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Abstract

Power systems face increasing challenges on reliable operations due to the widespread

distributed generators (DGs), e.g., rooftop PV systems in distribution grids.

Characterizing the hosting capacity (HC) is vital for utilities to assess the total

amount of distributed generations that a grid can deploy efficiently before up-

grading. Some methods conduct extensive simulations for analyzing HC, which

lack theoretical guarantees and can be time-consuming. Therefore, there are also

methods employing optimization over all necessary operation constraints. How-

ever, the complexity and inherent non-convexity lead to non-optimal solutions.

To solve the problems, this paper provides a constructive model for HC deter-

mination. Based on geometrical understanding, HC solutions are constructed

sequentially according to realistic constraints so that the optimal solution can

be reserved even with a non-convex model. For practical adaption, the three-

phase unbalance condition is considered, and parallel computation is developed

for speed-up. The method is validated by extensive numerical results on IEEE

standard systems, such as 8-bus and 123-bus radial distribution grids. In com-

parison, the proposed approach obtains analytical hosting capacity solutions of

larger values and uses less computation time. The results of HC verify that the

proposed method reserves optimality and thus has good performance in complex

scenarios, including more operational constraints, different PV deployment, and

larger system size.
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1. Introduction

1.1. Problem Statement

In recent years, an increasing number of renewable energy-based distributed

generators (DGs) appear in power distribution grids [1]. Replacing conventional

generation with DGs brings great benefits, e.g., voltage profile support, loss5

reduction, and lower capital cost. While a portion of this replaced generation is

supplied by utility-scale photovoltaics (PVs) and wind turbines, a majority of

DGs are expected to be provided by residential rooftop PVs located much closer

to the loads [2]. However, in conventional planning, the distribution systems are

not designed to accommodate widespread PVs. Such a change raises operational10

challenges that high-level DG penetration can cause undesirable voltage flicker

or equipment aging due to the excessive voltage regulating behaviors [3, 4, 5].

Utilities urge to know an efficient way of wide PV deployment without violations

in planning. To avoid the problems, evaluating the accurate hosting capacity

of a system is vital for utilities to understand the impact of DG penetration15

level, plan for efficient deployment, and conduct upgrades for reliable system

operation.

1.2. Literature Review

Hosting capacity (HC) is defined as the maximum amount of power genera-

tion that a system can host without violating any operating standards [6]. With20

such a definition, Electric Power Research Institute (EPRI) proposes simulation-

based methods, modeling each feeder and examine all the power quality and reli-

ability issues with screening tools to determine HC at different locations [7]. The

simulation keeps on increasing the PV penetration level for power flow analysis

until the constraint violation, where the last feasible PV generation is regarded25

as the HC [8, 9]. The idea has already been deployed in commercial software

for utilities. CYME [10] focuses on the per-node hosting capacity analysis by:
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1) selecting numerical iteration method for power flow, 2) choose the concerned

operational constraints, 3) conduct extensive simulations with increasing local

PVs to compute HC. Nevertheless, focusing dependently on one bus neglects30

the correlation among the system, which is crucial for hosting capacity determi-

nation. Moreover, it is numerically impossible to exhaust all possible scenarios

with simulations. Therefore, there are also mathematical model-based methods.

In [11], the authors formulate the HC problem as an AC optimal power flow

(ACOPF) problem, extended by [12, 13] for a multi-period ACOPF. As solving35

ACOPF with many constraints are complex, [14] and [15] propose to conduct

sensitivity analysis as an approximation to characterize critical factors, e.g.,

voltages magnitudes, voltage angle differences, the network topology, the load

size, voltage variations, and generation locations [11, 16, 17]. A recent study

also uses a probabilistic model on crucial factors [18].40

Based on these factors, additional control strategies are proposed to improve

hosting capacity via 1) on-load tap-changers (OLTC) technology [19], 2) reac-

tive power control [20, 21], 3) active network management [12], 4) static and

dynamic network re-configurations [13], and 5) adding soft open points from

power-electronic devices [22], and 6) incorporating real-time information [11].45

Since hosting capacity analysis is conducted at the planning stage, effective con-

trol actions are often assumed [23, 24, 25]. Besides, one can also model economic

aspects to do a cost-benefit analysis for maximizing HC [25, 26].

However, no matter how to approximate the complex problem model by

selecting key features, the studies mentioned above can not locate the globally50

optimal solution due to the non-convex nature and approximation errors.

1.3. Proposed Work

Therefore, this paper focuses on obtaining exact HC constructively with

an unrestricted objective for unevenly deployed PVs. The first contribution is

changing the restricted objective in ACOPF to enable increasing PV genera-55

tion with different possibilities and quantify HC with representative minimum

load condition. When complex systems consider many constraints to be non-
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convex, the second contribution lies in sequentially constructing solutions to

reserve optimality. In specific, the geometric understanding of an intuitive case

is connected to a general solution with theoretical proof. Such a solution is then60

adjusted to accommodate different constraints, reserve the optimality as much

as possible for complex systems. In addition to operational constraints, the

third contribution is to provide practical adjustments by transferring the model

with sequence components to decouple for the multi-phase unbalance situation.

Moreover, parallel computation is proposed for large systems.65

Extensive simulations validate the performance of the proposed method on

IEEE distribution networks, e.g., 8-bus and 123-bus. The results show that the

proposed problem formulation and theory can find exact HC in diversified sce-

narios. It also validates the integrated methods for the multi-phase unbalanced

situation and the distributed optimization for computational reduction.70

The paper is organized as follows: Section II formulates the problem. Section

III maximizes hosting capacity based on geometric understanding and proof.

Section IV extends the algorithm for the three-phase unbalanced system and

parallel computation. Section V tests the theory in various systems, and Section

VI concludes the paper.75

2. Mathematical Remodeling

The power flow equations are

P inji =

n∑
k=1

|Vi||Vk|(Gik cos θik +Bik sin θik), (1a)

Qinji =

n∑
k=1

|Vi||Vk|(Gik sin θik −Bik cos θik), (1b)

where n is the bus number of the electrical system, P inji is the active power

injection at bus i, Vi is the voltage magnitude at bus i, and Gik + jBik is the

element in the bus admittance matrix YBus ∈ Cn×n . Specifically, Gik and Bik

represent the line conductance and susceptance between bus i and bus k.80

For hosting capacity determination, the objective is HC =
∑n
i=1 λi ·P

inj
i =

max
∑n
i=1 λi · (P pvi − P loadi ), where λi is a binary variable that indicates if

bus i has PV or not and P pvi represents the PV generation output of bus i. To
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quantify representative HC, the worst-case scenario is considered with minimum

load conditions, where P loadi is the representative minimum load calculated from85

real measured load profiles by 5th-percentile [27]. Once the worst-case HC is

obtained, operators can plan for efficient deployment of PV units based on

variable output forecasting [28, 29].

As for more accurate load modeling with voltage dependencies, a common way

is to describe using the exponential model [30, 31], P loadi = P load0i

( |Vi|
|Vi|0

)α
. The90

zero subscript means the nominal value, and α is the predefined active power

exponent [30]. The constant minimum load is one case of such modeling with

α = 0, which is used in the following.

Remark. In the literature, λ can be a scaling factor of generation, indicating95

how fast a linear increase can be with the “base” generation [32]. Namely,

λ1 = λ2 = · · · = λn together with the fixed base generation is used to assume

an ideal and even growth for simplification. However, the practical generation

changes will not be homogeneous. Therefore, the proposed model objective (2a)

allows changing P pvi with flexibility in optimization.100

max

n∑
i=1

λi · P inji (2a)

s.t. Equ. (1), (2b)

Vmin ≤ |Vi| ≤ Vmax, (2c)

θmin ≤ θik ≤ θmax, (2d)

ILmin ≤ Iik ≤ ILmax, (2e)

pfi ≥ η, (2f)

where (2b) is the power flow constraint. Power injections and voltage phasors

follow power flow equations described in (1). (2c) and (2d) state the constraints

on voltage magnitudes |Vi| and the voltage angle difference θik. (2e) repre-

sents the thermal limit for the branch current flow Iik. (2f) is the power factor

5



requirement of bus i, where power factor pfi =
P inji√

(P inji )2+(Qinji )2
should stay105

higher than the limit η. This paper uses λi = 1,∀i for simplification and focus

on the variable P inji for geometric insights.

3. Finding the Global Optimum of Hosting Capacity based on Geo-

metrical Understanding

3.1. Geometrical Intuition for Obtaining Hosting Capacity110

It is challenging to obtain global optimum in (2a)-(2f) due to the nonlinear

correlations of the optimization variables in the power flow equation, let alone

the non-convex constraints. However, for small systems such as 2- and 3-bus

systems, the geometrical hosting capacity solution can be visualized in Fig.

1. Let bus 0 be the reference bus with voltage 1∠0◦, buses 1, 2 be PV-type115

buses, and the branch resistance be R = 1. For simplicity, let the voltage angle

differences and line reactances be zeros. Based on the setup, two geometric

intuitions are shown to find the global optimum.

Figure 1: (a) The nodal P-V curve of a 2-bus system. (b) A 3D plot of the P-V relevancy in

a 3-bus system. (c) and (d) show the view angles from V1 and V2 of the 3D plot in (b).
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For power system analysis, the nodal P-V (power-voltage) curve is commonly

used, which is a 2-D plot for bus 1 (Fig. 1(a)). To find the HC due to variable120

correlations, the curve is extended to a 3-D P-V plot for both buses 1 and 2 in

Fig. 1(b).

Figure 2: The plot of finding HC solution in the feasible region of P1 vs. P2.

In the 3-bus visualization, the only voltage constraint (0.95 ≤ |V | ≤ 1.05)

leads to the feasible solution region, which is a surface. For each possible V2, it

is observed that the objective (P1 +P2) monotonically increases as V1 increases125

(Fig. 1(b)), similar to a rotation of the 2-bus plot (the red segment in Fig.

1(a)). It leads to finding the possible solution at the top edge. Subsequently,

the maximum generation capacity at one vertex where V2 is at the lower bound.

As marked by a red star, the solution of HC is obtained when V1 = 1.05 p.u. is

the highest, and V2 = 0.95 p.u. is the lowest. Such a solution pattern indicates130

that hosting capacity is directly proportional to the difference of the voltage

magnitudes over the neighbor buses.

In addition to the voltage correlation, it is essential to validate the HC solu-

tion concerning the generation of different buses, respectively, and understand

how voltage constraints impact the optimum solution. For this purpose, Fig. 2135

is created by firstly plotting all possible (P1, P2) pairs as the gray dots according

to power flow equations. Secondly, the voltage upper bounds and lower bounds

of bus 1 and bus 2 are added to eliminate points outside the allowed region. The
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straight line of the objective (P1 + P2) is pushed towards larger values until

reaching the global optimum. The red star in Fig. 2 confirms that the same140

optimal HC is reached when the neighbor buses’ voltages are with the pattern

of one high and one low. The positive value of P1 indicates generation, while

the negative value of P2 means it absorbs power from bus 1, and hence the total

is the maximum. Such HC considers neighbor-bus correlation.

3.2. Mathematical Theorem for Global Optimum Solution145

Figure 3: A diagram of analyzing the HC problem from geometric intuition.

3.2.1. HC due to Voltage Magnitude Constraints

The geometric understanding infers that the opposite extreme voltage values

(within limits) for neighbor buses attain generation maximization, which is the

hosting capacity. Hence, the solution pattern can be generalized from 3-bus

to the n-bus radial system. Specifically, given radial network structure and150

voltage magnitude constraint, HC solution is obtained by Theorem 1. Relative

numbers are assigned to represent the order of neighbor buses, e.g., bus 1 is odd

and bus 2 is even.

Theorem 1. For a radial distribution network, let the voltage magnitude con-

straint be the only constraint on HC (angle difference is negligible). The maxi-155

mum power generation in (2a)-(2c), HC∗ = HCmax, is obtained when |Vodd| =

Vmax and |Veven| = Vmin.

For the proof, it is sufficient to show that the proposed hosting value HC∗

is larger than an arbitrary summation of power generations, e.g., HC∗ =∑N
i=1 P

inj
i,solution ≥

∑N
i=1 Pi

inj , as shown in Appendix 1.1. Notice that Theo-160

rem 1 is applicable for radial configuration, and it can be extended to the loopy
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structure by specification on line parameters. An example is shown in Appendix

1.1 to illustrate.

3.2.2. HC due to Voltage Angle Constraints

Based on Theorem 1, the change of HC solution patterns due to angle dif-165

ference constraints are considered in Theorem 2.

Theorem 2. Based on the HC solution in Theorem 1, let θmin ≤ θik ≤ θmax.

The hosting capacity under (2a)-(2d) is given by

θik = min[π, θmax],

|V | =


Vmax for all buses, if θmax > arccos

(
Vmax+Vmin

2Vmax

)
;Vmax for bus 2n− 1,

Vmin for bus 2n, if 0 < θmax ≤ arccos
(
Vmax+Vmin

2Vmax

)
,

where arccos
(
Vmax+Vmin

2Vmax

)
is the critical value of the voltage angle boundary that

changes the solution pattern.

Proof. When the angle constraint is added, the objective
∑N
i=1 P

inj
i can be

written as

N∑
i=1

P inji =

N∑
i=1

(−Gik) · (|Vi| cos θi − |Vk| cos θk)
2

+ (−Gik) · (|Vi| sin θi − |Vk| sin θk)
2
,

(3)

which is a linear combination of quadratic terms. In the distribution grids, Gik

is mostly negative for i 6= k, making (−Gik) positive. Hence, to find hosting170

capacity is to maximize each quadratic term in (3).

To analyze the voltage angle impact on finding HC, suppose bus i is the even

bus and bus k is the odd bus according to Theorem 1. The problem model with

voltage magnitude and angle difference constraints are reshaped as follows,

max

N∑
i=1

(−Gik) ·
[
(|Vi| cos θi − |Vk| cos θk)

2
+ (|Vi| sin θi − |Vk| sin θk)

2
]

(4)

s.t. Vmax ≤ |Vi|, |Vk| ≤ Vmin, (5)

θmin ≤ θik ≤ θmax. (6)
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Substitute the equality cos θ2i + sin θ2i = 1, cos θ2k + sin θ2k = 1. into the objective

function (4), and it becomes max
∑n
i=1(−Gik) · [|Vi|2 + |Vk|2−2|Vi||Vk| · cos θik].

To find the maximum objective in a non-convex problem, a piecewise analysis

is conducted for 2|Vi||Vk| · cos θik according to θik. Suppose θmin = −θmax and175

reasonable limits of angle difference are discussed below. The rest discussion

can be found in Appendix 1.2.

• θik ∈ [θmin, θmax], and θmax ∈
[

arccos
(
Vmax+Vmin

2Vmax

)
, π
]
:

With the voltage angle constraint, cos θik decreases as θik increases for

0 ≤ θik ≤ π and cos θik increases as θik increases for −π ≤ θik ≤ 0, so

cos θmax ≤ cos θik ≤ 1. As |Vi| and |Vk| are positive, cos θik should be as

small as possible to get a bigger value of the objective, which is cos θmax.

Then, to maximize |Vi|2 + |Vk|2 − 2|Vi||Vk| · cos θik, the voltage pattern

should be at upper bounds (|Vi| = |Vk| = Vmax) when cos θmax is negative

or small positive. Until θmax keeps decreasing to a specific number, the

solution pattern of |Vi|, |Vk| changes to “high-low voltage” as in Theorem

1. To calculate this critical value for the boundary of the angle constraint,

V 2
max + V 2

max − 2 · VmaxVmax cos θmax

≤ V 2
max + V 2

min − 2VmaxVmin cos θmax,
(7)

which results in θmax ≤ arccos
(
Vmax+Vmin

2Vmax

)
. When θmax is above this

point, the solution pattern is |Vi| = |Vk| = Vmax (the left-hand side of (11)180

is larger); when θmax is below this point, the solution pattern is |Vi| =

Vmax and |Vk| = Vmin (the right-hand side of (11) is larger). If plugging in

the boundary values Vmax = 1.05 and Vmin = 0.95, θmax ≤ 0.3098(rad).

Therefore, the HC solution for the current angle range θmax ∈ [0.3098, π]

is |Vi| = Vmax = Vmax, θik = θmax.185

• θ ∈ [θmin, θmax], and θmax ∈
[
0, arccos

(
Vmax+Vmin

2Vmax

))
: As mentioned

above, the solution pattern flips when θmax is below the critical point.

The right-hand side of (11) is larger for the current range of θmax, mean-

ing |Vi| = Vmax, |Vk| = Vmin, θik = θmax is the solution.
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When the voltage angle constraint narrows down, the variation of the re-

sults shows that the system acquires power generation prior to the difference of

neighbor bus voltage angles. Recent analysis shows that phase angle difference

between some buses become larger more frequently with high DER (PV) pene-

tration and load demand [2, 33, 34]. Though phase angle difference is relatively195

larger, θmax can be set to be a small value in the distribution grids [34]. There-

fore, the second piece of the solution is meaningful for practical application.

3.2.3. HC due to Other Constraints

As discussed above, the hosting capacity subject to voltage constraints (for200

both magnitude |Vi| and angle difference θik) is obtained analytically. Such

a theoretical generation upper bound is under ideal capability, e.g., sufficient

control. In the following, we analyze HC solutions restricted to more other

operational constraints.

Solution Adjustment According to Thermal Limits205

The thermal limit plays a significant role in two-way power flow. This constraint

is represented by the current flow limit that results from the heating effects of

devices, ILmin ≤ Iik ≤ ILmax (ILmax = −ILmin = C). The HC solution is

adjusted concerning the thermal limit boundary in Theorem 3.

Theorem 3. Consider the following thermal limit in addition to the constraints210

on top of Theorem 2: ILmin ≤ Iik ≤ ILmax, ILmax = −ILmin. Let I∗ik be the

branch current flow of the previous solution pattern without thermal limit. The

hosting capacity under (2a)-(2e) is given as follows.

• If ILmin ≤ I∗ik ≤ ILmax is satisfied, the HC is achieved by the same voltage

solution in Theorem 2;215

• Else, HC is achieved by the solution pattern calculated in Appendix 1.3.

The solution point in Theorem 2 is checked for whether encountering the

violation boundary or not. If not, the solution for HC stays the same. If yes,

the voltage solutions are updated, which are provided in Appendix 1.3 with
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detail.220

Solution Adjustment According to Power Factor Limits

Though PV (photovoltaics) produces active power, its power electronics inter-

face allows it to operate within a specific range of power factors by inject-

ing/absorbing reactive power. The power factor constraint (2f) can be seen as

reactive power constraint as −
√

1−η2√
η2

P inj ≤ Qinj ≤
√

1−η2√
η2

P inj . Similar to the225

thermal limit correction, the previous solution point is substituted to check if

the inequality is true. If it is true, the HC solution stays unchanged, which is

optimal. If the reactive power is beyond the limit, the difficulty of adjusting

the solution lies in satisfying constraint and reserving optimality. According to

[35, 36], the optimum values can only occur at the boundaries for linear func-230

tions. As the optimization objective (HC) is linear, the non-convex constraint

prevents the objective from increasing in a certain direction, and the available

optimal solution is on the boundary. Therefore, the idea of switching the bus

type is adopted for adjustment [37]. In specific, the reactive power is fixed at the

boundary value to compute the new voltage values and HC by Q-V sensitivity.235

The adjusted solution satisfies all the limits in the model. Such a constraint is

non-convex, but the theoretically optimal solution can still be found. Other

constraints can be analyzed in a similar way without approximation or relax-

ation errors.

Besides, due to the advanced technologies in power electronics, the reactive240

power capability of PV inverter is remarkable [38, 39]. They can support reactive

power larger than ±48% of the rate active power in low voltage distribution

networks.
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Figure 4: Flowchart of the solution theory described in Section 3.

4. Practical System Conditions

In real system operation, the proposed model needs to be accommodated245

to different scenarios. Two typical methodologies are presented that integrate

with other methods facing practical and operational difficulties.

4.1. The Multi-phase system with Unbalanced Loads

The single-phase model ignores the unbalance due to some unbalanced loads

and untransposed lines. To provide a tool that is more analytical and practical,250

the multi-phase model is described with sequence components and decoupled

into separate subproblems. After that, the proposed model can be applied and

transfer the results back to the origin [40].

Let a, b, and c denote three phases, the scalar variables of the single phase

become vectors. |Vabc
i | = [|V ai |, |V bi |, |V ci |]T and θabc

i = [θai , θ
b
i , θ

c
i ]
T denote255

voltage magnitude and angle at bus i. Pabc
i = [P ai , P

b
i , P

c
i ]T denotes the active

power and so is Qabc
i = [Qai , Q

b
i , Q

c
i ]
T . The self and mutual line admittance are

considered, so a single element Yik is replaced by a 3×3 matrix and then Y abcBus ∈
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C3n×3n (Yik ∈ {Y sik, Y zik} if considering both series and shunt admittance). The

effect of the neural or ground conductor is merged into the multi-phase wires via260

Kron’s reduction [41]. For single-phase or two-phase cases, just set the quantities

of the other phases to be zero and the model degrades (e.g., |Vabc
i | = [|V ai |, 0, 0]

for the single phase.)

The analysis of multi-phase system is simplified by transferring the model

into the sequence form via symmetrical component transformation matrix, T =265 
1 1 1

1 α2 α

1 α α2

 where α = 1∠120◦. A set of sequence variables is obtained,

i.e, |V 012
i | = [|V 0

i |, |V 1
i |, |V 2

i |]T = T−1|V abc
i |. The sequence admittance ma-

trix is Y 012 = T−1Y abcT. In order to apply the unbalanced situation, the

sequence model is decoupled while using current injection from negative and

zero sequences to represent the unbalance. First, the phase component injected270

currents Iφi load are calculated from specified unbalanced loads Sφi load, which is

Iφi load =
(Sφi load

Vmi

)∗
, φ = a, b, or c. Next, they are transformed to the counter-

parts in sequence components Imi load =
1

3
T−1Iφi load. The total injection at bus

i is Imi = Imi load +
∑n
k=1 ∆Imik , m = 0 or 2, where ∆Imik is the sequence current

injection of the line flow, which is expressed by Y 012 and |V 012
i |.275

According to [40], the positive sequence voltage is much larger under the

unbalanced condition, and the corresponding power flow equations equal to

single-phase formula. It allows us to implement the proposed method and ob-

tain voltage solutions for the positive sequence. Subsequently, the negative

and zero sequence voltages are computed via Y mV m = Im, m = 0 or 2 with280

Im calculated as above. Thus, the results of positive sequence power flow are

transferred back to the three-phase solution via transformation matrix.

In three-phase power system, characterizing voltage unbalance is essential

for power quality. The commonly used criterion is Voltage Unbalance Factor

(VUF) [42]. It is specifically defined based on the magnitudes of the negative
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and positive sequence voltages,

V UF [%] =
|V 2|
|V 1|

× 100%. (8)

According to the standard, V UF should be less than 2%, which is the in-

equality constraint V UF ≤ 2%. A similar solution adjustment can be used to

accommodate such a constraint in HC determination. The voltages in sequence285

components are substituted into (8) to check the constraint violation. If the

inequality is true, there is no violation so that the solution stays unchanged.

If not, the solution is adjusted by fixing V UF at the boundary value and cal-

culate the updated phase voltages that satisfy the constraint. Accordingly, the

objective (HC) is also adjusted based on the updated phase voltages.290

4.2. The Distributed-Optimization for Complexity Reduction

For a large and complex system, the time on heuristically solving the HC

is much longer as too many variables and constraints causing computational

difficulties. We segment the tree structure and compute HC distributedly [43].

Figure 5: The system is segmented into M parts for easier computation, where 2 selected

subsystems are linked by segment nodes. The coupling variables are related to these nodes.

The distributed algorithm divides a system into M parts. Fig. 5 shows

two selected subsystems. The red segmentation points link two subsystems,

correlating to both parts geometrically. Mathematically in the general problem

model, the voltage variables are divided into two sets. The first set includes

local/private variables lm for subsystem m, and the second set includes coupling

variables cm, which bridges two or more subsystems. In Fig. 5, the black circles

are nodes of local variables, while the red circles are nodes of coupling variables.

The local copy of cm is introduced to separate the coupled objective and leads
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to

max

M∑
m=1

HCm(lm, cm, c
′
m)

s.t. cm = c′m+1,

Vmin ≤ |Vi| ≤ Vmax,

θmin ≤ θik ≤ θmax,

ILmin ≤ Iik ≤ ILmax,

pfi ≥ η.

(9)

In the model, HCm means the HC of subsystem m, lm represents the local295

variables - bus voltages that only appear in one subsystem. cm and c′m rep-

resent the complicating variables - bus voltages that appear in more than one

subsystem. The objective function relaxes the coupling as it changes from the

summation of power injections for all buses to the summation of HC for all

subsystems. The coupling shifts to the constraints where the segmentation is300

true only if cm = c′m+1. For each subsystem m, the objective is the same to

analyze as in Section 3 (a brief proof is shown in Appendix 1.4). Thus, it can

segment the model without disrupting the solution pattern in theorems.

5. Numerical Results

For numerical validation, various distribution systems are used, such as mod-305

ified IEEE 8-bus and 123-bus systems. The experiments aim at 1) validating

the hosting capacity solution theory, 2) evaluating the integrated method on

the multi-phase unbalanced system, and 3) showing the effectiveness of parallel

computation.

Matlab and its MatPower package are used for the demonstration [44, 45].310

The optimization model is formed as nonlinear programming, for which com-

monly used solvers include Fmincon and Ipopt. By comparing the results from

Fmincon with the proposed theoretical solution, it is observed that their perfor-

mances are unstable. In other words, they are readily stocked at local optimal,

especially when the system size is large, and the initialization is inappropriate.315
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5.1. Hosting Capacity

Figure 6: The Multi-phase setup in IEEE 8-bus network.

The IEEE 8-bus system (Fig. 6) is to illustrate HC according to various

constraints. Specifically, each bus is modeled with PV (photovoltaic), and we

apply the proposed method to calculate HC. Fig. 7(a) presents hosting capacity

(a) The comparison of HC subject to different constraints.

(b) The voltage profiles with different λi sets.

Figure 7: Results for the modified IEEE 8-bus system.

subject to different constraints and highlight the limiting bus node. The results320

of the extensive simulation-based method are always smaller than the proposed

one. Considering different constraints, the HC from the proposed theory under
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voltage magnitude limits is 59.330 p.u., which is relatively large. Resulted from

the thermal limit of the branch between node 3 and node 4, HC decreases to

28.600 p.u.325

In some use cases, only a few buses are interested or equipped with PV

so that a binary λi denotes if a bus is to be planned with PV or not. Here

buses 2, 5, and 7 in the IEEE 8-bus network are set to have PV generators,

e.g., λi = 1, i ∈ {2, 5, 7} and λi = 0, i ∈ {1, 3, 4, 6, 8}. The objective turns

into
∑
i=2,5,7 P

inj
i . As a result, Fig. 7(b) shows the corresponding voltage330

profile compared to the original setup. It is observed that bus 2, 5, and 7 are

automatically assigned high voltages to generate as much power as possible due

to their generator bus type. For comparison, we also plot the voltage values by

the simulation-based method, which is developed using MatPower. Specifically,

it adds generation to each generator bus for each iteration and runs AC power335

flow to solve for voltages. The power flow solutions are compared with limits.

If the system states remain within acceptable limits, then another unit step of

distributed generation is added, and the AC power flow analysis is repeated.

If any of these values lies outside the acceptable range, the present generation

amount is recorded as the hosting capacity. Such a method merely runs power340

flow heuristically and stops at a local optimum or flat region of the objective.

The calculated HC value is 15.375 p.u., much less than 29.453 p.u., showing

the importance of the closed-form solution proposed in this paper. To show

the difference compared with the first validation when all the λ′s are the same,

we draw the voltage setup in gray in Fig. 7(b) as well. Thus, it presents345

how changing λi impacts the way to achieve the hosting capacity. If the buses

equipped with PVs are specified, the solution (voltage) patterns can be different.
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Figure 8: The IEEE 123-bus network structure. The distributed optimization model is im-

plemented to speed up. The different segments are marked with different colors.

5.2. Parallel Computation

Figure 9: Hosting capacity of IEEE 123-bus system subject to different constraints.
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Figure 10: The comparison of solving time for different systems with different segmentation.
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Fig. 9 shows numerical results for IEEE 123-bus system. Similar to the

8-bus system, it presents HC subject to different constraints. Meanwhile, the350

theoretical HC is compared with the numerically found one by using NLP solver

Fmincon for the same model, validating the theorems.

The benchmark time on heuristically solving HC is much longer, and the

solver is unstable because of the much more complicated structure shown in Fig.

8. Too many variables and constraints cause computational difficulties where355

the solver’s results can be unstable and non-converge. With the distributed

optimization model, the segmentations in Fig. 8 are marked with different

colors. Key nodes bus-16 and bus-73 are chosen to partition the model. The

results with parallel computation are also shown in Fig. 9 as the solid curve,

which is almost the same as the bar plot, validating the distributed algorithm.360

The dramatic time decrease (Fig. 10) indicates that the proposed approach

can reduce computational complexity and improve efficiency via simultaneously

calculating all the segments.

The numerical results validate the proposed approach on HC determina-

tion in different scenarios. The comparison with simulation-based method and365

optimization solver shows that the proposed solution theory better reserves op-

timality with more operational constraints and different PV deployment. It

is due to the provable theory and sequential solution construction. Moreover,

the proposed parallel computation efficiently speed up HC determination for a

larger system.370

6. Conclusion

In general, it is challenging to determine hosting capacity exactly. This pa-

per presents an analytic method with solution theory for HC determination in

distribution grids. Specifically, a mathematical model for HC problem is de-

veloped. A geometric intuition of finding the globally optimum motivates the375

solution theory to address different constraints. Although the problem model is

complex, the proposed method adjusts solution sequentially based on analysis

of each constraint. The key idea is to guarantee that each step reaches an opti-

mal solution and thus sequentially reserves optimality towards the end. Besides
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constraints, practical conditions such as multi-phase unbalance and solving-time380

complexity are analyzed via integrated methodologies. The proposed approach

is compared with simulation-based method and optimization solver for HC cal-

culation. It is concluded that the proposed approach better reserves the solu-

tion optimality in complex scenarios. Moreover, the evaluation on larger system

shows the computational effectiveness of the integrated parallel computation385

method.

Although the work is illustrated with common operational constraints and

generic three-phase model, the proposed approach, following the solution theory,

can be extended to determine HC with other practical considerations. First, the

proposed method is applicable to loopy networks, where specification on topol-390

ogy and values of line parameters are needed to adjust HC solution. Second,

the method can be used in planning to consider the variability of PV generation

due to solar irradiance. With both the worst-case HC and representative PV

forecasting, the utility can calculate the amount of PV units to deploy for the

highest efficiency. In addition, for better representing unbalance in distribution395

grids, the problem model needs to include explicit modeling of neutral conduc-

tors. Since the precise representation brings in more complexity, the next step

is to extend the proposed HC solution theory to the problem model with ex-

plicit neutral voltage representation. A similar performance guarantee on the

implementation is needed.400
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[20] P. Hasanpor Divshali, L. Söder, Improving hosting capacity of rooftop PVs

by quadratic control of an LV-central BSS, IEEE Transactions on Smart465

Grid (2019) 919–927doi:10.1109/TSG.2017.2754943.

[21] J. Seuss, M. J. Reno, R. J. Broderick, S. Grijalva, Improving distri-

bution network PV hosting capacity via smart inverter reactive power

support, IEEE Power Energy Society General Meeting (2015) 1–5doi:

10.1109/PESGM.2015.7286523.470

[22] L. J. Thomas, A. Burchill, D. J. Rogers, M. Guest, N. Jenkins, Assessing

distribution network hosting capacity with the addition of soft open points,

IET International Conference on Renewable Power Generation (2016) 1–

6doi:10.1049/cp.2016.0553.

[23] L. F. Ochoa, C. J. Dent, G. P. Harrison, Distribution network capacity475

assessment: Variable DG and active networks, IEEE Transactions on Power

Systems (2010) 87–95.

[24] S. N. Liew, G. Strbac, Maximising penetration of wind generation in ex-

isting distribution networks, IEE Proceedings - Generation, Transmission

and Distribution (2002) 256–262.480

[25] S. N. Salih, P. Chen, O. Carlson, L. B. Tjernberg, Optimizing wind power

hosting capacity of distribution systems using cost-benefit analysis, IEEE

Transactions on Power Delivery (2014) 1436–1445.

[26] A. Dubey, S. Santoso, A. Maitra, Understanding photovoltaic hosting ca-

pacity of distribution circuit.485

[27] A. Dubey, S. Santoso, On estimation and sensitivity analysis of distribu-

tion circuit’s photovoltaic hosting capacity, IEEE Transactions on Power

Systems 32 (4) (2017) 2779–2789. doi:10.1109/TPWRS.2016.2622286.

[28] Z. Ullah, S. Wang, J. Radosavljević, J. Lai, A solution to the optimal
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Appendix A. Proof of Theorem 1: Solution Adjustment According

to Voltage Magnitude Constraints

Proof. In order to validate
∑n
i=1 P

inj
i,solution ≥

∑n
i=1 Pi

inj , where
∑n
i=1 P

inj
i,solution

represents the solution HC∗ according to the theorem.
∑n
i=1 Pi

inj represents

26

http://dx.doi.org/10.1109/61.85860
http://dx.doi.org/10.1109/TPWRS.2010.2051168


any possible objective subject to voltage limits. From Theorem 1, it is evident

that

N∑
i=1

P inji,solution = N · (−Gik) · (Vmax − Vmin)
2

(A.1a)

≥
N∑
i=1

(−Gik) · (|Vi| − |Vk|)2 (A.1b)

=

n∑
i=1

Pi
inj , (A.1c)

where (A.1a) is a direct plug-in, (A.1b) is due to the subtraction of lower and
upper voltage magnitude bounds in quadratic terms, and (A.1c) is the derivation

from power flow equations. �545

Remark. If there are many loops in the system configuration, the maximum

value of
∑N
i=1 Pi

inj depends on the line parameters. To illustrate with an exam-

ple, considering the radial system and loopy system in Fig. A.11. Suppose the

branch resistance is R12 = 1, R13 = 1, R23 = 0.5, and the objectives for the two550

cases are (V1 − V2)
2

+ (V1 − V3)
2

and (V1 − V2)
2

+ (V1 − V3)
2

+ 2 · (V2 − V3)
2
,

respectively. Theorem 1 is applicable to case 1 for maximum objective with

V1 = Vmax, V2 = Vmin, V3 = Vmin. However, it is not the maximum value for

case 2 because there is a connection between bus 2 and bus 3 and R23 = 0.5.

The maximum objective is obtained when V1 = Vmax, V2 = Vmin, V3 = Vmax.

Figure A.11: An example to illustrate the extension of Theorem 1 to loopy structure.

555
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Appendix B. Proof of Theorem 2: Solution Adjustment According

to Angle Difference Constraint

The solution in Theorem 1 benefits from the summation of quadratic terms so

that we want to remain the property as much as possible. With the consideration

of angle difference, we can derive

P inji =−
∑
k∈Ni

Gki · (|Vi| cos θi
2

+ |Vi| sin θi2)

+
∑
k∈Ni

(Gki|Vk| cos θk −Bki|Vk| sin θk) · |Vi| cos θi

+
∑
k∈Ni

(Bki|Vk| cos θk + |Vk| sin θk) · |Vi| sin θi.

(B.1)

Hence,

N∑
i=1

P inji =−
N∑
i=1

Gki · ((|Vi| cos θi)
2

+ (|Vi| sin θi)2)

+

N∑
i=1

Gki · 2(|Vi||Vk| cos θi cos θk + |Vi||Vk| sin θi sin θk)

=(−Gik) · (|Vi| cos θi − |Vk| cos θk)
2

+ (−Gik) · (|Vi| sin θi − |Vk| sin θk)
2
,

(B.2)

which is shown as (3) in the paper.

In the following, we show the supplemental piecewise analysis in addition to

the proof of Theorem 2 in Section 3.560

Proof. • θik ∈ [−θmax, θmax], with θmax ∈ [π, 2π]:

θik ∈ [θmin, θmax] means −1 ≤ cos θik ≤ 1. Since |Vi| and |Vk| are posi-

tive voltage magnitudes, the maximal HC is obtained when cos θik = −1.

Therefore, one element of the objective function becomes |Vi|2 + |Vk|2 −

2|Vi||Vk| · cos θik = (|Vi| + |Vk|)2. The maximum is achieved when |Vi| =565

|Vk| = 1.05, θik = π, meaning hosting capacity is under the condition that

all the bus voltage magnitudes are the highest. The difference between

neighbor bus voltage angles is π. Therefore, we need to change the volt-

age angle of π within one branch interval, impossible in the real system.
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Meanwhile, the unconstrained voltage angle is unstable with the observa-570

tion from several attempts, so the next step is to narrow down the angle

difference limits, as shown in the paper. �

Appendix C. Proof of Theorem 3: Solution Adjustment According

to Thermal Limit575

Proof. As shown in Theorem 3, specifically, we plug in the voltage solutions V ∗

into the current flow below

I∗ik = |Gik + jBik| · (Vi∗ − Vk∗), (C.1)

and compare with the constraint boundary.
• If −C ≤ I∗ik ≤ C, meaning the thermal limit has no impact on the solution;

• Otherwise, substitute (C.1) into the constraint to compute the solution

satisfying thermal limit,

[(|Vi| cos θi − |Vk| cos θk)2 + (|Vi| sin θi − |Vk| sin θk)2]

≤ C2/(G2
ik +B2

ik).
(C.2)

The quadratic functions on the left-hand side are exactly one component

in (6) to represent the objective
∑n
i=1 P

inj
i . We calculate the maximum

value and solution pattern via the equation

|Vi|2 + |Vk|2 − 2|Vi||Vk| · cos θik = C2/(G2
ik +B2

ik). (C.3)

C2/(G2
ik +B2

ik) at the right-hand side is a constant. The multiplication of

the quadratic term 2|Vi||Vk| and the sinusoidal term makes the equation

challenging to solve. Similar to the piecewise analysis of θik in Section III,580

we fix θik, and solve the quadratic equation for |Vi| and |Vk|.

�
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Appendix D. Enable Parallel Computation for Large Scale

Following the distributed optimization model in Section 4.2, we derive the

objective of each subsystem

HCm =

sm∑
i=sm−1

(−Gik) · [(|Vi| cos θi − |Vk| cos θk)2

+ (|Vi| sin θi − |Vk| sin θk)2] (s0 = 1)

which shows the same pattern as (3) in the paper. Hence, we can apply the

same analysis for parallel computation.585
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