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Abstract—The energy management system becomes increas-
ingly indispensable with the extensive penetration of new players
in the distribution networks, such as renewable energy, storage,
and controllable load. Also, the operation optimization of the
active distribution system requires information on operation state
monitoring. Smart measuring equipment enables the topology
identification and branch line parameters estimation from a data-
driven perspective. Nevertheless, many current methods require
the nodal voltage angles measured by phasor measurement units
(PMUs), which might be unrealistic for conventional distribution
networks. This paper proposes a numerical method to identify the
topology and estimate line parameters without the information of
voltage angles. We propose a two-step framework: the first step
applies a data-driven regression method to provide a preliminary
estimation on the topology and line parameter; the second step
utilizes a joint data-and-model-driven method, i.e., a specialized
Newton-Raphson iteration and power flow equations, to calculate
the line parameter, recover voltage angle and further correct the
topology. We test the method on IEEE 33 and 123-bus looped
networks with load data from 1000 users in Ireland. The results
demonstrate that the proposed method can provide an accurate
estimation of the topology and line parameters based on limited
samples of measurement without voltage angles.

Index Terms—Topology identification, state estimation, distri-
bution network, smart meter, data-driven.

FREQUENT NOTATIONS

n Number of buses
m Number of branches
M0 Number of samples in Step 1
M Number of samples in Step 2
i, j No. of buses
p, q Nodal active/reactive power injections
v, θ Nodal voltage magnitude/angle
g, b Branch’s conductance/susceptance
Gij , Bij Item in conductance/susceptance matrix
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I. INTRODUCTION

New players, such as wind, solar, storage, and controllable
loads, are expected to be increasingly integrated into electric
distribution network shortly [1]. Such integration brings about
opportunities for distribution networks to be actively optimized
[2][3]. Such operation optimization would enhance the security
and reliability of distribution networks and provide services
to transmission networks. The operation and analysis of the
distribution network may require the information of system
topology and/or line parameters, e.g., state estimation [4][5].
However, the real-time information of topology and line pa-
rameter, especially the conductance and susceptance g, b of the
branches, may not be available in distribution networks, since
there are fewer monitoring devices for distribution network
than those in transmission networks. Though distribution sys-
tem operators can refer to the blueprint or planning document
to get design topology and line parameters, due to situations
such as weather conditions, maintenance, and overhaul, etc.,
the real line parameters may deviate significantly from theo-
retical ones [6]. Therefore, the correct topology identification
and precise line parameter estimation are essential for future
distribution network operation.

The measurement of the distribution network for topology
identification and line parameter estimation mainly comes
from smart meters and micro phasor measurement unit (µ
PMU). Smart meter records active/reactive power injection
and voltage magnitude on buses p, q, v under the simultane-
ous command of central computers, while µ PMU measures
voltage angle information θ on buses, using synchronized GPS
signals [7]. However, µ PMU requires much higher frequency
synchronized command/signals. Finally, data centers collect
these records through either wireless or optical fiber commu-
nications.

Many data-driven technologies use full set of p, q, v, θ
information to either identify topology [8], or estimate line
parameter [9], [10], or both [11], [12]. Topology changes are
detected in [8] by calculating the dynamic Jacobian matrix and
the dynamic system state matrix from PMU measurements.
Non-linear weighted least-square error algorithm is used to
estimate line parameters [9], while a total least squares method
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is applied in [10]. Both topology and line parameter g, b are
estimated from µ PMU data [11], [12] based on the knowledge
of possible connectivity between buses. The estimation is
based on the linear correlations between power and line
parameters.

However, many medium-voltage distribution networks,
probably limited by investment, communication technique, or
age, do not and are not suitable to be fully equipped with
expensive µ PMU to measure voltage angle. Therefore, a
methodology that does not rely on voltage angle is required to
identify topology, estimate line parameters, and even recover
the missing voltage angle for common electric distribution
networks. The smart meters can easily read active/reactive
power and voltage magnitude, which have a relatively low
synchronization requirement. The measurements may sent
information through some out-dated communication systems
such as power line carrier ones. In this paper, we try to realize
the identification and estimation using such active/reactive
power injections and voltage magnitudes, and they may con-
tain noise.

There are several approaches to identify the topology of
distribution networks without voltage angle information. High
percentage of these methodologies rely on the time-series
correlation of measurements to detect topology [13], [14], [15],
e.g. power or voltage magnitude between different buses. Both
integer optimization methods and graph theory are applied
to identify distribution network topology optimization [16],
[17]. However, such methods are unable to estimate line
parameters.

Some literature estimates both the topology and line param-
eters of a distribution network without using voltage phase
information. Inverter probing is applied to topology and pa-
rameter estimation in [18] and [19]. They analyze the voltage
deviations after instantaneously perturbing injections by con-
trolling smart inverters. Data both from smart meters on buses
and line flow measurements are used to make identifications
in [20]. A voltage angle free method is proposed to estimate
topology and line parameters under an approximate and lin-
earized power flow model—LC-PF in [21]. These researches
are of interest, but our proposed method is different from prior
researches in the following aspects: 1) our proposed method
does not require interventional devices or measurements on
distribution lines, since they may be expensive or hard to
install in practical distribution networks. 2) we can provide
timely and accurate topology, line parameters for distribution
operators to instruct operations optimization, and overhauling.

In this paper, a two-step data-driven framework is proposed
to identify the topology, estimate line parameter, and recover
missing voltage angle without the measurement of voltage
angle1. The first step uses a purely data-driven approach, the
linear regression, to provide a basic identification on possible
topology type and initial value for line parameters. The second
step implements a joint data-and-model-driven method based
on the power flow equation and a specialized Newton-Raphson
iteration to precisely solve the g, b on each branch, and θ
on each bus. We test the proposed method in IEEE 33 and

1Code available: https://github.com/AmateurZhang/MatIdentification

123 three-phase balanced bus feeders, including different types
of loops, in order to demonstrate the accuracy and efficiency
under complex distribution networks.

The contributions of this paper are as follows:
1) Propose a voltage-angle-free method that enables identify

topology, estimate line parameter, and recover missing
voltage angle in common.

2) Propose a two-step identification framework that provides
accurate and robust estimation under measurement noises.

3) All measurements come from smart meters on buses, and
no requirement on PMU or current indicators, etc.

We organize the remainder of this paper as follows. Section
II gives the motivation and framework of the proposed method.
Section III introduces the basic identification method, and
Section IV presents the fine identification method. Section V
shows the test of the proposed method on the IEEE 33- and
123-bus systems. Section VI draws the conclusions.

II. MOTIVATION AND FRAMEWORK

The proposed methodology aims at identifying the topology
and estimating the line parameter of distribution networks
using historical or real-time measurements of nodal power
injections and voltage magnitude without voltage angles.

Mathematically, we want to find topology and line parame-
ter g, b, θ best fits the following problem in for each historical
dataset:{

pi
.
=
∑n
j=1 vivj(Gij cos θij +Bij sin θij)

qi
.
=
∑n
j=1 vivj(Gij sin θij −Bij cos θij)

(1)

In common, we want to calculate the least-squares solution
for the problem above and rewrite the problem as:

min
[Gij ],[Bij ],θ

n∑
i=1

(
pi −

n∑
j=1

vivj(Gij cos θij +Bij sin θij)

)2

+

(
qi −

n∑
j=1

vivj(Gij sin θij −Bij cos θij)

)2

(2)

Since [Gij ] and [Bij ] contain all the information about
the topology and line parameter of a distribution network,
the aim of this paper is to find the optimal [Gij ] and [Bij ]
following Eq. (2). According to the graph theory, there are
n(n− 1)/2 possible connections between buses in an n-node
undirected graph. Therefore, the possible topology type would
be 2n(n−1)/2. It is too large to identify topology through
enumeration.

In order to avoid massive enumeration, we propose a two-
step framework to achieve our purpose, as shown in Fig.
1. In Step 1, there is no prior information on either the
topology or the line parameters, and we use a purely data-
driven approach to shrunk the possible solutions. Using linear
regression that neglects the effect of voltage angles on the
conductance/susceptance matrix, we obtain an approximate
estimation on the topology and line parameters, which may
act as an initial value for further calculations in Step 2.
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In Step 2, we carry out a joint data-and-model-driven
method to find the optima of topology and line parameter
g, b, and voltage angle θ that best fits the measurement data.
We regard g, b, θ as variables in power flow equation under a
specialized version of Newton-Raphson iteration which directs
the g, b, θ to their real values. In common, the topology is
finely corrected during the iterations.

The technical details of Step 1 and Step 2 are described in
Section III and IV, respectively.

Nodal active/inactive power load p, q 

and nodal voltage magnitude v 

datasets

Regress for 

conductance/susceptance matrix s

n

Reduce noise for

conductance/susceptance matrix n

Correct topology, 

branch’s conductance/susceptance g, b and

voltage angle ϴ

Basic topology and line parameter

Fine topology, line parameter and voltage 

angle 

Step 1: Basic

Identification

Step 2: Fine 
Identification

Fig. 1. Main framework of the proposed method

III. STEP 1: BASIC IDENTIFICATION

The proposal of the basic identification is to provide an
initial value for Step 2. Section III-A introduces a regression
method to calculate approximate conductance and susceptance
matrix. Then, Section III-B proposes the noise elimination
process cleaning the matrix obtained in Section III-A. Finally,
the basic topology and line parameters are identified and
estimated, as shown in the de-noised conductance [Gij

#
S ] and

susceptance [Bij
#
S ] matrix, in Section III-B.

A. Regress Conductance and Susceptance Matrix

According to the power flow equations under polar coordi-
nates, we have

pi =

n∑
j=1

vivj(Gij cos θij +Bij sin θij) (3)

qi =
n∑
j=1

vivj(Gij sin θij −Bij cos θij) (4)

We can rewrite the equations in matrix form. # means
approximation in this paper.

[p/v] =
[
G#
ij

]
· [v] (5)

[q/v] = −
[
B#
ij

]
· [v] (6)

where Vi is the magnitude of voltage, without angle informa-
tion. [p/v] = [p1/v1 · · · pn/vn]T , [q/v] = [q1/v1 · · · qn/vn]T ,
[v] = [v1 · · · vn]T are vectors containing all information on
each bus. In Eq. (5) and (6), Gij# and Bij# may be expressed
as:

G#
ij = Gij cos θij +Bij sin θij (7)

B#
ij = −Gij sin θij +Bij cos θij (8)

Gij and Bij are real line parameters in the distribution
network. In distribution network, Gij and Bij are on the same
order of magnitude (shown in IEEE 33, 123 bus feeder).

An element in matrix [Gij ] and [Bij ] is nonzero where
bus i connects bus j directly. Since G#

ij and B#
ij are linear

combinations of Gij and Bij , they share the same position
of non-zero items. Thus, [G#

ij ] and [Gij ] reflect the same
topology, so do [B#

ij ] and [Bij ].
The voltage angle |θij | is usually within 5◦ or 0.1 rad. In

this case, sin θ ≈ θ, cos θ ≈ 1, the following two equations
are approximations to Eq. (7) and (8).

G#
ij = Gij + θijBij (9)

B#
ij = Bij − θijGij (10)

Eq. (9) and (10) indicate that the divergence between G#
ij

and Gij is one order of magnitude smaller than Bij , and G#
ij

shall be a good approximation and initial value to estimate
real Gij .

Even if the θij is huge, e.g. ±15◦, assume Gij = −Bij ,
the theoretical relative divergence between Gij , G

#
ij and Bij ,

B#
ij is within 30%, as shown in Fig. 2. It is still suitable to

provide a good initial value for Step 2.
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Fig. 2. Theoretical relative divergence between Gij , G#
ij and Bij , B#

ij

If there are M0 observations including P, V,Q information,
we can estimate [Gij ] and [Bij ] using linear regression.
Assuming there are M0 datasets, the function Eq. (3) and (4)
would be

[P/V ] = [G#
ij ][V ] (11)

[Q/V ] = −[B#
ij ][V ] (12)
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where [P/V ] = [[p/v]1 · · · [p/v]M0
],

[Q/V ] = [[q/v]1 · · · [q/v]M0 ], [V ] = [[v]1 · · · [v]M0 ].
The solutions of [G#

ij ] and [B#
ij ] are

[G#
ij ] = [P/V ][V ]T ([V ][V ]T )−1 (13)

[B#
ij ] = −[Q/V ][V ]T ([V ][V ]T )−1 (14)

Finally, we should keep [Gij
#] and [Bij

#] as symmetric
matrix, in order to follow the character of power grids.
The following two equations show an easy method to hold
symmetry of matrix, and S means symmetric here.

[G#
ijS

] = ([Gij
#] + [Gij

#]T )/2 (15)

[B#
ij S

] = ([Bij
#] + [Bij

#]T )/2 (16)

B. Reduce Noise for Conductance and Susceptance Matrix

Due to the error both from measurement and linear regres-
sion, the [G#

ijS
] may be filled with noise. A way to reduce

noise is to remove items smaller than a fixed value. However,
since we have no accurate information on the magnitude
of branches’ conductance and susceptance g, b, it is hard to
determine the upper bound of g, b.

Instead, as for a bus, since the number of outgoing branches
is usually smaller than that of maximum possible connections
(n − 1), we can set a lower bound of branch’s contribution
γTop to |Gii|, to differentiate and remove the unconnected
branches.

According to the circuit principle, a diagonal element in
an electrical system’s node conductance matrix is equivalent
to the opposite number of the sum of the conductance of
the branch directly connected to this node, as shown in the
following equation.

|Gii| = |
∑
j,j 6=i

Gij | (17)

As for each branch connecting bus i, we define their
contribution γ(i, j) to the bus as the ratio of |Gij | to |Gii|.

γ(i, j) =
|Gij |
|Gii|

(18)

If a branch’s contribution to its connected bus is below a
threshold γTop, the branch should be removed. Specifically,
we set its corresponding Gij as zero.

This concept can be theoretically written in form of a
constrained linear least square problem, shown in Eq. (19).
However, it is not a simple constrained least square problem,
due to its nonlinearity.

min
[G#

ijS
]
||[P/V ]− [G#

ijS
][V ]||2

s.t. [G#
ijS

] = [G#
ijS

]T

(γTop − γ(i,j)) ·G#
ijS
≥ 0,

−G#
ijS
≥ 0, i = 1, · · · , n, j = 1, · · · , n, i 6= j

(19)

The following paragraph introduces a method to find the
solution of Eq. (19), and we summarize the algorithm in Alg.
1.

Firstly, we calculate γ(i,j) for each branch, and set items
whose γ(i,j) ≤ γTop, i 6= j to zero in [Gij

#
S ] and [Bij

#
S ].

Secondly, we redo the linear regression for each bus, with
the equation below.

[P/V (i)] = [G#(i)][V ] (20)

where [P/V (i)], [G#(i)] are items in ith row of [P/V ],
[Gij

#
S ], whose γ(i, j) > γTop.

Thirdly, we renew the corresponding items in [Gij
#
S ] with

[Gi
#].

Then, we keep [Gij
#
S ] a symmetric matrix using the function

below to follow the principle of power grid.

[G#
ijS

]New = ([G#
ijS

] + [G#
ijS

]T )/2 (21)

Remind those same operations should be applied to the
[Bij

#
S ] in the meantime, to guarantee [Gij

#
S ] and [Bij

#
S ]

reflecting the same topology.
Finally, we repeat the above steps until [Gij

#
S ] fits con-

straints in Eq. (19). We can read the topology and line
parameters g, b from the de-noised [Gij

#
S ] and [Bij

#
S ].

Algorithm 1 Reduce Noise for Matrix [Gij
#
S ] and [Bij

#
S ]

Input: [Gij
#
S ],[Bij

#
S ], γTop

1: flag = 1
2: while flag == 1 do
3: flag = 0
4: for i = 1: n do
5: Zeroing Items γ(i,j) ≤ γTop in [Gij

#
S ] and [Bij

#
S ]

6: [pi/vi] Linear regression with [vj ], γ(i, j) > γTop
7: [qi/vi] Linear regression with [vj ], γ(i, j) > γTop
8: Renew [Gij

#
S ] and [Bij

#
S ]

9: if Topology changed then flag = 1
10: end if
11: end for
12: [Gij

#
S ] and [Bij

#
S ] Matrix Symmetrization

13: end while
Output: [Gij

#
S ], [Bij

#
S ]

C. Discussion

1) Suitable Value of γTop: For an n-bus distribution net-
work, a branch’s contribution γ(i, j) usually greater than
1/(n− 1). Since the maximum number of buses, one bus can
connect is n − 1, and in radial or weakly-looped distribution
networks, the number of connected branches should be fewer
than n− 1.

Therefore, if g, b of branches connecting to the same bus are
close, 1/(n − 1) can be chosen as a threshold. For networks
with various lines in terms of length, 1/(n − 1) is also a
suitable γTop, since the number of branches connecting to a
bus is generally much less than n − 1 in MV distribution
networks.
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Besides, we can tune the value of γTop before Step 2. If
Pseudo-Power Flow Calculation(will be introduced in Section
IV-B) does not converge, it shows that some branches are
mistakenly removed. In this case, we need to reduce the
magnitude of γTop until Pseudo-Power Flow Calculation con-
verges. Otherwise, we may increase the magnitude of γTop
to eliminate more wrong branches during basic identification.
Both Step 1 and Pseudo-Power Flow Calculation are quick
algorithms; for a 33-bus system, its time consumption is within
1 second.

2) When |Gij | much smaller than |Bij |: Different type of
ACSR(aluminum conductor steel-reinforced) distribution lines
in the network would affect the relative size of |Gij | and |Bij |.
Especially when |Bij | is greatly larger than |Gij |, the latter
item θijBij in Eq. (9) may be apparent compared with |Gij |.

In this case, we should reduce noise and correct topology
based on [B#

ij S
] in Section III-B. In particular, we may

calculate the branches’ contribution to |Bii|, γ(i, j) =
|Bij |
|Bii| ,

with |Bii| = |
∑
j,j 6=iBij |. Then, remove branches that

γ(i, j) < γTop with the same method in Section III-B, and
obtain the de-noised [Gij

#
S ] and [Bij

#
S ] finally.

IV. STEP 2: FINE IDENTIFICATION

To further solve the optimization problem in Eq. (2), in Step
2, we regard the g, b, θ as variables of power flow equations.
Then, a specialized version of Newton-Raphson iteration is
applied to solve g, b, θ with known p, q, v, where g, b reflect in
the de-noised [Gij

#
S ], [Bij

#
S ], i.e. results in Step 1, are utilized

as a warm start. The entire process of fine identification is
shown in Fig. 3.

Start

B. Pseudo Power 

Flow Calculation: 

Obtain θ
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(Newton-Raphson) 
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Deviation 
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Topology 
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Y

Y

N

N

N

Y

*: Sum of Squared Deviation 

in Newton-Raphson Iterations

Fig. 3. Main framework of the Step 2

The specialized Newton-Raphson iteration is proposed in
Section IV.A. Also, a pseudo-power flow calculation is pro-
posed to help the Newton-Raphson method hit convergence in
Section IV.B. The estimate on the topology is fine-tuned by
removing the branches whose conductance is sufficiently small
during the iteration (Section IV.C). Finally, Section IV.D and E
focus on the mathematical skills to solve the Newton-Raphson
method in Section IV.A.

A. Build Specialized Newton-Raphson Model Combined with
Multiple Datasets

As discussed in Section II, we want to find the optimal of
g, b, θ, and topology, under the constraint of Eq. (2). In order
to get a precise estimation of g, b, θ, we temporarily assume
the topology is correct after basic identification.

Using specialized Newton-Raphson method, we have[
∆p

∆q

]
[1×2n]

=

[
∂p
∂g

∂p
∂b

∂p
∂θ

∂q
∂g

∂q
∂b

∂q
∂θ

]
·

 ∆g

∆b

∆θ


[1×(2m+n−1)]

(22)
where p = [p1 · · · pn]T , q = [q1 · · · qn]T , θ = [θ1 · · · θn]T are
active power, reactive power and voltage angle on n buses;
g = [g1 · · · gm]T , b = [b1 · · · bm]T are conductance and
susceptance of m branches. The calculation of each item of
Jacobian matrix in the middle of Eq. (22) is shown in Section
IV.D.

However, the [∆g,∆b,∆θ]T solved using only one group
of p, q, v are not reliable for the following two reasons.
• The measurement error would make the result only from

one data sample inaccurate.
• Since the number of variables (2m + n − 1) is larger

than constraints (2n), the process of calculating ∆g, q, θ
is a low-dimensional to high-dimensional space mapping
problem. In this case, there could be multiple solutions.

Therefore, Eq. (22) is not suitable to correct missing g, b, θ.
If there are more groups of p, q, v data available, they may
overcome both two drawbacks mentioned above, as shown in
Eq. (23).

Multiple samples (M samples) would reduce the error that
comes from wrong measurements. Also, as shown in the
following equation, the number of constraints will be larger
than that of variables.[

∆P

∆Q

]
[1×2M ·n]

=

[
∂P
∂g

∂P
∂b

∂P
∂Θ

∂Q
∂g

∂Q
∂b

∂Q
∂Θ

]
·

 ∆g

∆b

∆Θ


[1×(2m+M ·(n−1))]

(23)
where P = [p1; · · · ;pM ]T , Q = [q1; · · · ; qM ]T ,
Θ = [θ1; · · · ;θM ].

Yet, the Jacobian matrix built from M samples would
usually not be square. To solve the problem, we can get the
unique optimal approximation solution using Penrose-Moore
generalized inverse [22] for [∆g,∆b,∆θ]T .

Then we can apply Newton-Raphson method to solve g, b, θ,
using equation ∆g

∆b

∆Θ

 =

[
∂P
∂g

∂P
∂b

∂P
∂Θ

∂Q
∂g

∂Q
∂b

∂Q
∂Θ

]†
·

[
∆P

∆Q

]
(24)

where † represents generalized inverse. Mathematical process
to calculate generalized inverse of Jacobian matrix refers to
Section IV.E.

The line parameters and voltage angles are renewed in each
iteration with Eq. (24) until convergence. The convergence
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criterion is chosen as the sum of squares of the deviation
[∆P ∆Q]T smaller than a threshold φ. g

b

Θ


(k+1)

=

 g

b

Θ


(k)

+

 ∆g

∆b

∆Θ

 (25)

Discussion on How to Select a Necessary M: Linear re-
gression in Step 1 requires a great number of measurement
samples to support the accuracy of regression. In Step 2,
general inverse with large matrix during multiple iterations
would require sufficient computing resources. It is time and
money-inefficient for distribution network operators. Thus, we
shall roughly evaluate the minimum number of samples used
in Step 2.

A necessary condition that Jacobian matrix in Eq. (23) has a
unique inverse, is the number of independent equations equal
to the number of variables. To obtain a robust result, the
number of samples should consider some redundancy, so that
the equations would be more than variables, mathematically:

2m+M(n− 1) ≤ 2M · n (26)

M ≥
[

2m

n+ 1

]
(27)

If the basic identification in Step 1 successfully removes
more branches, fewer data required to obtain a precise answer
in Step 2.

For typical distribution networks, the ratio of branches and
buses (m/n) is usually less than 15 on average. Thus, 5-
30 independent samples are sufficient for most distribution
networks, according to Eq. (27). We will verify this theory by
the case studies in Section V-C and V-D.

B. Improve Convergence: Pseudo-Power Flow Calculation

Because the limitations of the mathematical assumption
of the Newton-Raphson method, which will be discussed in
Section IV-B1, the calculated [∆g∆b∆θ]T may be biased.
Thus, there should be some supplementary steps to help and
accelerate convergence. In this paper, a Pseudo-Power Flow
Calculation is implemented to solve that problem.

1) Error analysis: Newton-Raphson method is based on
Taylor’s formula’s (the following equation’s) first order ap-
proximation.

f(x0 + ∆x, y0 + ∆y) =

f(x0, y0) +
(

∆x ∂
∂x + ∆y ∂

∂y

)
f(x0, y0)

+
∞∑
k=2

1
k!

(
∆x ∂

∂x + ∆y ∂
∂y

)k
f(x0, y0)

(28)

Yet, when there is large divergence between the temporary
and real result, the high order items’ influence can not be
neglected.

Assume x represents g, b while y stands for θ. f is circuit
formula maps p, q and g, b, θ. As shown in Section IV-D1, p, q
can be linear represented by g, b, but θ can not. It indicates
that

∂fk(x0, y0)

∂x
≡ 0, k ≥ 2 (29)

Then, substituting Eq. (29) into equation Eq. (28), we have

f(x0 + ∆x, y0 + ∆y) =

f(x0, y0) +
(

∆x ∂
∂x + ∆y ∂

∂y

)
f(x0, y0)

+
∞∑
k=2

1
k!

(
(∆y)

k ∂fk(x0,y0)
∂yk

+ k∆x(∆y)
k−1 ∂fk(x0,y0)

∂x∂yk−1

)
(30)

When ∆x and ∆y are not small, the higher-order (k ≥ 2)
items would introduce considerable error into the Newton-
Raphson method, especially there is a large number of vari-
ables in this problem. That is, due to the non-linearity of the
power flow equation, the calculated [∆g∆b∆θ]T does not
accurately reflect the true iterative descent direction.
g, b are under the constraint of all the 2×M ·n equations,

while there are only 2n equations related to each θ, since
voltage angles are independent in differed datasets. Thus, when
there is some error from original data or calculation, θ will
be low-accurate. The iteration can be faster and more robust
converged if the θ can be corrected by Pseudo-Power Flow
Calculation after each Newton-Raphson iteration.

2) Pseudo-Power Flow Calculation: The key idea of
Pseudo-Power Flow Calculation is to regard all the buses
(except reference bus) as PQ nodes and calculate missing
voltage angle θ, using the estimated g, b, and measured p, q.
Then, replace the θ in each iteration with θ obtain from
Pseudo-Power Flow Calculation.

Though the topology and line parameters may not be
accurate at this stage, they are very close to the real value. As
a result, the obtained θ would be close to the real value, and
it benefits the convergence. In fine identification, the pseudo-
power flow calculation is carried out before each Newton-
Raphon iteration to assist convergence.

C. Correct Topology During Iteration

We introduce a mechanism of modifying the topology
identification result during the Newton-Raphon iteration to
avoid inaccurate estimate from Step 1.

1) Eliminate Wrong g, b in Iteration: During Newton-
Raphson iteration, negative g or positive b might happen
because the model drops into some local optimum, which is
not practical in normal distribution networks. In order to help
the model jump out of the local optimum, there should be a
relatively strong disturbance added to the model.

Adding noise during iteration is common in gradient descent
optimization algorithms to solve this problem [23][24]. Thus,
we may modify the wrong g to a small positive random value
and wrong b to a small negative random value. The absolute
value of the small random number (noise) is picked from
a uniform distribution (0, ξ). The randomly generated values
here serve as a suitable impulse, and the iteration can go on
then.

2) Modify Topology during Iteration: During the iteration,
we regard the branches with sufficient small g values as
wrongly identified ones. Therefore, when the Newton-Raphson
iteration is near terminated, i.e., the deviation is smaller than
a set value ζ (denoted as the topology modification threshold,
and the value should be larger than convergence threshold φ),
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we conduct a scan on each branch to find those branches.
The branches whose g below upper bound of a small random
number ξ in Section IV-C1 are to be removed, that is, the
accordant g and b are permanently set to zero. A new Newton-
Raphson iteration will start considering the modified topology.
In this way, the proposed method corrects topology during
iterations.

D. Calculate Jacobian Matrix

In this section, we derive each element in Jacobian matrix
used in the Newton-Raphson iteration. For one p, q, v mea-
surement sample, the Jacobian matrix can be divided into six
partitioned matrices, from A to F.[

∂p
∂g

∂p
∂b

∂p
∂θ

∂q
∂g

∂q
∂b

∂q
∂θ

]
=

[
A B C
D E F

]
(31)

Partitioned matrix A, B, D, E are Power - Branch partitioned
matrix, while C and F are Power - Angle partitioned matrix.

1) Power - Branch Partitioned Matrix: According to power
flow equation Eq. (3) and (4) and circuit principle, if branch
J connects bus i and k, i 6= k, Gik = Gki = −gJ .
Gii =

∑
J gJ , where branch J connects to bus i. gJ is

branch conductance. Similarly, Bik = Bki = −bJ , i 6= k.
Bii =

∑
J bJ , where branch J connects to bus i.

Replace Gij and Bij with gJ and bJ , we have

pi =
∑

J,s.t.wiJ=1

(v2i − vivJTo
cos(θi − θJTo

))gJ

−vivJTo
sin(θi − θJTo

)bJ

(32)

qi =
∑

J,s.t.wiJ=1

−vivJTo
sin(θi − θJTo

)gJ

−(v2i − vivJTo
cos(θi − θJTo

))bJ

(33)

wiJ indicates the connectivity of branch J and bus i. wiJ =
1 when branch J connects bus i. Otherwise, wiJ = 0. JTo
represent the other side of branch J , opposite bus i.

From Eq. (32) and Eq. (33), it is obvious that there are
linear relationship between pi, qi and gJ , bJ .

Elements in the partitioned matrix A, B, D, E are

AiJ = −EiJ = wiJ(v2i − vivJTo
cos(θi − θJTo

)) (34)

BiJ = DiJ = −wiJ(vivJTo
sin(θi − θJTo

)) (35)

2) Power - Angle Partitioned Matrix: C and F are the
power-angle partitioned matrix, indicating the relation between
p, q, and θ. Due to the property of trigonometric function, p, q
can not be expressed with θ in a linear form. In the Newton-
Raphson method, partial derivatives are often used to represent
their correlations of small increments.

Cij =
∂pi
∂θij

=

{
vi
∑
j,j 6=i

vj (−Gij sin (θi − θj) +Bij cos (θi − θj)) , i = j

vivj (Gij sin (θi − θj)−Bij cos (θi − θj)) , i 6= j
(36)

Fij =
∂qi
∂θij

=

{
vi
∑
j,j 6=i

vj (Gij cos (θi − θj) +Bij sin (θi − θj)) , i = j

−vivj (Gij cos (θi − θj) +Bij sin (θi − θj)) , i 6= j
(37)

We will merge the Jacobian matrix for each data sample
to build a Jacobian matrix for whole data sample sets, in Eq.
(23).

E. Calculate Generalized Inverse for Jacobian Matrix

Different from the classical Newton-Raphson method, the
Jacobian matrix is not square in this problem. As a result, we
are supposed to use generalized inverse to calculate the inverse
matrix for the Jacobian matrix in Eq. (23).

A generalized inverse W † for a real matrix W ∈ RL×K
always satisfy the following equations.

WW †W = W

W †WW † = W †(
W †W

)T
= W †W(

WW †
)T

= WW †

(38)

We can get the generalized inverse from the full rank
factorization of W ∈ RL×K .

Lemma 1: For any non-zero matrix W ∈ RL×K , with a
rank of r, it exists two r-rank matrix X ∈ RL×r(column full
rank) and Z ∈ Rr×K(row full rank), s.t. W = XZ.

Then, we can figure out a generalized inverse for W , and it
satisfies Eq. (38). Also, W † is unique for any non-zero matrix
W [25].

W † = XT (XXT )(ZTZ)−1ZT (39)

In addition, X = W †Y is optimal approximation solution
for equation WX = Y .

Due to the different feature of Power - Branch partitioned
matrix (H: A, B, D, E) and Power - Angle partitioned matrix
(L: C and F), we could consider generalized inverse for
partitioned matrix.

[
∂p
∂g

∂p
∂b

∂p
∂θ

∂q
∂g

∂q
∂b

∂q
∂θ

]
=

[
A B| C
D E| F

]
=
[
H L

]
(40)

A form of partitioned matrix’s generalized inverse is, proved
by [26].

[
H L

]†
=

[ (
I + JJT

)−1 (
H† −H†LN†

)
N† + JT

(
I + JJT

)−1 (
H† −H†LN†

) ]
(41)

where N =
(
I −HH†

)
L, and J = H†L

(
I −N†N

)
.

F. Discussion

1) Suitable Value of ξ: ξ is the threshold to determine
whether a branch should be removed in fine identification.
In particular, it is the lower boundary of g in the distribution
network. There are two ways to set a proper ξ:
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First, referring to g values estimated in basic identification,
we can set ξ as, e.g., 5% of the mean estimated g values, con-
sidering that no branch would have such small conductance.

Second, if there is some prior geographic information on
the distribution network, e.g., the geographical scale of the
network, we can estimate ξ by calculate the approximate g
for the longest possible power transmission corridor and obtain
the lower bound of g value.

2) Suitable Value of ζ: ζ decides whether the topology in
the current state of iteration should be corrected or not.

To find the eligible ζ, we observe the deviation ε (Sum of
squared deviation in Newton-Raphson iteration) in iterations
without the topology correction process. We can set ζ as the
ε when improvements by Newton-Raphson iteration start to
be less obvious. i.e., the deviation ε is much smaller after an
iteration.

3) Suitable Value of φ: φ is the convergence condition in
the specialized Newton-Raphson method. We can use the φ re-
fer to that in the power flow calculation, i.e., in MATPOWER,
φ is equivalent to 1 × 10−8. Also, if time is limited, we can
set higher φ, at the cost of estimation precision.

4) Influence of Renewables: Unstable renewable energy
such as solar and wind penetrate modern distribution networks.
They may improve the efficiency of fine identification for the
following reason.

A critical limitation of the method proposed in this paper is
that in fine identification, if loads on buses in the distribution
network are relatively stable, the samples obtained in a period
are similar. This situation will make the number of valid
equations in Eq. (23) smaller than the sample number M , and
unable to satisfy the assumption that the number of equations
(2M · n) is greater than or equal to the number of variables,
which affects the efficiency of fine identification.

Nevertheless, unstable, rapidly changing photovoltaics,
wind, and other new energy sources bring higher randomness
and volatility to the load curves on buses in the distribution
network. It makes the samples collected over a period very
different, which improves the effectiveness of the fine identi-
fication algorithm.

5) Discussion of Convergence: The feature of Newton-
Raphson method guarantees that if the algorithm converges to
a point, it is optimal within its neighborhood. The iteration
function (Eq. (24), (25)) in Step 2 can be simplified as a
standard form:

Φ(x) = x− (f ′(x))†f(x) (42)

x represents g, b,Θ in current status. Φ(x) is next x after
iteration. f(x) is the deviation between measured P ,Q and
that currently. x∗ is the optima and f(x∗) = 0 or below a set
small value when converge.

Since f(x) is continuous and differentiable on any order,
Φ′(x∗) = 0 or very small when converge. In the neighborhood
of optimal x∗, due to the continuity, for arbitrary kth iteration,
there is a positive value 0 < L < 1, s.t.

|Φ′(xK)| < L < 1, ∀K ≥ k (43)

Thus, in a continuous neighborhood, the method must
converge to a point or small continuous region, which is a
partial optimal.

Usually, the partial optimal of the final solution is the global
optima, for the following reasons.

1) The initial values obtained by basic identification and
Pseudo-Power Flow Calculation are relatively close to the
actual value.

2) In the real distribution network, there are certain ranges
on the value of both the line parameters and voltage angles.
E.g., the difference among g, b respectively are close, and the
magnitudes of voltage angle are within 5◦, etc. The result
far from the converged one obtained by the proposed method
might be not realistic in actual distribution networks.

V. CASE STUDY

In this section, we are going to test the proposed method
under three different conditions with IEEE 33 and 123-bus
feeders. In the first case, Section V-B, the method utilizes his-
torical p, q, v data and identifies the topology and parameters
for a relatively long time. Then in the second case, Section
V-C, assuming we have picked all the possible branches and
mastered their rough line parameters from whole historical
datasets, the test case shows the proposed method can monitor
the topology, line parameter and voltage angle of a distribu-
tion network in seconds. In the last case, Section V-D, we
test the method in the 123-bus feeder, i.e., a comparatively
large network, and examine its performance with a different
selection of M . Besides, we introduce the data sources and
their processing in Section V-A.

A. Data Sources and Data Processing

We generate the power load data from 1000 residents in
Ireland to simulate the operation of the distribution system
[27].

For an n-bus distribution system, there should be n − 1
groups of p, q curves. An easy way to construct distribution-
level load curves for buses is, to sum up, the curves of some
residents. In this paper, we divide 1000 residents equally into
n − 1 groups and obtain the original n − 1 load curves with
half-hour sampling frequency.

To be more specific, for example, thirty-two nodes require
power load injection data for the IEEE 33-bus test case.
Therefore, each group would have [1000/32] = [31.25] = 31
residential power load data. Then, we sum data of {1 + 31×
(K − 1), · · · , 31×K}th customers up, K = 1, · · · 32, as the
power load injection data for the 32 nodes. As a result, the
customers correspond to each node respectively.

As for time t not at an hour or half an hour, we use the
linear interpolation between an hour or half an hour points.

At time t, the generated active/reactive power for bus i
equals to the product of a fixed value p0(i) or q0(i), normal-
ized original load curve at time t and an additional independent
normal deviation L1, L2 ∼ i.i.d.N(0, 0.1), as shown in the
following equations.
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pgenerate(i, t) = p0(i) · porigin(i,t)
max(porigin(i,t),t)

· (1 + L1)

qgenerate(i, t) = q0(i) · porigin(i,t)
max(porigin(i,t),t)

· (1 + L2)

L1, L2 ∼ i.i.d.N(0, 0.1)

(44)

pgenerate(i, t)/qgenerate(i, t) are generated active and
reactive power load curves at time t on bus i, while
porigin(i, t)/qorigin(i, t) are original load curves.
max(porigin(i, t), t) means the max power load value
on bus i.

In the following test cases, we set p0(33) = 0.3 and
q0(33) = 0.12, for all buses except the reference one. Fig.
4 shows the active and reactive power load curves of bus 33
in the 33-bus test case. p0(33) = 0.3 and q0(33) = 0.12 in
this case.
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Fig. 4. Example of power load curves in section V-B, bus 33

Furthermore, to simulate the possible measurement or
record error, we add new errors to all the three test cases.
Modern MV distributions usually equip with 0.2s level mea-
surement devices, i.e., the most significant relative error should
be within ±0.2%, and their absolute errors are around 0.01%-
level for p, q, v.

In the first test case, since the historical data may be full
of missing or wrong records, we set p, q additional Gaussian
distribution error as 2%. That is, deviations scatter within a
±6% three-sigma region.

In the second case, the error is set as 1% to show the
method’s robust performance even under bad real-time mea-
surements.

The final is a study on a large distribution network, and we
set the additional error as 0.2%, which is close to the real
situation.

We set voltage’s error as 0.01% by reducing the accuracy
of power flow calculation in each dataset since the voltage is
relatively stable on a bus.

B. Practical Application: Identification Distribution Network
with Historical Data

IEEE 33-bus feeder (Fig. 5) is a 12.66kV distribution
network, with 32 transmission and 5 tie lines. In the following
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Fig. 5. IEEE 33-bus Test Feeder

case, we use 24-hour historical data with 12-minute interval,
i.e. 5×24 records, to identify the topology and line parameter
for 33-bus distribution network. Several power load curves
are presented in Appendix A.

We have no prior knowledge of the topology, except for the
number of buses. Also, we add 2% external error to the p, q,
together with 0.01% error to v to simulate the measurement
error or bad data. It takes 403.6 seconds to calculate on an i7-
7700HQ CPU and 16G RAM laptop, the same device below.

Fig. 5 shows an example of the topology to be identified
based on the IEEE 33-bus feeder model. It is a looped system,
with 33 enabled branches.

In basic topology identification, we set γTop = 5%. The
conductance and susceptance matrix, [−Gij#S ] and [Bij

#
S ]

after reducing noise are shown in Fig. 6 and 7.

Fig. 6. De-noised −[Gij
#
S ] matrix in basic identification

Compared with the [−Gij#S ] and [Bij
#
S ] matrix before

reducing noise, shown in Fig. 19 and 20, the topology is
almost identified. There are 39 possible branches in the current
topology, including 33 armed distribution and tie lines in the
IEEE 33-bus distribution system. Only 6 branches, including
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Fig. 7. De-noised [Bij
#
S ] matrix in basic identification

2-20, 3-6, 8-25, 9-12, 13-16, 25-28 (A-B means branch from
bus A to B), are wrongly identified.

After basic identification, the g,b’s mean absolute error are
43.42% and 37.06% , which confirms the assumption that G#

ij

and Gij are not far from each other.
In Step 2, we use the same data as Step 1 to make fine

identification. Three important parameters ξ, ζ, φ are set as
0.05, 0.01 and 1× 10−8 respectively.

The mean absolute percentage errors after fine identification
are 4.91% and 3.48% for g and b respectively, as shown in
Fig. 8. Considering there is 2% additional error on p, q, the
algorithm reflects a high accuracy.
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Since the Newton-Raphson method’s rate of convergence is
quadratic, it just takes a few iterations until convergence, e.g.,
nine in this case. The change of objective function error (Eq.
(2)), drawn in Fig. 10, also indicates the proposed method’s
fast convergence character. The method is robust to deal with
wrong topology. Six branches are corrected in three iterations,
as shown in Fig. 9.

Fig. 11 reads some examples of recovered voltage angles on
0,6,12,18 o’clock. The mean absolute voltage angle deviation

0 1 2 3 4 5 6 7 8 9

No. of Iterations

0

1

2

3

4

5

6

N
u
m

b
e
r 

o
f 
W

ro
n
g
 B

ra
n
c
h
e
s

Fig. 9. Number of wrong branches in each iteration

is 0.05◦ in this case. Since the proposed method provides a
high accuracy estimation of g, b, the voltage angles shall be
accurate.
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Besides, we do a sensitivity analysis of the effects of
additional error on the estimation accuracy. As shown in Fig.
12, the proposed method provides low estimation error with
high measurement accuracy. Distribution network operators
can use those results to optimize the operation of the network.

In summary, the method is suitable for dealing with bad
measurements with high accuracy. Distribution network op-
erators can analyze the historical data and obtain rough es-
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Fig. 12. g, b’s error under different additional errors

timations on line parameters. Also, they can identify armed
branches in different historical operating conditions and get a
collection of all possible connections.

C. Practical Application: Real-time Identification Distribution
Network

In this test case, we will identify the topology, estimate the
line parameter, and recover the voltage angle immediately after
obtaining the p, q, v data of a distribution network. The test is
based on the same dataset as that in Section V-B but with a
6-minute sampling frequency. Also, the additional error to p, q
is replaced by 1%, to simulate the error in real-time operation.

The method should be depended on a few records so that
we can assume the topology would not change in a short
period, e.g., an hour. Also, the method should be fast and
stable so that the distribution network operator can get timely
information. The proposed method is suitable for coping with
those requirements.

After analyzing the topology and line parameters in the dis-
tribution network, the operator can find all possible branches
from historical data. Also, applied with the identification
method in this paper, the operator can figure out rough line
parameters for each branch. Fig. 13 shows an example of rough
line parameters for all 37 branches, with 36.1% and 35.8%
mean absolute percentage error compared with actual g, b.

As discussed in Section IV-A, Eq. (27), the minimum
records required in Step 2 identification is about 5-30. As
for the IEEE 33-bus feeder case, n = 33,m = 37. Thus,
M ≥ [ 2×3733+1 ] ' 3.
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Fig. 13. Estimated line parameters of distribution network operator

Take the possible measurement error into consideration, and
after multiple tests, we assume M = 10 in this section, i.e.,
an-hour-long sampling. If the measurement accuracy is much
higher, M will be closer to the theoretical value. Besides,

ζ, φ are reset as 10−4, 10−10, due to less data used in fine
identification.

In this case, we may put the p, q, v data at a particular time
together with nine previous neighbors’ into fine identification
to recover topology, line parameter, and voltage angle infor-
mation. After fine identification, we get that information for
the distribution network at all ten points of time, including the
particular time we want to know.

In that way, we estimate the topology, line parameter, and
voltage angle for 10× 23 records from 1 to 24 o’clock.
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Fig. 14. g, b, θ estimation error at different time

Fig. 14 shows the g, b’s mean absolute percentage error
(MAPE) and θ’s mean absolute error (MAE) for 10 × 23
records. MAPE of g, b are 1.46% and 1.59% and MAE of
θ is 0.0247◦ for all records. The accurate level is adequate for
distribution network operator to monitor the system.
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Fig. 15. Time consumption and iteration times at different time

Fig. 15 shows the time consumption and iteration times
at different points of time. It takes 1.70 seconds and 5.39
iterations for the algorithm to converge on average. The
most significant time consumption is below 10 seconds. Thus,
the proposed method is suitable for conventional distribution
networks.

Authorized licensed use limited to: Tsinghua University. Downloaded on March 10,2020 at 07:48:54 UTC from IEEE Xplore.  Restrictions apply. 



1949-3053 (c) 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TSG.2020.2979368, IEEE
Transactions on Smart Grid

IEEE TRANSACTIONS ON SMART GRID 12

Compared with others, the method in this paper shows high
time efficiency. Literature [11], which identifies and estimates
the topology and accurate line parameter WITH PMU, writes
that it takes 1-10 seconds to provide the answer in an 8-
bus feeder. Literature [16] identifies the topology only of the
IEEE 33-bus feeder in 0.34s. In similar time consumption, our
method can recover more information than others.

There are some obvious peaks in Fig. 14 and 15, at 9 and
20 o’clock. Since the power load then is relatively high, the
absolute measurement error is larger than other points of time.
As a result, the estimation error and time consumption may
be greater than the usual time.

Above all, when we have known the collection of possible
branches and their rough line parameters, fine identification
will be fast, robust, and accurate. Distribution network opera-
tors can make real-time monitoring with little time delay.

D. Research: The Step 1’s influence on Large Distribution
Network’s Identification

IEEE 123-bus feeder case is a 4.16kV looped distribution
network [28], shown in Fig. 16. Also, Bus 10, 16, 21 and 24
consist a special double-triangle topology. In this test case, we
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Fig. 16. Figure of IEEE 123-Bus feeder

investigate the impact of measurement samples’ size in Step 1
on the topology identification performance, i.e. 24-hour dataset
with 10, 15, 20 and 25 samples an hour, with 0.2% additional
error to p, q. In Step 2, we only select the last 20 samples in
Step 1. γTop, ξ, ζ, φ are set as 4%, 0.05, 0.001 and 1 × 10−8

respectively.
Table I summaries the results under different Step 1 data

sizes. Due to the Newton-Raphson method’s feature that the
parameter φ determines the expected calculation error, the
mean absolute percentage error (MAPE) of g, b respectively
are close among each other.

TABLE I
SUMMARY OF IDENTIFICATION WITH DIFFERENT DATASETS

Data Size MAPE of g MAPE of b Number of Wrong Branches Time
Iterations after Basic Identification Consumption

10 × 24 1.04% 0.36% 9 2 24.8s
15 × 24 1.19% 0.36% 8 1 21.8s
20 × 24 1.30% 0.38% 7 0 16.8s
25 × 24 1.48% 0.45% 6 0 12.7s

Though larger data size would increase time consumed in
Step 1, as shown in Table I, with larger data size, the wrong
branches after basic identification reduce, and it may save time
for the proposed method in Step 2.
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Fig. 17. g, b estimation error under different data size

Fig. 17 depicts each branch’s relative estimation errors with
different length of basic identification. The error on most
branches is within ±5%, which reflects the proposed method’s
efficiency to deal with large-scale distribution networks.

The time consumption, i.e., around 20 seconds, might be
unacceptable in real-time monitoring. However, since the
distribution network’s semi-radical topology, we can cut and
divide the large network into smaller blocks, to obtain quick
identifications.

VI. CONCLUSIONS

Topology and line parameters are critical information for
distribution to monitor and optimize its operation. Neverthe-
less, they may be missing or inaccurate as time goes by.
Besides, the wide installation of phase measurement units
(PMU) is expensive and infeasible in distribution networks.
As a result, active, reactive power and voltage on buses are
the only data available in practice.

This paper proposes a two-step method to identify topology,
estimate line parameters, and recover missing voltage angles in
common. Step 1, basic identification, obtains basic topology,
and line parameters through linear regression, while Step 2,
fine identification, corrects them by a specialized Newton-
Raphson method. Case studies on IEEE 33 and 123 bus feeder
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indicate that the proposed method’s high convergence rate and
less time consumption. The method can cope with different
needs, such as identifying the distribution network with poor-
quality historical data, rapid real-time monitoring, and han-
dle large-scale distribution networks. Besides, compared with
other methods, our method does not rely on voltage angle and
can deal with situations whether we have prior knowledge on
possible topology. On all accounts, the whole method is suit-
able for a non-PMU distribution network operator to monitor,
analyze, and optimize the network’s operating condition.

Several remaining issues should be studied, e.g., whether
the method can be applied to low-voltage or unbalanced
distribution networks; the necessary modification that makes
the method adapts to volatile topology, etc. We leave these
issues in our future works.

APPENDIX

A. p, q Data in IEEE 33-bus Test Case

Fig. 18 draws several power load curves in 33-bus test case,
including bus 2, 6, 10, 14, 18, 22, 26 and 30.

B. [−Gij#S ],[Bij
#
S ] Matrix in IEEE 33-bus Test Case, Step 1

Fig. 19 and 20 show the [−Gij#S ] and [Bij
#
S ] matrix before

reducing noise. Compared with the de-noised [−Gij#S ] and
[Bij

#
S ] Matrix in Fig. 6 and 7, the noise-cancelling method

shows high efficiency.
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Fig. 18. Some power load curves in 33-bus test case

Fig. 19. [−Gij
#
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