a square rep-
resents the mutual information of voltage increments of two buses.
As discussed in [32], if the voltage increments of two buses are inde-
pendent, their mutual information is zero (dark color). In Fig. 6, the
circle refers to the bus neighbors (e.g. parent bus) and the crossing
indicates the two-step neighbors (grandparent bus and sibling buses).
If a square does not have any marker, the corresponding pair of buses
is more than two-step away. As illustrated in Fig. 6, the mutual
information between the voltages of two-step neighbors is higher
than the mutual information of other bus pairs, but it is still much
lower than the mutual information between two neighbors. The diag-
onal bus pairs have the highest mutual information because it is the
self-information. With Assumption 2, P (∆VM+

) can be simpli-
fied to only depend on the voltages of parent buses. Section 5 uses
numerical simulations to demonstrate that this approximation does
not degrade the performance of topology and bus phase connectivity
estimation.

IET Research Journals, pp. 1–14

4 c© The Institution of Engineering and Technology 2015



Lemma 2. Given the incremental voltage changes of bus i in a
multi-phase distribution grid, if the incremental change of current
injection at each bus is approximately independent, the incremental
voltage changes of every pair of bus i’s children are conditionally
independent, i.e., ∆Vk ⊥ ∆Vl|∆Vi for k, l ∈ C(i) and k 6= l.

With Lemma 2, (3) holds with equality, i.e., P (∆VM+) =∏M
i=1 P (∆Vi|∆Vpa(i)). Therefore, finding the distribution grid

topology is equivalent to finding the parent of each bus. In the fol-
lowing subsections, an information theoretical approach is proposed
to estimate multi-phase distribution grid topology with incorrect bus
phase labels.

3.1 An Information Theoretical Approach to Estimate
Multi-phase Distribution Grid Topology

One way to find the parent of each bus is minimiz-
ing the Kullback-Leibler divergence [32] of P (∆VM+) and

Q(∆VM+) =
∏M

i=1 P (∆Vi|∆Vpa(i)), i.e.,

Θ̂ = argmin
Θ⊂M+

D(P (∆VM+)‖Q(∆VM+ ;Θ)), (12)

where Θ denotes the collection of parent bus index of every bus,
i.e., Θ = {pa(1), · · · , pa(M)}, P denotes the joint distribution of
all voltages, and Q denotes the distribution of voltage vectors with
tree structure. When two distributions are identical, the KL diver-
gence is zero. Therefore, as shown in Lemma 2, if there exists a

distribution Q(∆VM+ ; Θ̂) that is identical to P (∆VM+), Θ̂ con-
tains the parent bus index of every bus i. The associated structure of

PCL(∆VM+) = Q(∆VM+ ; Θ̂) is the estimated topology of dis-
tribution grid. Lemma 3 proves that (12) can be efficiently solved
by utilizing the radial structure of distribution grids. In the following
context, Θi and pa(i) are used interchangeably.

Lemma 3. In a radial distribution grid, finding the topology is
equivalent to solving the following optimization problem:

Θ̂ = argmax
Θ⊂M+

M∑

i=1

I (∆Vi;∆VΘi
) , (13)

where I (∆Vi;∆VΘi
) denotes the mutual information.

The proof is in Appendix Section 7.2. With such a lemma,
a mutual information-based maximum weight spanning tree
algorithm, well-known as Chow-Liu algorithm [34], could find

Θ̂ and identify the multi-phase distribution grid topology. This
algorithm has been applied to single-phase system in [20].
Theorem 1 proves that Chow-Liu algorithm can be applied to
multi-phase systems.

Theorem 1. In a radial multi-phase distribution grid, the
mutual information-based maximum weight spanning tree algorithm
(Chow-Liu algorithm) estimates the best-fitted topology.

Proof: This proof will show that the mutual information between
connected buses is higher than those without a connection. If bus i
is the parent of bus k and bus l and k 6= l, by utilizing the chain rule
property of the mutual information [32], the joint mutual information
is expressed as

I(∆Vi; ∆Vk,∆Vl)

= I(∆Vi; ∆Vk)− I(∆Vi,∆Vk|∆Vl),

= I(∆Vk;∆Vl)− I(∆Vk,∆Vl|∆Vi). (14)

Since ∆Vk|∆Vi ⊥ ∆Vl|∆Vi, the conditional mutual informa-
tion I(∆Vk,∆Vl|∆Vi) is zero. Then

I(∆Vi;∆Vk) = I(∆Vk;∆Vl) + I(∆Vi,∆Vk|∆Vl). (15)

Due to the fact that mutual information is always non-negative,
I(∆Vk;∆Vi) ≥ I(∆Vk;∆Vl). Therefore, the mutual informa-
tion between connected buses is larger than the mutual information
between not connected buses. Then, by using the mutual informa-
tion as the weight, the maximum weight spanning tree algorithm
(Chow-Liu algorithm) solves (13) and estimates the distribution grid
topology [20, 34]. �

The mutual information I(∆Vi;∆Vk) can be computed as

I(∆Vi;∆Vk) = H(∆Vi) +H(∆Vk)−H(∆Vi;∆Vk),
(16)

where H(∆Vi) denotes the entropy of ∆Vi and H(∆Vi;∆Vk)
denotes the cross-entropy of ∆Vi and ∆Vk . An advantage using
(16) is that many distributions have closed forms of entropy. In
Assumption 1, the incremental changes of voltages in distribution
grids are assumed to follow Gaussian distribution approximately.
Thus, the entropy of ∆Vi is

H(∆Vi) =
r

2
log(2π exp (1)) +

1

2
log(detCov(∆Vi)), (17)

where r denotes the dimension of the random vector ∆Vi and
Cov denotes the covariance matrix. In some systems, the bus may
not have all three phases. In this case, the disconnected phases are
excluded in the computation of entropy.

A practical issue that exists in many distribution grids, espe-
cially the low-voltage distribution grids, is that the smart meter
phase connectivity information is inaccurate. In some countries,
about 10% phase labels in low-voltage distribution grids are incor-
rect or unknown. Also, bus phase labels can change over time when
new customers and DER devices are connected to grids [35]. As
the correct bus phase connectivity information is critical to dis-
tribution grid plannings, the grid topology and phase connection
should be estimated at the same time. To correctly identify bus phase
labels, one may apply existing methods [35–37] to identify phase
connectivity before estimating topology. Fortunately, the proposed
topology estimation method does not require this preprocessing step
and is invariant to incorrect phase labels. Specifically, when voltage
phases are incorrectly labeled, the elements in random vector ∆Vi

are permuted. This permutation does not affect the computation of
detCov(∆Vi), thus, does not change the values of H(∆Vi) and
H(∆Vi; ∆Vk). Therefore, the mutual information I(∆Vi;∆Vk)
is the same even the bus labels are incorrect. Section 5.3 uses numer-
ical examples to show that our algorithm can recover the topology
perfectly with the presence incorrect phase labels.

Algorithm 1 Multiphase Distribution Grid Topology Estimation

Require: ∆vi[n] for i ∈ M+, n = 1, · · ·N
1: for i, k ∈M+ do
2: Compute empirical mutual information I(∆Vi;∆Vk) based

on ∆vi[n] and ∆vk[n] using (16) and (17).
3: end for
4: Sort all possible bus pair (i, k) into non-increasing order by

I(∆Vi; ∆Vk). Let T denote the sorted set.

5: Let Ê be the set of nodal pair comprising the maximum weight

spanning tree. Set Ê = ∅.
6: for (i, k) ∈ T do

7: if cycle is detected in Ê ∪ (i, k) then
8: Continue
9: else

10: Ê ← Ê ∪ (i, k)
11: end if
12: if |Ê | == M then
13: break
14: end if
15: return Ê
16: end for
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The proposed algorithm for multi-phase distribution grid topol-
ogy estimation is summarized in Algorithm 1. The well-known
Kruskal’s minimum weight spanning tree algorithm [38, 39] can be
applied to efficiently build the maximum weight spanning tree (Steps
6 - 16). The running time of the Kruskal’s algorithm is O(M logM)
for a radial distribution network with M buses.

3.2 Distribution Grid Topology Estimation using Voltage
Magnitudes Only

Voltage phase angles are hard to acquire in distribution grids
today because PMUs are not widely available. However, the pro-
posed method can be extended to find the distribution grid topology
only using voltage magnitudes |∆V|. As presented in Lemma 3,
the key step of the proposed method is computing the mutual
information of each bus voltage pair. Using chain rule, the mutual
information I(∆Vi; ∆Vk) can be decomposed as

I(∆Vi;∆Vk) = I(|∆Vi|,∆θi; |∆Vk|,∆θk) (18)

= I(|∆Vi|, |∆Vk|)︸ ︷︷ ︸
term A

+ I(|∆Vi|,∆θi

∣∣|∆Vk|)︸ ︷︷ ︸
term B

+ I(|∆Vi|,∆θk

∣∣|∆Vk|,∆θi)︸ ︷︷ ︸
term C

. (19)
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Fig. 7: Pairwise mutual information breakdown.

Fig. 7 empirically plots the pairwise mutual information of term
A, B, C using the IEEE 123-bus system and the real data from
PG&E. The mutual information computed in (19) is sorted by its
value. The x-axis of Fig. 7 is the index of the sorted mutual infor-
mation. The y-axis is the mutual information of each part in (19).
The values of term A is much larger than term B and term C across
all pairs of bus. The reason is that the changes of voltage angles are
relatively small in distribution grids and thus, contain less informa-
tion than voltage magnitudes. Based on our empirical observation
in Fig. 7, I(|∆Vi|; |∆Vk|) can be used to approximately estimate
distribution grid structures. Specifically, the optimization problem in
Lemma 3 is approximated as

Θ̂ = argmax
Θ⊂M+

M∑

i=1

I (|∆Vi|; |∆VΘi
|). (20)

Many smart meters deployed can measure the voltages of all three
phases. Therefore, the proposed algorithm can still apply when
only smart meter voltage magnitude measurements are available.
Algorithm 2 summarizes the process for estimating topology using
voltage magnitudes only.

Algorithm 2 Multiphase Distribution Grid Topology Estimation
using Voltage Magnitudes

Require: |∆vi[n]| for i ∈ M+, n = 1, · · ·N
1: for i, k ∈M+ do
2: Compute empirical mutual information I(|∆Vi|; |∆Vk|)

based on |∆vi[n]| and |∆vk[n]| using (16) and (17).
3: end for
4: Sort all possible bus pair (i, k) into non-increasing order by

I(|∆Vi|; |∆Vk|). Let T denote the sorted set.
5: Repeat Step 5 to Step 16 in Algorithm 1.

3.3 Topology Estimation of Weakly Mesh Distribution Grid

In the previous part, the multiphase distribution grid topology
estimation method is proposed for the radial system. In practice, with
the increase penetration of DERs, more distribution grids become to
mesh structure for robustness [12, 40, 41]. In mesh structures, a bus
has more than one parents. Assuming only one bus has two parents,
the joint distribution is rewritten as

P (∆VM+) = P (∆VM |∆Vpa(M),1,∆Vpa(M),2)

×
M−1∏

i=1

P (∆Vi|∆Vpa(i)), (21)

where pa(i), 1 and pa(i), 2 represent the first and second parent
of bus i. Following the same proof as Lemma 3, the KL distance
D(P (∆VM+)‖Q(∆VM+)) can be written as

D(P (∆VM+)‖Q(∆VM+))

= −I(∆VM ;∆Vpa(M),1,∆Vpa(M),2)

−
M−1∑

i=1

I(∆Vi;∆Vpa(i)) + constant. (22)

Therefore, to find the topology for weakly meshed system (e.g., max-
imum number of parents is less than two), the optimization problem
in Lemma 3 is approximated as

Θ̂ = argmax
Θ⊂M+

I(∆VM ;∆VΘM,1
,∆VΘM,2

) +

M−1∑

i=1

I(∆Vi;∆VΘi
).

(23)
Specifically, for each mutual information I(∆VM ;∆VΘM,1

,∆VΘM,2
),

I(∆VM ; ∆VΘM,1
,∆VΘM,2

) +
∑M−1

i=1 I(∆Vi;∆VΘi
) is com-

puted by performing the maximum weighted spanning tree
algorithm. Then, the one with the largest total mutual information is
chosen to estimate system topology. The computational complexity
isO(M(M − 1) log(M − 1).

The method discussed above can be generalized to systems with
more buses that contain more parents. However, the computational
complexity is also increased significantly. Therefore, for distributed
systems that contain multiple loops, we recommend to adopt topol-
ogy estimation methods that designed for mesh structures, such as
[12, 33].

3.4 Bus Phase Identification and Correction

The previous section demonstrated that even with incorrect phase
labels, the multi-phase distribution grid topology still can still be
recovered. In many field applications, accurate grid topology is not
sufficient. The correct information of bus phases is also critical
in grid plannings and operations. This subsection proposes a data-
driven method to identify bus phase information and correct the
mistaken phase labels.
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Fig. 8: An example of the two-port three-phase circuit.

Lemma 4. In a multi-phase distribution grid, if two terminal buses
of a branch are connected on the same phase, their phase voltage
correlation is the largest.

Proof: Using the modified Carson’s equation [21], the self

impedance zaa and mutual impedances zab and zac of a multi-phase
power line can be computed as follows:

zaa = rik + 0.095 + j0.121 ×Ha
ikΩ/miles, (24)

zab = 0.095 + j0.121 ×Hab
ik Ω/miles, (25)

zac = 0.095 + j0.121 ×Hac
ik Ω/miles, (26)

where Ha
ik , Hab

ik , and Hac
ik are constants, and raik is resistance of

branch i− k in Ω/miles. In a distribution grid, the resistance is usu-
ally larger than reactance [42]. Therefore, zaa ≃ raik + 0.095 and

zab ≃ zac ≃ 0.095.
For bus i and bus k, the voltages and currents can be expressed as




∆V a

i

∆V b
i

∆V c
i



 =




∆V a

k

∆V b
k

∆V c
k



+




Zaa Zab Zac

Zab Zbb Zbc

Zac Zbc Zcc








∆Ia

∆Ib

∆Ic



 , (27)

where Zmn = zmn × l and l is the line length. The equations above
can be simplified to

∆V a
i = ∆V a

k +C + rik × l ×∆Ia, (28)

∆V b
i = ∆V b

k + C + rik × l ×∆Ib, (29)

∆V c
i = ∆V c

k + C + rik × l ×∆Ic, (30)

where C = 0.095 × l × (∆Ia +∆Ib +∆Ic). The phase voltages
at the two ends of a branch are in a linear relationship. Therefore,
their correlation is the largest. �

Table. 1 shows the voltage magnitude corrections among bus 64,
65, and 66 in IEEE 123-bus system. There are no PMUs in the sys-
tem. Since PMUs can provide accurate phase measurements, the
bus phase label identification problem is trivial with the present of
PMUs. In the 123-bus system, bus 64 and 65 are connected on phase
b. Bus 65 and 66 are connected on phase c. In Table. 1, the correlation
between bus 64 and 65 on phase b is much larger than other pairs.
Similar observation holds for bus 65 and 66. Therefore, to identify
bus phases in a distribution grid, the correlation check can be applied
from the substation of the radial network down to the leaf buses. The
reason is that the substation bus label information is usually reliable.
Then, the bus phase can be correctly identified, following that path of
the estimated grid topology. Note that, the metering device installed
at each bus can provide the number of phases at each bus. Therefore,
this method is eligible for all types of bus. The same approach can
also be applied to diagnose the correctness of the bus phase labels.

Table 1 Voltage Magnitude Correlations Between Bus 64, 65, and 66.

|∆V a
65| |∆V b

65| |∆V c
65|

|∆V b
64| 0.4956 0.9996 0.5332

|∆V c
66| 0.9526 0.5479 1.0000

4 Unbalanced Multi-Phase Distribution Grid
Topology Estimation with Incorrect Phase Labels

The results in the previous section illustrate the topology estima-
tion for balanced multi-phase systems with incorrect phase labels.
However, it is not directly expendable to unbalanced multi-phase
systems. As shown in Fig. 8, the voltages and currents are coupled
cross different phases. Also, the unbalanced loads on each phase lead
to the voltages angles are not separated by 2π/3. To address these
issues, the grid is transformed using sequence component frame-
work. The voltage phasor is decomposed into three balanced phasors
known as positive sequence, negative sequence, and zero sequence.
The multi-phase voltage ∆Vi in phase frame is decomposed as
follows:

∆Vi =




1 1 1

h2 h 1

h h2 1








∆V p

a

∆V n
a

∆V z
a



 = H∆V
pnz
a , (31)

where h = exp (j2π/3), h2 = exp (−j2π/3), ∆V p
a ,∆V n

a ,∆V z
a

denote positive-sequence, negative-sequence, and zero-sequence
voltage on phase a. ∆V

pnz
a is called the sequence voltage of phase

a. Since each sequence component system is balanced, the sequence
component voltages of phase b and phase c are the phase shifts of
voltage on phase a, ∆V

pnz
a . Thus, the sequence components volt-

ages of phase b and c are not required to compute. In the following
text, ∆V

pnz
i denotes the sequence voltage vector of bus i on phase

a. The sequence voltages can be computed as follows:

∆V
pnz = H

−1∆V =
1

3
H

H∆V, (32)

where the operator H denotes the Hermitian transpose. The same
transformation can also be applied to the multi-phase current phasors
and admittance matrix, i.e.,

∆I
pnz
i = H

−1∆Ii, (33)

Y
pnz
ik

= H
−1

YikH. (34)

A highlight is that the transformation above is applied to
the multi-phase voltage phasors, current phasors, and admit-
tance matrix at a particular bus, not the entire system. There-
fore, if two buses are not connected, e.g., Yik = 0, Y

pnz
ik

=
0. Therefore, finding topology in phase frame is equivalent to
finding topology in sequence component frame. The proof of

P (∆V
pnz

M+) =
∏M

i=1 P (∆V
pnz
i |∆V

pnz

pa(i)
) is required to apply the

mutual information-based maximum weight spanning tree algorithm
(Chow-Liu algorithm).

The transformation process in (32) does not require the correct
phase labels in the phase frame. The reason is that when the bus
phase labels are incorrect, the decomposition in (32) will become
either the sequence component frame ∆V

pnz
b

or ∆V
pnz
c . Since

both ∆V
pnz
b

or ∆V
pnz
c are both balanced systems, the same

method proposed for ∆V
pnz
a can be applied to estimate system

topology.

Lemma 5 (Data Processing Inequality [32]). If random vectors
X,Y,Z forms a Markov Chain, i.e., X→ Y → Z, I(X;Y) ≥
I(X;Z). Also, for the function of Y, g(Y), I(X;Y) ≥
I(X; g(Y)).

Lemma 6. Consider a multi-phase distribution grid and assume
that the current injection increment at each bus is approximately
independent, e.g., ∆Ii ⊥ ∆Ik for i 6= k. Given the nodal bus volt-
age increment of bus i in sequence component frame, the nodal bus

voltage increments of every pair of bus i’s children are condition-
ally independent, i.e., ∆V

pnz
k
⊥ ∆V

pnz
l
|∆V

pnz
i for k, l ∈ C(i)

and k 6= l.

Proof: The first step of the proof is showing that the current injec-
tion increment are independent in sequence component frame, given
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the current injection increment at each bus is independent in phase
frame. There are multiple ways to prove it. Here, an information
theoretical approach is adopted.

When two random vectors are independent, their mutual infor-
mation is zero [32], e.g., I(∆Ii;∆Ik) = 0 if ∆Ii ⊥ ∆Ik . Since

∆I
pnz
k

= H
−1∆Ik is a linear transformation of ∆Ik , these ran-

dom vectors form a Markov Chain, i.e., ∆Ii → ∆Ik → ∆I
pnz
k

.
Applying Lemma 5,

I(∆Ii;∆I
pnz
k

) ≤ I(∆Ii;∆Ik) = 0. (35)

Because the mutual information is non-negative, I(∆Ii;∆I
pnz
k

) =
0. ∆Ii = H∆I

pnz
i is a function of ∆I

pnz
i . Thus, another Markov

Chain is formed: ∆I
pnz
i → ∆Ii → ∆I

pnz
k

. Applying Lemma 5
again,

I(∆I
pnz
i ;∆I

pnz
k

) ≤ I(∆Ii; ∆I
pnz
k

) = 0. (36)

I(∆I
pnz
i ; ∆I

pnz
k

) is zero due to the non-negativity of mutual
information. Therefore, if the current injections are independent
in phase frame, they are also independent in sequence component
frame.

The second step of the proof is showing that the conditional inde-
pendence of nodal voltages holds in sequence component frame.
The example in Fig. 5 is adopted to illustrate it. In the sequence
component frame, the nodal equation of the system in Fig. 5 is
Y

pnz

M+∆V
pnz

M+ = ∆I
pnz

M+ , where Y
pnz

M+ is





Y
pnz
11 Y

pnz
12 Y

pnz
13 0 0 0 0

Y
pnz
21 Y

pnz
22 0 Y

pnz
24 Y

pnz
25 0 0

Y
pnz
31 0 Y

pnz
33 0 0 Y

pnz
36 Y

pnz
37

0 Y
pnz
42 0 Y

pnz
44 0 0 0

0 Y
pnz
52 0 0 Y

pnz
55 0 0

0 0 Y
pnz
63 0 0 Y

pnz
66 0

0 0 Y
pnz
73 0 0 0 Y

pnz
77





,

(37)

Y
pnz
ik

= Y
pnz
ki

, and Y
pnz
ii = −∑7

k=1,k 6=i Y
pnz
ik

. If Y
pnz
ik

= 0,

there is no branch between bus i and k. This equation is in the same
format as (4). Since ∆I

pnz
i ⊥ ∆I

pnz
k

for all i 6= k, the same method
used in the proof of Lemma 1 and Lemma 2 can show the conditional
independence of nodal voltages in sequence component frame. �

With Lemma 6, the conditional independence of current injec-
tion is proved to hold in the sequence component frame as

well, e.g., P (∆V
pnz

M+) =
∏M

i=1 P (∆V
pnz
i |∆V

pnz

pa(i)
). Since the

sequence component system is a balanced multi-phase system,
the Chow-Liu algorithm can estimate topology in the sequence
component frame.

Theorem 2. In an unbalanced radial distribution grid, the topology
can be estimated by solving the following problem

Θ̂ = argmax
Θ⊂M+

M∑

i=1

I(∆V
pnz
i ;∆V

pnz
Θi

). (38)

Also, the mutual information-based maximum weight spanning tree
algorithm (Chow-Liu algorithm) solves the problem above.

The proof of Theorem 2 is omitted here because it is similar
to the proofs of Lemma 3 and Theorem 1. The topology esti-
mation algorithm for unbalanced multi-phase distribution grids is
summarized in Algorithm 3.

The phase angles of ∆V are needed for performing the phase
frame transformation in (32). However, as discussed in Section 3.2,
PMUs have not been widely available in distribution grids. To
only use voltage magnitudes to address the unbalance problem, the
following approximation is proposed:

∆V
pnz = H

−1|∆V|. (39)

In this approximation, only the voltage magnitudes in phase frame
are used to compute voltages in sequence component frame. As

Algorithm 3 Unbalanced Multiphase Distribution Grid Topology
Estimation via Sequence Component Frame

Require: ∆vi[n] for i ∈ M+, n = 1, · · ·N
1: Compute voltage phasor ∆v

pnz
i [n] using (32) for i ∈ M+,

n = 1, · · ·N .
2: for i, k ∈M+ do
3: Compute empirical mutual information I(∆V

pnz
i ;∆V

pnz
k

)
based on ∆v

pnz
i [n] and ∆v

pnz
k

[n].
4: end for
5: Sort all possible bus pair (i, k) into non-increasing order by

I(∆V
pnz
i ,∆V

pnz
k

). Let T denote the sorted set.
6: Repeat Step 5 to Step 16 in Algorithm 1.

demonstrated in Section 5, this approximation does not introduce
significant errors to topology estimation. In addition, the grid topol-
ogy is identical in phase frame and in sequence component frame.
Therefore, once the unbalanced grid topology is estimated, Lemma 4
is applied to identify the phases of all buses.

5 Simulations and Numerical Results

In this section, the proposed algorithms for balanced and unbal-
anced grid topology estimation are validated on on IEEE 37-bus and
123-bus (Fig. 10) distribution networks [22] using data from PG&E.
In addition, we validate the proposed algorithms on systems with
DERs and incorrect phase labels. Furthermore, we conduct sensitiv-
ity analysis on data lengths, data accuracy, load patterns, and data
resolutions.

Both 37-bus and 123-bus systems are multi-phase. In each net-
work, the feeder or substation is selected as the slack bus (bus 0).
The historical data have been preprocessed by the GridLAB-D [25],
an open source simulator for distribution grid. The load profile from
PG&E is used to simulate the power system behavior in a prac-
tical pattern. This profile contains anonymized and secure hourly
smart meter readings over 110, 000 PG&E residential customers for
a period of one year spanning from 2011 to 2012. Since both 37-bus
and 123-bus systems are primary distribution grids, the real power at
each bus is an aggregation of 10− 100 customers. The load buses in
both systems are unnecessary to be multi-phase. The details of bus
and branch phases are given in [22]. The voltage data at each bus are
used for topology estimation. Fig. 9 summarizes the overall process
of topology estimation and bus phase identification.

Distribution Grid 

Topology Estimation
Bus Phase Estimation

Estimated 

Topology

Estimated 

Phase Connectivity

Fig. 9: Flow chart of topology estimation and bus phase identifica-
tion process.

The PG&E data set does not contain the reactive power. The reac-

tive power qφi [n] on phase φ of bus i at time n is computed according

to a random lagging power factor pfφi [n], which follows a uniform

distribution, e.g., pfφi [n] ∼ Unif(0.8, 0.95). To obtain voltage time-
series, i.e., vi[n], the power flow analysis is run to generate the
hourly states of the power system over a year. N = 8760 measure-
ments are obtained at each bus. Section 5.4.1 investigates the data
length requirement for topology estimation. The loads attached to
each phase are unequal. Hence, the systems are unbalanced. Fig. 11
and Fig. 12 show the hourly aggregated real powers on each phase
in 37-bus and 123-bus systems. Although each phase has the simi-
lar pattern over time, the magnitudes of real powers are different on
each phase. Therefore, the testing systems are unbalanced.
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Fig. 10: IEEE 123-bus distribution test case.
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Fig. 11: Hourly aggregated real powers on each phase in 37-bus
system.

5.1 Distribution Grid Topology Estimation Error Rate

This section discusses the performance on grid topology estima-
tion. The error rate (ER) is employed as the performance evaluation
metric, which is defined as

ER =
1

|E|

( ∑

(i,k)∈Ê

I ((i, k) /∈ E)

︸ ︷︷ ︸
false estimation

+
∑

(i,k)∈E

I

(
(i, k) /∈ Ê

)

︸ ︷︷ ︸
missing

)
%

(40)

where Ê denotes the edge set estimates, |E| is the size of E , and
I (.) is the indicator function. The first and second terms represent
the number of falsely estimated branches and the number of missing
branches, respectively.

Table 2 summarizes the topology estimation error rates of unbal-
anced multi-phase 37- and 123-bus systems using noiseless data.
When phase angle data are available, our algorithm perfectly esti-
mates the grid topology. When only voltage magnitudes are avail-
able, our algorithm can still estimate the grid topology perfectly.
This result also verifies that our approximation in (39) is sufficient
for topology estimation.

The proposed algorithm is also compared with a modified single-
phase topology estimation in [20]. Specifically, the single-phase
topology estimator is applied to each phase individually. Then, the
single-phase topology estimates are combined to produce the multi-
phase system topology. As shown in Table 2, the modified single-
phase method has worse performance than the proposed algorithm.
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Fig. 12: Hourly aggregated real powers on each phase in 123-bus
system.

Table 2 Topology Estimation Error Rate without DERs.

Proposed Method Modified Single-Phase
Method

System ∆V
pnz |∆V

pnz | ∆V
pnz |∆V

pnz |
37-bus 0.00% 0.00% 5.56% 8.33%
123-bus 0.00% 0.00% 1.64% 1.64%

The key reason is that the modified single-phase method does not
consider the voltage coupling across phases.

The proposed algorithm is compared with the method in [43],
which is also based on minimizing the KL distance and searches
the correct operational topology from all possible topology candi-
dates. For 37-bus system, the error rate of [43] is 5.6%. For 123-bus
system, the error rate is 8.2%. The high error rates are due to the
DC approximation in [43]. For unbalanced distribution grids, the DC
approximation does not hold generally.

In addition, we validate our algorithm on IEEE 8500-node distri-
bution system [44], which contains both low-voltage and medium-
voltage buses. The error rate that using ∆V

pnz is 15.7%. Most
incorrect identified branches are near the low-voltage grid feeders.
In many systems, the locations and connectives of the low-voltage
grid feeders are accurate. Therefore, with the prior knowledge of
low-voltage grid feeders, the error rate is reduced to 3.8%.

Table 3 Topology Estimation Computation Time (seconds)

System
Computation time of
mutual information

Computation time of
maximum weight

spanning tree

Total
time

37-bus 0.476 0.499 0.975
123-bus 2.978 3.114 6.092
8500-bus 244.345 478.111 722.456
8500-bus
(parallel)

89.090 94.028 183.118

Table 3 summarizes the computational time of the proposed
algorithm on different sizes. For 37-bus and 123-bus systems, our
algorithm takes a few seconds to report the estimated topology,
which makes it suitable for real-time monitoring. For 8500-bus sys-
tem, the computational time scales up exponentially. As mentioned
above, the locations and connectives of low-voltage grid feeders are
accurate. Hence, for large-scale system that has both low-voltage and
medium-voltage systems, the topology estimation problem can be
performed as two steps: 1) only identify the topology of low-voltage
grids and 2) only estimate the topology of medium-voltage grids.
Since each low-voltage grid operates independently, the topology
estimation process can be run in parallel. As indicated in Table 3,
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by decomposing a large-scale grid into multiple small sub-grids,
the computational time of topology estimation is reduced by 75%.
A highlight is that in the parallel computation, the computational
time is bounded by the largest low-voltage grid. If every low-voltage
grid is small (e.g., similar size as the 123-bus system), the compu-
tational time can be further reduced. Another highlight is that the
computational time is invariant to the integration of DERs.

5.2 Distribution Grids with DER Integration

The penetration of DERs has grown significantly during last
decade and will keep increasing in the future. As discussed earlier,
the high penetration of DER will lead to a deeply unbalanced dis-
tribution grid. To evaluate the proposed algorithm with integrated
DERs, 20% of residents in the distribution networks are selected
to install rooftop photovoltaic (PV) systems. The profiles of hourly
power generation are obtained from NREL PVWatts Calculator, an
online simulator that estimates the PV power generation based on
weather history of PG&E service zone and the physical parameters
of a 5kW PV panel in residential levels [45]. The power factor is
fixed as 0.90 lagging, which satisfies the regulation of many U.S.
utilities [46] and IEEE standard [47]. Similar to the simulations
without DERs, we use one year data (8760 samples) to estimate
topology.

Table 4 Topology Estimation Error Rate with 20% PV Penetrations.

Proposed Method Modified Single-Phase
Method

System ∆V
pnz |∆V

pnz | ∆V
pnz |∆V

pnz|
37-bus 0.00% 0.00% 8.33% 11.11%

123-bus 0.00% 0.00% 1.64% 1.64%

The error rates of grid topology estimation with the rooftop PVs
integration are presented in Table 4 using noiseless measurements.
Our algorithm does not have any performance degradation with
DER integration. Also, the modified single-phase method still per-
forms worse than the proposed method. Compared with the systems
without DER, the modified single-phase method has performance
degradation.

In order to further validate the proposed algorithm, the DER pen-
etration level is progressively increased from 0% to 100%. For each
penetration level, Monte Carlo simulation is performed over 1000
iterations. Fig. 13 plots the error rate with different levels of DER
penetration using the voltage magnitude |∆V

pnz| only. Besides
60% penetration of DERs, the error rates do not change with the
growth of DER installation rate, which highlights the reliability of
the proposed algorithm. 12 iterations of Monte Carlo simulation
have errors when the DER penetration level is 60%. The incorrect
identified branches are bus 57 - bus 58 and bus 58 - bus 59. The
loads with PV integrations on these three buses are similar and the
line impedances are identical. This causes that the voltage profiles
of these buses are similar. Our algorithm is hard to identify the
correct connectivity. However, such an instance requires the same
impedance and same voltage profiles. This rarely happens in prac-
tice. As the penetration level increase, this instance is not observed
again and the proposed algorithm can correctly identify these two
branches.

5.3 Distribution Grids with Incorrect Phase Labels

In some distribution grids, up to 10% of the phase labels are
incorrect or unknown. Therefore, this section validates our algorithm
on the 123-bus system with incorrect phase labels. To simulate the
incorrect phase labels, several buses are randomly chosen and switch
their phase a voltage measurements to data of either phase b voltage
or phase c voltage.

Table 5 shows the error rates with different percentages of incor-
rect phase labels using voltage magnitude only and highlights that
our algorithm is insensitive to incorrect bus phase label. As discussed
previously, the incorrect phase labels is a permutation of random
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Fig. 13: Error rates with different levels of DER penetration using
|∆V

pnz |.

variables in |Vpnz
i | and do not affect I(|Vpnz

i |; |Vpnz
k
|). If the

modified single-phase approach is used, the error rate increases sig-
nificantly because the mutual information is computed for incorrect
bus pairs. For the 123-bus system, the error rate is 11.7% when 10%
buses have incorrect phase labels.

Table 5 Error Rate with Incorrect Phase Labels using |∆V
pnz|.

Percentage of Bus with Error Rate Error Rate
Incorrect Phase Labels Average Standard Deviation

2% 0% 0%

6% 0% 0%

10% 0% 0%

14% 0% 0%

18% 0% 0%

20% 0% 0%

5.4 Sensitivity Analysis

5.4.1 Sensitivity to Data Lengths: The proposed algorithm
is validated with different data lengths, ranging from 1 to 360
days. Fig. 14 illustrates the error rates of the 123-bus system, with
and without DER, over different lengths of the PG&E data set.
With 20 days’ measurements (24× 20 = 480 data points), the pro-
posed method can achieve zero error. This result is better than
the single-phase system presented in [20], which requires 30 days’
observations. The reason is that at time n, our proposed algorithm
uses measurements from three phases, which contain more informa-
tion than the single-phase system. The frequency of distribution grid
reconfiguration ranges from hours to weeks [48, 49]. Section 5.4.4
demonstrates that the topology can still be estimated by increasing
the sampling frequency of smart meters.

5.4.2 Sensitivity to Data Accuracy: In particles, smart meter
measurements are noisy. Thus, it is important to validate our
algorithm under different levels of measurement noises. In the U.S.,
ANSI C12.20 standard (Class 0.5) requires the smart meters to have
an error less than ±0.5% [50, 51]. Table. 6 shows the error rates
with different noise levels over 20 iterations in the 123-bus system
with PG&E data. Compared with the estimation results using per-
fect measurements, the error rates grow up as the increase in noise
levels. These newly introduced errors are around the feeders. For
example, bus 251 and 451 are both feeders and incorrectly connected
with the presence of noise. In real systems, the location of feeder
buses are usually known. Therefore, a post-processing can be applied
on the topology estimate and remove these unnecessary branches
from topology estimate. The updated system is still a radial network.
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Fig. 14: Error rates with different data lengths.

After performing post-processing, the error rate decreases to 1%. In
Table. 6, the standard deviation of error rate is very small and there-
fore, our algorithm can provide reliable and consistent results with
noisy measurements.

Table 6 Error Rates with Different Voltage Noise Levels in 123-bus System

Noise Level Error Rate Error Rate
Average Standard Deviation

0.01% 2.95% 0.41%

0.05% 2.91% 0.50%

0.1% 2.99% 0.67%

0.2% 3.98% 0.77%

5.4.3 Sensitivity to Data Patterns: The “ADRES-Concept”
Project load profile [23, 24] is employed to understand our
algorithm’s sensitivity to load patterns. This data set contains real
and reactive power profiles of 30 houses in Upper-Austria. The data
were sampled every second over 7 days in summer and 7 days in
winter. The voltage data are generated using the 37-bus system. The
load profiles are scaled to match the scale of power in the 37-bus
system. The resulting multi-phase system is unbalanced.

Fig. 15 compares the error rates using summer and winter
load profiles. When there is only one measurement, the proposed
algorithm has 200% error rate due to poor estimation of mutual
information. The error rate is above 100% because all estimated
branches are incorrect and none of the correct branch is found.
As more measurements become available, the error rate reduces
significantly. Also, our algorithm has a consistent performance in
winter and summer. Compared with the results in [20], the proposed
algorithm perfectly estimates the grid topology with shorten time
because more information is observed at each time step.

Another validation of our algorithm is using data set from Pecan
Street, which contains hourly load measurements of 345 houses
with PV integrations in Austin, Taxes. The measurements include
both power consumption and renewable generation. In Fig. 16, our
algorithm requires 16 hours’ measurements to recover the topology
of the 37-bus system, which is similar to the ADRES data set. This
highlights the robustness of our algorithm.

5.4.4 Sensitivity to Data Resolutions: Fig. 17 illustrates the
performance of the proposed algorithm under different sampling fre-
quencies using the ADRES data set. When the sampling period is
1 minute, about 6 hours’ voltage profile are required to perfectly
recover the system. According to [49], some distribution grids recon-
figure as fast as every 3 hours. Therefore, the proposed algorithm
is suitable for existing systems and real-time operations. If the
sampling period is 30 minutes, 35 data points (35× 30 minutes =
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Fig. 16: Error rates on Pecan Street data set.

17.5 hours) to recover the system topology. This estimation time is
only half of the required time in [20].

6 Conclusions

This paper proposes a data-driven approach to estimate multi-
phase distribution grid topology by utilizing smart meter measure-
ments. Unlike existing approaches, our method does not require
the system to be balanced. Also, our method tolerates the errors of
bus phase labels. Specifically, the topology estimation problem is
formulated as a joint distribution (voltage phasors) approximation
problem under the probabilistic graphical model framework. Then,
the distribution grid topology estimation is proven to be equivalent
to the graphical model estimation problem and propose a mutual
information-based maximum weight spanning tree algorithm, which
is optimal and efficient. Moreover, our algorithm is extended to the
case where only voltage magnitude is available. In addition, as bus
phase labels are critical to distribution grid plannings and opera-
tions, a simple approach is introduced to correct the error of bus
phase labels by utilizing Carson’s equations. Finally, the proposed
algorithm is validated on IEEE 37- and 123-bus systems and com-
pared with the existing single-phase method. Results show that the
proposed algorithm outperforms the single-phase method and has
robust performances when bus phase labels are incorrect. Our algo-
rithms are also validated under different penetration levels of DERs
and conduct the sensitivity analysis. The numerical results are highly
accurate and robust in various system configurations.
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Fig. 17: Error rates with different data resolutions.

7 Appendices

7.1 Proof of Lemma 1

Proof: Several cases illustrated in Fig. 18 are used to prove Lemma 1.
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Fig. 18: Figure for the proof of Lemma 1.

The first step is proving the leaf nodes. In Fig. 18(a), for bus 4, given
∆V2 = ∆v2, ∆VS(4) = ∆vS(4), and ∆V1 = ∆v1:

∆I4 = Y42∆v2 +Y44∆V4, (41)

∆Ik = Y1k∆v1 +Ykk∆Vk ∀k ∈ S(2). (42)

Since ∆I4 ⊥ ∆Ik , ∆V4 and ∆Vk are conditionally independent
for k ∈ S(2). This results can be generalized to all leaf buses that
share with same grandparent bus (∆V1).

In Fig. 18(b), for bus 4, given ∆V2 = ∆v2, ∆VS(4) =
∆vS(4), and ∆V1 = ∆v1:

∆I4 = Y42∆v2 +Y44∆V4, (43)

∆I3 = Y13∆v1 +
∑

k∈C(3)

Y3k∆Vk +Y33∆V3, (44)

∆Ik = Y3k∆V3 +Ykk∆Vk ∀k ∈ C(3). (45)

Since Yii = −Ypa(i)i −
∑

k∈C(i) Yki and Yik = Yki, com-

bining (44) and (45), the equation becomes

∆I3 +
∑

k∈C(3)

∆Ik

= Y13∆v1 +Y33∆V3 +
∑

k∈C(3)

Y3k∆Vk

+
∑

k∈C(3)

(Y3k∆V3 +Ykk∆Vk)

= Y13∆v1 − (Y13∆V3 +
∑

k∈C(3)

Y3k∆V3)

+
∑

k∈C(3)

(Y3k∆Vk +Y3k∆V3 −Y3k∆Vk)

= Y13∆v1 −Y13∆V3 (46)

Given ∆I4 ⊥ (∆I3 +
∑

k∈C(3) ∆Ik), ∆V4 and ∆V3 are condi-

tionally independent. (46) can be rewritten as an equation of ∆V3,
i.e.,

∆V3 = (Y13)
−1(Y13∆v1 −∆I3 −

∑

k∈C(3)

∆Ik). (47)

Replacing ∆V3 in (45) with the equations above, then, for k ∈
C(3),

Ykk∆Vk +Y3k∆v1 = ∆Ik +Y3k(Y13)
−1(∆I3 +

∑

k∈C(3)

∆Ik).

(48)
Given ∆I4 and ∆Ik +Y3k(Y13)

−1(∆I3 +
∑

k∈C(3) ∆Ik) are

independent and ∆v1 is a constant, ∆V4 and ∆Vk are condition-
ally independent for k ∈ C(3). When there are more child buses
∆VC(3), the same induction method above can be applied to prove
the conditional independence. Thus, the proof of Fig. 18(b) can be
generalized to prove the conditional independence of a leaf bus and
all other buses that are under the same grandparent bus.

Next part proves the lemma for non-leaf buses. In Fig. 18(c), for
bus 4, given ∆V2 = ∆v2, ∆VS(4) = ∆vS(4), and ∆V1 = ∆v1,

∆I4 = Y42∆v2 +Y44∆V4 +
∑

k∈C(4)

Y4k∆Vk, (49)

∆Ik = Y4k∆V4 +Ykk∆Vk,∀k ∈ C(4), (50)

∆Il = Y1l∆v1 +
∑

m∈C(l)

Ylm∆Vm +Yll∆Vl, (51)

∆Im = Ylm∆Vl +Ymm∆Vm, (52)

where l ∈ S(2) and m ∈ C(l). Combining (49) and (50) yields

∆I4 +
∑

k∈C(4)

∆Ik = Y42∆v2 −Y42∆V4. (53)

For every l in S(2), combining (51) and (52) yields the following
equation:

∆Il +
∑

m∈C(l)

∆Im = Y1l∆v1 −Y1l∆Vl. (54)
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Applying the strategy in Fig. 18(b) to (53) and (54) could prove
that ∆V4 and ∆Vl are conditionally independent. Also, ∆V4 and
∆Vm are proved to be conditionally independent for m ∈ C(l) by
combining (52) and (54). The results in Fig. 18(c) can be generalized
to all non-leaf buses. Using the results in Fig. 18, Lemma 1 is proved
to hold. �

7.2 Proof of Theorem 3

Proof: Recall the definition [32], the KL divergence is expressed as

D(P (∆VM+)‖Q(∆VM+ ;Θ))

=EP (∆V
M+ ) log

P (∆VM+)

Q(∆VM+ ;Θ)

=

∫
P (∆VM+) log

P (∆VM+)

Q(∆VM+ ;Θ)

=

∫
P (∆VM+) (logP (∆VM+)− logQ(∆VM+ ;Θ))

=

∫
P (∆VM+) logP (∆VM+)

−
∫
P (∆VM+) logQ(∆VM+ ;Θ). (55)

Because of Lemma 2, the radial structured PDF Q(∆VM+ ;Θ)

can be expressed as a conditional distribution
∏M

i=1 P (∆Vi|∆VΘi
).

Then,

D(P (∆VM+)‖Q(∆VM+ ;Θ))

=

∫
P (∆VM+) logP (∆VM+)

−
∫
P (∆VM+) log

M∏

i=1

P (∆Vi|∆VΘi
)

=

∫
P (∆VM+) logP (∆VM+)

−
∫
P (∆VM+)

M∑

i=1

logP (∆Vi|∆VΘi
), (56)

where P (∆V1|∆V0) = P (∆V1) due to the fact that ∆V0 is a
constant. By following the definition of conditional probability and
adding P (∆Vi) into the denominator, onecan simplify the equation
above as

D(P (∆VM+)‖Q(∆VM+ ;Θ))

=

∫
P (∆VM+) logP (∆VM+)

−
∫
P (∆Vi|∆VΘi

)

M∑

i=1

log
P (∆Vi,∆VΘi

)

P (∆Vi)P (∆VΘi
)

−
M∑

i=1

∫
P (∆Vi) logP (∆Vi)

=−H(∆VM+)−
M∑

i=1

I (∆Vi;∆VΘi
) +

M∑

i=1

H(∆Vi). (57)

The last equality is due to the definitions of entropy, i.e.,

H(∆Vi) = −
∫
P (∆Vi) logP (∆Vi), (58)

and mutual information, i.e.,

I (∆Vi; ∆VΘi
)

=

∫
P (∆Vi,∆VΘi

) log
P (∆Vi,∆VΘi

)

P (∆Vi)P (∆VΘi
)
. (59)

Thus, to minimize the KL-divergence between P (∆VM+)
and Q(∆VM+ ;Θ), one can choose the M − 1 edges to

maximize
∑M

i=1 I (P (∆Vi);P (∆VΘi
)). The entropy term∑M

i=1 H(∆Vi)−H(∆VM+) is irrelevant with the topology
structure of distribution grid and is excluded in the final optimization
problem. Therefore, minimizing D(P (∆VM+)‖Q(∆VM+ ;Θ))
is equivalent to solving the following optimization problem:

Θ̂ = argmax
Θ⊂M+

M∑

i=1

I (∆Vi;∆VΘi
) . (60)

�
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